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ABSTRACT: Let G be a connected simple graph. A dominating subset S of V(G) is a fair dominating set of G if
all the vertices not in S are dominated by the same number of vertices from S. A subset S € V(G) is a restrained
dominating set if every vertex not in . is adjacent to a vertex in .§ and to another vertexnot in S. A fair
dominating set S < V(G) is a fair restrained dominating set if every vertex not in S is adjacent to a vertex in S
and to another vertex not in S. The fair restrained domination number, yf,.,(G) of G is the minimum cardinality
of a fair restrained dominating set of G. A fair restrained dominating set of cardinality y;,,(G) is called a y.q -
set. Let D be a minimum fair restrained dominating set of G. A fair restrained dominating set S € V(G) \ D is
called an inverse fair restrained dominating set of G with respect to D. The inverse fair restrained domination
number of G denoted by yfr}i (G) is the minimum cardinality of an inverse fair restrained dominating set of G. In
this paper, we investigate the concept and give the inverse fair restrained domination number of some special
graphs.
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l. INTRODUCTION

Domination in a graph has been a huge area of research in graph theory. It was introduced by Claude
Berge in 1958 and Oystein Ore in 1962 [1]. Accordingly, a subset S of a vertex set V() is a dominating set of a
graph G if, for every vertex v € V(G) \ S, there exists a vertex x € S such that xv is an edge of G. The
domination number y(G) of G is the smallest cardinality of a dominating set S of G. Some related studies on
domination in graphs are found in [2-16].

One variant of domination in a graph is the fair domination in graphs [17]. A dominating subset S of
V(G) is a fair dominating set of G if all the vertices not in S are dominated by the same number of vertices from
S, that is, IN(w) N S| = IN(v) n S| for every two distinct vertices uand v from V(G) \ Sand a subset S of
V(G) is a k-fair dominating set in G if for every vertex v e V(G)\ S, IN(w) n S| = k. The minimum
cardinality of a fair dominating set of G, denoted by y;,(G), is called the fair domination number of G. A fair
dominating set of cardinality y,,(G) is called y,4-set. Some related papers on fair domination in graphs is found
in [18-25]. The restrained dominating set is another variant of domination in graphs [34,35]. AsetS € V(G) isa
restrained dominating set if every vertex not in S is adjacent to a vertex in S and to a vertex in V(G) \ S.
Alternately, a subset S of V(G) is a restrained dominating set if the close neighbor of S, N[S] = V(G) and
(V(G)\ S) is a subgraph without isolated vertices. The restrained domination number of G, denoted by y,.(G),
is the minimum cardinality of a restrained dominating set of G.

Other variant of domination in a graph is the inverse domination in graphs [26]. Let D be a minimum
dominating set in G. The dominating set S € V(G) \ D is called an inverse dominating set with respect to D.
The minimum cardinality of inverse dominating set is called an inverse domination number of G and is denoted
by y~1(G). An inverse dominating set of cardinality y~1(G) is called y~*-set of G. Some variants of inverse
domination in graphs are found [27-32].

The concepts of inverse, fair, and restrained dominating sets has motivated the researcher to define a
new variant, the inverse fair restrained domination in graphs. Let D be a minimum fair restrained dominating set
of a graph G. The fair restrained dominating set S € V(G) \ D is called an inverse fair restrained dominating set
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with respect to D. The minimum cardinality of an inverse fair restrained dominating set is called an inverse fair
restrained domination number of G and is denoted by y;r%i(G). An inverse fair restrained dominating set of
cardinality yf_rld(G) is called yf‘r}i-set of G. In this paper, we investigate the concept and give inverse fair
restrained domination number of some special graphs. For the general concepts, the readers may refer to [33].

1. REALIZATION PROBLEMS
Since the inverse fair dominating set does not always exist in a connected nontrivial graph G we denote
FD(G), a family of all graphs with inverse fair dominating set. Thus, for the purpose of this study, it is assumed
that all connected nontrivial graphs considered, belong to the family FD(G). The following remark is
immediate.

Remark 2.1 Let G be any connected graph of order n > 3. Then y(G) < ¥4,4(G) < vy (6).

Let a graph G be a cycle of order 5. Consider the vertex set V(G) = {v,,v,, v3,v,, s} and the edge set
E(G) = {v,v,,v,v5,V3V, ,V,Vs , VsV, } OF G(See Figure 1).

v V3
Vs

v Vg

Figure 1: A graph C with no inverse fair dominating set.

Then the set D = {v,,v,,v,} is a minimum fair dominating set of G and S = V(G)\D = {v5,vs}is not a fair
dominating set of G. Hence, we cannot find an inverse fair restrained dominating set S of a graph G = Cx.

Since the inverse fair dominating set does not always exist in a connected nontrivial graph G, we
denote FRD(G), a family of all graphs with inverse fair dominating set. Thus, for the purpose of this study, it is
assumed that all connected nontrivial graphs considered, belong to the family FD(G). The following remark is
immediate.

Remark 2.1 Let G be any connected graph of order n > 3. Then y(G) < ¥44(G) < vy (6).

The next result says that the value of the parameter y;rld (@) ranges over all positive integers from 1,2, ...,n — 2
where n < 3 is the order of G.

Theorem 2.2 Let k and n be positive integers such that 1 <k <n—2 and n = 3. Then there exists a
connected nontrivial graph G such that y,;(G) = k and [V (G)| = n.

Proof : Consider the following cases:
Case 1. Supposethat1 = k <n—2.
Let G = K, with n > 3. Clearly, y;,4(G) = 1 = k and |V (G)| = n. (see Figure 2)

V1 vz
V3
Un Uy
Figure 2: AgraphGwith1 =k <n—2
Case 2. Suppose that 1 <k <n— 2.

Subcase 1. Consider that k =n — 2. Let G = C,. Then S = {x;,x,} isa ¥y set of G. Thus,y;4(G) = |S| =
2=kand|V(G)| =4 = n (see Figure 3)
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Figure 3: Agraph G withk =n —2

Subcase 2. Consider that k < n — 2. Let G = P, [:] P.(the Cartesian product of two paths P, and PB.). Without

loss of generality assume that  # 1is an odd integer. Thenn = 6. Let r = 2k — 1. Ifk is an even integer, then
theset S ={v,; 5:i=1,2, ...,TT“}U{u4]-_1:j =12, r%l} is a yy,y-set of G(see Figure 4). Thus,y;,4(G) =
r+1 r+l _ r+1

S| =24 =g

4 4 2

U1 U U3 U4 Ug . Up—2 Up_1 Uy

U1 U2 U3 g U5 e U2 Up—1 Uy

Figure 4: Agraph G with1 <k <n —2.

Similarly, if k is an odd integer, then the set S = {v,;_,:i =1, 2, ...,%}U{u4j_3:j =1,2, ...,r:—l} isa yfrld-set
of Gandy;,; (G) = |S| = T%l + T%l = r:—l = k. This proves the assertion. m
Theorem 2.3Let k,m, and n = 3 be positive integers such that 1 < k <m < n — 2. Then there exists a

connected nontrivial graph G such that y;,.4(G) = k, v;,4(G) =m, and [V(G)| = n.
Proof : Consider the following cases:

Case 1. Suppose that 1 =k =m <n — 2 withn > 3
Let G = K,,. Then, y4,4(G) = 1 = y7,,(G) and [V (G)| = n.

Case 2. Suppose that 1 = k <m <n—3withn > 5.
Subcase 1. If m = 2, then letG = P, + P,, thatisn = 5 (see Figure 5).

T

Figure 5: AgraphGwithl1 =k <m=n—3.

The set D = {x} is a yy4-set of G and the set S = {v,,v,} a yfy-set of G. Thus, y;,q(G) =1 =k and
Yrra(G) = 2 = m. Further, [V(G)| =5 = n.

Subcase 2. If m > 2, then let G be a graph (see Figure 6) with an integerr = 6 and n = r + 1. Let
r=12m.
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z
Figure 6: Agraph G with1 =k <m <n —3.

Now,D = {x} is & yp4-set of G and S = {v,,v,,vs,...,0,} @ yjy-set of G. Thus, y;4(G) = |D|=1=
k.Thus,y74(G) = IS| = > = m. Further, [V ()| =7 + 1 = n.
Case 3. Supposethat 1 <k =m <n — 4.

Let G = P, [[] B. and n = 2r (see Figure 7). Without loss of generality assume that an odd integerr # 1. Then

r=3 andr:—1 is a positive integer. Let k = T:—l

v 2 Uz g Us e Upa2 Ur-1 vy

Uy U U3 U4 Us Up—2 Up—1 U

Figure 7: Agraph G with1 <k =m <n —4.

ThesetD ={v,; 3:i=1,2, ...,TTH}U{uM-_l:j =12, ...,%} isaysrq-set of G. Thus,

V(@) = ID] =72 + 752 =T = k.

Further, the setS = {v,;_, : i =1,2, ...,%}U{uﬂ_gj =12, ...,%1} is a y7,g-set of G. Thus,

r+1
4

_r+l

Yid () =S| =7+ +r%1—7— k =mand |[V(G)| = 2r =n.

Case 4. Suppose that 1 <k <m<n-—1.
Let H be a nontrivial connected graph of order k such that G = H o P,(see Figure 8).

vy

A Zy
Ty omy ay

Figure 8: Agraph Gwithl1 <k <m<n-—1.
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Letn = 6kand m = 3k. The set D = V(H) is a yy.q-set andS = Uyey(u) SyiS @ ¥fq-Set of G whereS,, =
{x2,%3,%,}. Thus, ¥4,4(G) = |D| = [V(H)| = k and

@ =1sl=| ] s|= D Isl=Wwenl-is,I=k-3=m

vev(H) veV (H)
Further V(&) = V)| - ((VPHI+ D) =k-G+1)=k-6 =n.
This proves the assertion. m
The following result is an immediate consequence of Theorem 2.3.
Corollary 2.4 The difference yfrld (G) — ¥£ra(G) can be made arbitrarily large.

Proof: Let r be any positive integer such that n = 2k for any integer kand let G be a graph as shown in Figure
8. Theny;y(G) = Vpra(G) =m—k =3k —k=2k=7.m

I1l. SOME SPECIAL GRAPHS
The cycle C, =a,a,...a,a, is the graph with V(C,) ={as,a,,...,a,} and

E(C,) = {a,a5,a5a3,...,a,_10,,a,a,} Wheren > 3.

Proposition 3.1 Let G = C,, of order n = 3. Then

I( g if n = 0(mod 3)
n+2

Yf_r%i(G)z{ 3 if n = 1(mod 3)
In + 4 .
k 3 ifn=2(mod3),n+5

Proof: Suppose that G = {a,, a,, ..., a,_1, a,, a,} is a cycle of order n = 3. Consider the following,

Case 1. |If n=0(mod3), then D ={a,,asag,..,a,_1} IS a ypg-set of G and
S ={ay,a4,a;,...,a,_,} isayqy-set of G (see Figure 4).

& & &
@ . g O @

Qy, -1 Op—2 -~ ay as ar

Figure 4. A cycle of order n = 0(mod 3)

Thus, by routine computations,

m-1D+1 n
|D| = |{a2. as,dg, ...,an_1}| = T — §
and
n-2)+2 n
|S| = |{a1; Ay, ay, ...,an_2}| = T — §

Hence, y;4(6) = IS| = g

Case 2. If n=1(mod3), then D ={a,as,ag, ...,a,_5a,_1} IS & Ypq-set of G and
S ={ay,a4,0y,...,a,} isaysy-set of G (see Figure 5).
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a ap asg g a5 g

Gy, Q1 Ap—2 Qp—3 =+ - as ar
Figure 5. A cycle of order n = 1(mod 3)
Thus, by routine computations,

n—1 n+2
ID| = |{a,, as,ag, ..., An_3, Ap_1}| = — +1= 3
and
n+2
S| = {aq, a4, a7, ..., ap_3,a,}| = 3
Hence,
n+2
V(@) = IS = ——

Case 3. If n=2(mod 3), then D = {a,,as,ag, ...,an_6, Ay_s5, Ay An_1} 1S @ Yprq-S€t Of G and
S ={ay,0a4,a;, ..., 0y_g, On_s5, Ay_3, Ap_1} S @ Yfrg-Set of G (see Figure 6).

h a2 3 [ a5 [ ar a5
N
*

& &
L O @

&
A U

(_Tﬂl M1 -2 (-3 -4 On—5 LU N ]
Figure 6. A path of order n = 2(mod 3)
Thus, by routine computations,

n—2 n+4
ID| = |{a,, as, ag, ..., an_s, An_s) Ap_2,0n_1}| = 3 +2= 3
and
n—-5 n+4
IS| = l{ay, as, @z, ..., @n_g, A7, Qp_4y An_3, @n}| = +3= 3
Hence,
n+4
Vira(@) = IS| = ——

and the proof is completed. m

A complete bipartite graph is a graph whose vertex set can be partitioned into V; and V, such that:every edge
joins a vertex in V; with a vertex in V,; and every vertex in V; is adjacent with every vertex in V.

Proposition 3.2 Let ¢ = K,,, ,, be a complete bipartite. Then yfrfi(G) =2forallm=2andn > 2.
Proof: Suppose that G is a complete bipartite. Then G = K, , = K,,, + K,,. Consider the following,
Case 1. If m = 2, then D = {x;,v,} is @ y;,q-set of G and S = {x,,,v,} is a y;,4-set of G for all n > 2 (see

Figure 7).

T T2 Ty T

1 vz

Figure 7. A complete bipartite K, ,, for alln > 2.

Thus, y74(6) = IS| = 2.
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Case 2. If n = 2, then then D = {x;,v,} is a ypq-set of G and S = {x,,,, v,} is a y,4-set of G for all
m > 2 (see Figure 8).

T Tz Ty T

Figure 8. A complete bipartite K, , for allm > 2.
Thus, y5q(G) = 1S|=2. m
The complete graph K,, is the graph of order n where every pair of vertices is adjacent.

Proposition 3.3. Let G = K,, be a complete graph. Then yfrld(G) =1foralln > 2.

IV. CONCLUSION

In this paper, we introduced a new parameter of domination in graphs G - the inverse fair restrained
domination number of G. The realization problems of the inverse fair restrained dominating set were
investigated and the inverse fair domination number is computed.Further, we give the inverse fair restrained
domination number of some special graphs. This study will motivate new research such as bounds and some
binary operations of two graphs such as thejoin, corona, lexicographic, and Cartesian product of two graphs.
Other parameters involving inverse fair restrained domination in graphs may also be explored. Finally, the
characterization of an inverse fair restrained domination in graphs and its bounds is a promising extension of
this study.
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