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ABSTRACT:-We extend some existing results on the zeros ofpolar derivatives of polynomials by considering
more general coefficient conditions. As special cases the extended results yield much simpler expressions for the
upper bounds of zeros of those existing results.
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I. INTRODUCTION
Let D4P(z) = nP(z) + (a — z)P'(z)denote the polar derivative of a polynomial P(z) of degree nwith
respect to real number a. The polynomial D,P(z)is of degree at most n-1 and it generalizes the ordinary
derivative in the sense that lim,_,. DaP@ _ P'(z). Many results on the location of zeros of polynomials are

available in the literature. In literature [3-5] attempts have been made to extend and generalize the Enestrom-
Kakeya theorem. Existing results in the literature also show that there is a need to find bounds for special
polynomials, for example, for those having restrictions on the coefficient, there is always need for refinement of
results in this subject to find location of zeros of polar derivatives of polynomials. Among them the Enestrom-
Kakeya theorem [1-2] given below is well known in the theory of zero distribution of polynomials.

Theorem A. (Enestrom-Kakeyatheorem): LetP(z)=Y", a;z'be a polynomial of degree nsuch that 0 < a, <
a; < a, < -+ < a, then allthe zeros of P(2) lie in |z|<1.

The following theorems B and C due to P.Ramulu and G.L. Reddy [6]

Theorem B. Let P(z)= ¥, a;z'be a polynomial of degree n and D, P(z) = nP(z) + (a — z)P'(z) be a polar
derivative of P(z) with respect to real number a such that

nay <(n—1a; < (n— 2)a, < <3a,_3 <2a,_, <a,_;if a =0 then all the zeros of polar derivative
DyP(2)lie in|z] < —

a |[an—1 —nagy + |naol .
n—1
Theorem C. Let P(z)= Y, a;z'be a polynomial of degree n and D,P(z) = nP(z) + (a — z)P'(z) be a polar
derivative of P(z) with respect to real number « such that

nay =2 m—1a; = n— 2)a, =+ =3a,_3 = 2a,_, = a,_1 if a =0 then all the zeros of polar derivative
DoP(2) liein|z| < lanl—ll[lnaol +nay—a,_q].

Here we establish the following results.

Theorem 1.Let P(2)= Y™, a;z'be a polynomial of degree n andD, P(z) = nP(z) + (a — z)P'(z) be a polar
derivative of P(z) with respect to real number asuch that
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[i + 2]aa;yy + [n— (i + D]a;;1 = ( + Daajy + (n—i)a; fori=01,..,n—2.
then all the zeros of polar derivativeD,, P(z)lie in

|z] < [Fy—— [naa, + a,_; — (@a; + nay) + |aa; + nayll.
n n—1

Corollary 1.Let P(z)= ¥™ , a,z'be a polynomial of degree n and D,P(z) = nP(z) + (a — z)P'(z) be a polar
derivative of P(z) with respect to real numbera such that

[i+2]aa;p + [n— (G +D]ajy = G+ Daajyy + (m—i)a; >0 fori=0,1,..,n— 2.
then all the zeros of polar derivativeD, P(z)lie in|z| < 1.

Remark 1.By taking a; > 0 fori = 0,1,2,...,n — 1, in theorem 1, then it reduces toCorollary 2.
Remark 2.By taking a = 0 in theorem 1, then it reduces to Theorem B.

Theorem 2.Let P(z)= Y™, a;z'be a polynomial of degree n and D,P(z) = nP(z) + (a« — z)P'(z) be a polar
derivative of P(z) with respect to real number a such that

[i + 2]aa;yy + [n— (i + D]aj;1 < (+ Daajyy + (n—ia; fori=01,..,n—2.
then all the zeros of polar derivative D,P(z)lie in

lz| <

< W[Iaal + nay| + (@a; + nay) —naa, —a,_q |
n n—1

Corollary 2. Let P(z)= ¥, a;z'be a polynomial of degree n and D,P(z) = nP(z) + (a — z)P'(z) be a polar
derivative of P(z) with respect to real number « such that

0<[i+2]agi, +[n—(>0+ D]ag; < ({+Daa;.1 +(n—i)a; fori=0,1,..,n—2.
then all the zeros of polar derivative D, P(z)lie in

z| £ —[2(aay + nay) —naa, —a,_1 |
|| naan+an_1[( 1 0) n nl]

Remark 3.By taking a; > 0 fori = 0,1,2, ...,n — 1,in theorem2, then itreduces to Corollary 2.
Remark 4. By taking @ = 0 in theorem 2, then it reduces to Theorem C.

I1. PROOFS OF THE THEOREMS
Proof of the Theorem 1.

LetP(z) = a,z" + a,_1z" "' + - + a,z* + a,z + aybe a polynomial of degree n

Let D,P(z) = nP(z) + (a — z)P'(z) be polar derivative of P(z) with respect to real number o of degree n-1.
= D, P(z) = [naa, + a,_1]1z" ' + [(n-Daa,_, + 2a,_,]z"% + [(n—2)aa,_, + 3a,_3]z" 3
+ -+ [3aa; + (n — 2)ay]z% + [2aa;, + (n — Da;]z + [aa;, + nag]

Letus consider the polynomial Q(z) = (1 —2z) D,P(z) so that

Q(Z) = (1 - Z)([naan + an—l]zn_1 + [(n_l)aan—l + Zan—Z]Zn_z + [(n_z)aan—Z + 3an—3]Zn_2
+ -+ [3aa; + (n — 2)ay]z% + [2aa, + (n — 1)a;]z + [aa; + nay])

=—[naa, + a,_1]1z" + {[naa, + (1 + a — na)a,_, — 2a,_,]z" ' +
[(n—Daa,_; + 2+2a —na)a,_, — 3a,_3]z" > + -+ [3aas + (n — 2 — 2a)ay(n — 1)a,]z*
+ [2aa, + (n—1—a)a; —naylz + [aa; + nay] }

L <1 fori=012,..,n—2.

|Z|n—i

Also if |z| > 1 then

Now

|Q(Z)| = Inaan + an—lllzln_l - {l naa, + (1 +a-— na)an—l - 2an—2||Z|n_1

+|(n— Daa, 1 + 2+2a —na)a, ; — 3a, 3l|z|" 2+ + [3aaz + (n — 2 — 2a)a, — (n — Day||z|?
+ |2aa; + (n — 1 — a)a; —nayl|z| + |aa; + nay| }
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> |naa, + a,_1|lz|" [ |z] - W{l naa, + (1+a —na)a,—1 — 2a, |
n n—1

4 |(n —Daa,_1 + 2+2a —na)a,_, — 3a,_3|

|z
13aaz+(n—-2-2a)ay—(n—1aq1| , 2aaz+(—1-a)a;—nag| , |aaj+nag|
+oet + + 31

|Z|n73 |Z|"72 |Z|”71

2 |naa, + an—lllzln_l[ |Z| - { | naa, + (1 ta-— na)an—l —2a,; |

|naan + an—ll
+|(n — Daa,_ 1 + 2+2a —na)a,_, — 3a,_3 |
+-+|3aa; + (n—2 —2a)a, — (n — 1)ay|
+|2aa, + (n — 1 — a)a; — nay| + |aa; + nag| }]

2 |naan + an—lllzln_l[ |Z| - { [naan + (1 ta-— na)an—l - 2an—2]

lnaa, + a,_1|
+[(n—-Daa,_; + Q+2a — na)a,_, — 3a,_3 |
+--+[3aas; + (n—2 - 2a)a, — (n — 1)a,]
+[2aa, + (n — 1 — a)a; —nayl + |laa; +nagl}]

> |naa, + a,_q|1z|" [ |z] - {naa, +a,_1 — (aa; + nay) + |aa; + nay| }|

|naan + an—ll

> 0if |z] > [naa, + a,_; — (@a; + nay) + |aa; + nayl].

lnaa, + a,_4|

This shows that ifQ(z)> 0

provided|z| > [naa, + a,_1 — (aa; + nay) + |aa; + nayl].

Inaan+an—1l

Hence all the zeros of Q(z) with |z|> 1 lie in

z| < [Fy——— [naa, + a,_; — (@a; + nay) + |aa; + nayll.
n n—1

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Since all
the zeros ofpolar derivative D, P(z) are also the zeros of Q(z) lie in the circle defined by the above inequality
and this completes the proof of the Theorem 1.

Proof of the Theorem 2.
LetP(z) = a,z" + a,_1z" "' + -+ a,z* + a,z + aybe a polynomial of degree n

Let D,P(z) = nP(z) + (o — z)P'(z) be polar derivative of P(z) with respect to real numberaof degree n-1.
= D,P(z) = [naa, + a,_1]1z" ' + [(n—Daa,_, + 2a,_,]z" % + [(n—2)aa,_, + 3a,_3]z" 3
+ -+ [3aa; + (n — 2)ay]z% + [2aa;, + (n — a;]z + [aa; + nag]

Letus consider the polynomial Q(z) = (1 —2z) D,P(z) so that

Q2 = (1 - 2)([naa, + a,_11z" ' + [(n—Daa,_; + 2a,_,]z" 2 + [(n—2)aa,_, + 3a,_3]z" >
+ -+ [3aaz + (n — 2)az]z% + [2aa, + (n — Va;]z + [aa; + nay])

=—[naa, + a,_1]z" + {[naa, + (1 + a —na)a,_, — 2a,_,]z" 1 +
[(n—Daa,_; + 2+2a —na)a,_, — 3a,_3]z" 2 + -+ [3aas + (n — 2 — 2a)ay(n — 1)a,]z>
+[2aa, + (n—1—a)a; — naglz + [@a; + nag] }
L <1fori=01.2,..,n—2.

|Z|n—i

Also if |z| > 1 then

Now

Q@) = Inaa, + a,|lzI"™" = {|naa, + (1 + @ — na)a,—1 — 2a,|lz|"™
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+|(n— Daa,_1 + 2+2a —na)a,_, — 3a, 3l||z|" % + -+ [3aaz + (n — 2 — 2a)a, — (n — Day||z|?
+ |2aa; + (n — 1 — a)a; — nagl|z| + |aa; + nagy| }

> |naa, + a,_1|lz|" [ |z] - W{l naa, + (1+a —na)a,—; — 2a, |
n n—1

n—-NVDeaa,_1 + 2+2a —na)a,_, — 3a,_3|
|z
.t |3aaz+(n—2-2a)az—(n—1)ay| , 2aaz+(n—-1—-a)ai—nag| , |aai+nag| }]
|Z|n—3 |Z|n—2 |Z|n—1

N

+ -

= |naan + an—lllzln_l[ |Z| - { | naa, + (1 +a-— na)an—l - 2an—2 |

|naan + an—ll
+|(n — Daa,_1 + 2+2a —na)a,_, — 3a,_3 |
+-+|3aa;+ (n—2 - 2a)a, — (n—1)a,|
+|2aa;, + (n — 1 — a)a; — nay| + |aa; + nay| }]

2 |naa, + an—lllzln_l[ |Z| - { [zan—Z - (1 t+a-— na)an—l - naan]

|naan + an—ll
+[3a,_3 — 24+2a —na)a,_, — (n— Daa,_1]
++[(n—1Da; — (n—2—-2a)a, —3aas]
+[nay — (n — 1 — a)a; — 2aa;] + |aa; + nayl}]

> [naa, + anq|lz|" [ |z] - {laa; +nag| + (aa; +nag) —naa, — a,_,}]

lnaa, + a,_1|

> 0 if|z| > | | [laa; + nay| + (aa, + nay) — naa, —a,_4].

naap+an—1

This shows that if Q(z)> 0

provided|z| > P r——r [lea; + nay| + (aay + nay) — naa, —a,_1 |

Hence all the zeros of Q(z) with |z|> 1 lie in

|z| < m[laal + nay| + (aa; + nay) —naa, —a,_q |.
n n—

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Since all
the zeros of polar derivativeD, P(z) are also the zeros of Q(z) lie in the circle defined by the above inequality
and this completes the proof of the Theorem 2.
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