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Abstract
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I.  Introduction

Over the years, we have been taught on how to solve equations using various algebraic methods. These
methods include the substitution method and the elimination method. Other algebraic methods that can be executed
include the quadratic formula and factorization. In Linear Algebra, we learned that solving systems of linear
equations can be implemented by using row reduction as an algorithm. However, when these methods are not
successful, we use the concept of numerical methods. Numerical methods are used to approximate solutions of
equations when exact solutions cannot be determined via algebraic methods. They construct successive
approximations that converge to the exact solution of an equation or system of equations. We focused on solving
nonlinear equations involving only a single variable. We used methods such as Newton’s method, the Secant
method, and the Bisection method. We also examined numerical methods such as the Runge-Kutta methods, that
are used to solve initial-value problems for ordinary differential equations. However, these problems only focused
on solving nonlinear equations with only one variable, rather than nonlinear equations with several variables. The
goal is to examine three different numerical methods that are used to solve systems of nonlinear equations in
several variables. The first method we will look at is Newton’s method. This will be followed by Broyden’s
method, which is sometimes called a Quasi-Newton method; it is derived from Newton’s method. Lastly, we will
study the Finite Difference method that is used to solve boundary value problems of nonlinear ordinary differential
equations. For each method, a breakdown of each numerical procedure will be provided. [2]
Preliminaries (1.1) [3] We present the definitions and terms that will be used throughout the project will be
presented.
Definition (1.2) [3] A function f: R" — R is defined as being nonlinear when it does not satisfy the superposition
principle that is f(x; + x2+ ...) # f(x1) + f(x2) + ...
Now that we know what the term nonlinear refers to we can define a system of nonlinear equations.
Definition (1.3) [3] A system of nonlinear equations is a set of equations as the following:

fl(Xl, X2y veny Xn) = 0,

fz(Xl, X2y veny Xn) = 0,

fn(X|, X2,y eeny Xn) = 0,
where (X1, X2, ..., Xn) € R"and each fiis a nonlinear real function, i=1,2, ..., n.
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Example (1.3) [3] Here is an example of a nonlinear system from Burden and Faires:

1
3x1 — cos(zoxs) — 5= 0 (1)
z? — 81(xy +0.1)2 +sinaz + 1.06 = 0
10r — 3
eI L Yy 4 2 )

3

We will use the term root or solution frequently to describe the final result of solving the systems.

Definition (1.4) [3] A solution of a system of equations fi, f, ..., f,in n variables is a point (ai,...,a,) € R" such that
fi(ai,...,an) = *- = fa(ai,...,an) = 0. Because systems of nonlinear equations cannot be solved as nicely as linear
systems, we use procedures called iterative methods.

Definition (1.5) [3] An iterative method is a procedure that is repeated over and over again, to find the root of an
equation or find the solution of a system of equations.

Definition (1.6) [3] Let F be a real function from D c R"to R If F(p) = p, for some p € D, then p is said to be a
fixed point of F.

II. Convergence
We will discuss is the convergence of each of the numerical methods.
Definition (2.1) [S] We say that a sequence converges if it has a limit.
Definition (2.2) [5] Let p, be a sequence that converges to p, where pn# p. If constants A, a > 0 exist such that

lim M = \.

n—00 ‘pn — p")‘
Then it is said that p, converges to p of order o with a constant A.

There are three different orders of convergences.
Definition (2.3) [5] A sequence pyis said to be linearly convergent if p, converges to p with order o = 1, for a
constant A < 1 such that

h |pﬂ+1 _p| _ )\

n—>oo |pn p|(1

Definition (2.4) [5] A sequence pais said to be quadratically convergent if p, converges to p with order o = 2 such
that

lim ’pw—l—l _p| _

n—00 ’ DPn — P | a
Definition (2.5) [5] A sequence pnis said to be super linearly convergent if

L Pret =Pl

Remark (2.6) [5] The value of a measures how fast a sequence converges. Thus, the higher the value of a is, the
more rapid the convergence of the sequence is. In the case of numerical methods, the sequence of approximate
solutions is converging to the root. If the convergence of an iterative method is more rapid, then a solution may
be reached in less interations in comparison to another method with a slower convergence

III.  Jacobian Matrix
Definition (3.1) [6] The Jacoblan matrix is a matrix of first order partial derivatives

) e )
sy | O @

Ofn Ifn Afn
L Ox (33) Oxo (.T) O (I)
Example (3.2) [6] If we take the system from Example (2.3) we are able to obtain the followmg Jacobian Matrix:
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3 r3sin(roxg)  xosin(rors)
J(x) = 21 —162(22+0.1)  cosz
— e T2 —r1e” "1 20

IV.  Hessian Matrix
The Hessian matrix, will be discussed in a future proof.
Definition(4.1) [6] The Hessian matrix is a matrix of second order partial derivatives

H - [ a2 f } such that
| Bxi02; i B 82f1 92 f1 L. 82f1 7]
dx? O11012 91101n
0* f2 PfH & fo
H(X) _ 012021 Bm% 0x20Ty
92 f, Pfn P fa
| 01,011 01,019 ozz
Norms of Vectors (4.2) [6] Let x € R" where
|
L2
X =
Tn
Definition (4.3) [6] A vector norm on R"is a function, || - ||, from R"into R that has the following properties:
(1) [Ix|| =0 forall x € R",
(1) |Ix||= 0 if and only if x =0,
(111) [l x| = |a/[[x]| for all o € R and x € R",
(V) x e+l <l + Iyl for all x,y € R?

There are two types of vector norms we will discuss, the I, and 1, norms.
Definition (4.4) [6] The I, norm for the vector x is called the Euclidean norm because it represents the length of
the vector denoted by

Il = lixlle = /-3 F a3+ a2

Definition (4.5) [6] The 1., norm represents the absolute value of the largest component in the vector x. It is denoted
by

lloo = max [z

The following is an example demonstrating the vector norms.
Remark (4.6) [6] Rearranging the system in
Step 3: we get that y© = —J(x@) ' F(x®). The significance of this is that, since

yO=—JxO) T Fx®), we can replace —J(x¥)! F(x®) in our iterative formula with y®. This result will yield that,
X9 = xD) — Jx Dy TR (k1) = (1) — ylie)
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Step 4: Once y© is found, we can now proceed to finish the first iteration by solving for x(¥.
Thus, using the result from Step 3, we have that

b'e _(0) (0)

e e

(0 (0

(1) — (0 + y(n) _ Ty n Yo
A ] Ly

Step 5: Once we have calculated x'V, we repeat the process again, until x® converges to x. This indicates we have
reached the solution to F(x) = 0, where x is the solution to the system.

Remark (4.7) [6] When a set of vectors converges, the norm |x®¥ — x® || = 0. This means that

[x®) — x*=D|| = \/(:cﬁ"‘) —a T (@ - T =0

Convergence of Newton’s Method (4.8) [6] Newton’s method converges quadratically. When carrying out this
method the system converges quite rapidly once the approximation is close to the actual solution of the nonlinear
system. This is seen as a advantage because Newton’s method may require less iterations, compared to another
method with a lower rate of convergence, to reach the solution. However, when the system does not converge,
this is an indicator that an error in the computations has occurred, or a solution may not exist. In the following
proof, we will prove that Newton’s method does indeed converge quadratically.

Advantages and Disadvantages of Newton’s Method (4.9) [6] One of the advantages of Newton’s method is
that it's not too complicated in form and it can be used to solve a variety of problems. The major disadvantage
associated with Newton’s method, is that J(x), as well as its inversion has, to be calculated for each iteration.
Calculating both the Jacobian matrix and its inverse can be quite time consuming depending on the size of your
system is. Another problem that we may be challenged with when using Newton’s method is that it may fail to
converge. If Newton’s method fails to converge this will result in an oscillation between points.

V. A Numerical Example of Newton’s Method
The following example is a numerical application of Newton’s method.
Example (5.1) [8] Solve the following nonlinear system

1
3z1 — cos(zaxs) — 5= 0,
z3 — 81(zg + 0.1)* + sinz3 4+ 1.06 = 0,
€172 4 A)zq + mw_?’—z-’. _,
when the initial approximation is ’
[ 0.1 7
x(0 = 0.1
| 0.1 |
Step 1: We have our initial vector
[ 0.1 ]
x® =1 01
0.1 |

Step 2: Define F(x) and J(x):
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[ 3x1 — cos(zoxs) — % -|
F(x)= | 2 —81(zy +0.1)2 + sinzs + 1.06
[ e 122 | zq + —107;_3 J

3 rgsin(zrery)  Tosin(zors)
J(x) = 2z —162(z2 4+ 0.1) cos T3
_I26_31£2 _mie—ﬂll‘z 20

Now that we have defined F(x) and J(x), we now want to calculate F(x®) and J(x¥), where x@= (0.1, 0.1, — 0.1):
i 0.3 — cos(—0.01) — 1 ]

F(x®) = | 0.01 —3.24 + sin(—0.1) + 1.06
e(=0.01) _9 4 1075—3

= | —2.269833417
| 8.462025346

—1.19995 ]

and

JxO) = 0.2 —32.4 cos(—0.1)
| —0.1e-001 —0.1e7001 20

[ 3 0.000999983 —0.000999983 ]

3 (—0.1) sin(—0.01) 0.1sin(—0.01) ]

= 0.2 —32.4 0.995004165
| —0.099004984 —0.098004983 20

Step 3: Solve the system J(x?)y@ = —F(x®), using Gaussian Elimination:
3 0.000999983 —0.000099983 ] | —1.19995
0.2 324 0.995004165 ) | =— | —2.269833417
—0.099004984 —0.099004983 20 40 8.462025346
After solving the linear system above, it yields the result
0.40003702
v® = | —0.08053314
—0.42152047

Step 4: Using the result in Step 3, compute xV= x@ + y©:

[ 0.1 0.40003702
x=1 01 |+ | —0.08053314
| —0.1 —0.42152047

0.50003702
= | 0.01946686
| —0.52152047

We can use the results of x(V to find our next iteration x® by using the same procedure.
Step 5: If we continue to repeat the process, we will get the following results:
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koo x5 S it ]
0 0.10000000 0.10000000 -0.10000000 -

1 0.50003702 0.01946686 -0.52152047 0.422

2 0.50004593 0.00158859 -0.52355711 0.0179
3 0.50000034 0.00001244 -0.52359845  0.00158
4 0.50000000 0.00000000 -0.52359877  0.0000124
5 0.50000000 0.00000000 -0.52359877 0

we know that when a set of vectors converges the norm, ||x(k) — x(k—1)|| = 0.
Thus, by our table above, the norm is equal to zero at the fifth iteration. This indicates that our system F(x) has
converged to the solution, which will be denoted by x. Therefore, from our table of our results we know that

0.50000000
0.00000000
—0.52359877

X =

is an approximation solution of F(x) = 0.
There are methods that are in the same family of Newton’s method, identified as Quasi-Newton methods. A
specific Quasi-Newton method, known as Brayden's method, will be examined next.

VI. Brayden's Method
We examined the numerical method known as Newton’s method. We established that one of the major
disadvantages of this method was that that J(x) and its inverse must be computed at each iteration. We, therefore
want to avoid this problem. There are methods known as Quasi-Newton methods, in which Burden and Faires
describe as methods that use an approximation matrix that is updated at each iteration in place of the Jacobian
matrix. This implies that the form of the iterative procedure for Broyden’s method is almost identical to that used
in Newton’s method. The only exception being that an approximation matrix Ai is implemented instead of J(x).
With that said the following equation is derived: xD =x® — A IF(x®).
This is defined as Brayden's iterative procedure.
Al is defined as
i = A1+ ) i
JEA;

yi = F(x®) — F(x(™)) and s;= x? — x@™D, However, in Brayden's method it involves that computationA; ™!, not A,
which brings us to the next theorem.

Theorem (6.1) [8] If A is a nonsingular matrix and x and y are vectors, then A + xy'is nonsingular provided that
y'A7'x #—1 and

i

B Atz A
1+ yA-lx

The Sherman-Morrison Formula, is a matrix inversion formula. It allows A;! to be computed directly usingAi.; !,
rather than computing Ai and then its inverse at each iteration. Now by using Theorem (6.1) and letting A =
Yi=Ai-1Si and

Isilly °

y = si, as well as using A; as defined above, we have that

1 vi — Ait1s; !
Ai_ = Ai—l + %—252
|Isilf3

(A+ayf)' = A~

Ai—lﬂ X =
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-1 Yg_A:.—lsl t -1
A§_1 (Az'—l + ||Ss||.22 Sl?) i—1

— A7l _
i1 1+ tA—l y:’,_A‘l—lst.
Sifhi-1\ " slB
-1 t 4A—1
_ A—ll _ (A 1y —si)siAT
— i 9 t 4—1 2
|[sil|3 + st Ay — lsilla
This leaves us with
-1 t 4—1
A1 — A1 (si — A yyi)siA
i = A0t ;A—i :
5;4;_1Y:

We compute the inverse of the approximation matrix at each iteration with this equation. We know we describe
the steps of Brayden's method:

Step 1: Let x9 = (x,@, x,@ , ..., x,?) be the initial vector given.
Step 2: Calculate F(x(©).

Step 3: We compute A '. Because we do not have enough information to compute A directly, Brayden's method
permits us to let Ag= J(x?), which implies that

-1 _ 0))—1
1) — (0 -1 0
Step 4: Caleulate x - = X" — Ay F(x®),
Step 5: Calculate F(x(V).

Step 6: Take F(x®) and F(x() and calculate y; = F(x() — F(x(?). Next, take the first two iterations of x® and
calculate s; = x( — x©,

Step 7:
Calculate . S'fi Aalyl
Step 8:
Compute
AT = A5+ (gt ) [0 — Agty)siAg)
Step 9:

2) __ 1 1 1
TakeA; ™! that we found in Step 8, and calculate x( ) =x) — A F(X( ))-

Step 10:

Repeat the process until we converge to x, i.e. when x(i) = x(it1) = x. This will indicate that we have reached the
solution of the system.

Convergence of Broyden’s Method (6.2) [8] Unlike Newton’s method, Broyden’s method as well as all of the
Quasi-Newton methods converge super linearly. This means that

1o Y — ]
lim ———— =10
i ||x(® —p]|

where p is the solution to F(x) = 0, and x" and x@D are successive approximations to p. This can be proved in a
similar manner that proved the convergence of Newton’s method.

Advantages and Disadvantages of Broyden’s Method (6.3) [8] The main advantage of Broyden’s method is the
reduction of computations. More specifically, the way the inverse of the approximation matrix, A;"' can be
computed directly from the previous iteration, A;"' reduces the number of computations needed for this method in
comparison to Newton’s Method. One thing that is seen as a disadvantage of this Quasi-Newton method is that it
does not converge quadratically. This may mean that more iterations may be needed to reach the solution, when
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compared to the number of iterations Newton’s method requires. Another disadvantage of Broyden’s method is
that as described by Burden and Faires, is that it is not self-correcting. This means that in contrast to Newton’s
method, it does not correct itself for round off errors with consecutive interations. This may cause only a slight
inaccuracy in the iterations compared to Newton’s, but the final iteration will be the same. Now that we have taken
a look at numerical methods for solving multivariable nonlinear equations, in the next section we will focus on a
numerical method that is used to nonlinear boundary value problems for ordinary differential equations.

VII.  Finite-Difference Method

We will examine a numerical method that is used to approximate the solution of a boundary-value problem. We
will focus on a two-point boundary-value problem with a second order differential equation which takes the form,
y'=1x,y,y),

a<x<b, y(a) = a, y(b) = B, where f is a function, a and b are the end points, and y(a) = a and y(b) = p are the
boundary conditions.

Example (7.1) [8] The following example is of a two-point boundary value problem with a second order
differential equation:

Before we can solve a boundary value problem we have to be sure it has a unique solution. The following theorem
ensures that a solution indeed does exist and is unique.
Theorem (7.2) [8] Suppose the function f in the boundary-value problem
Y =fx,y,y), asx<b, y(a)=a,y(b)=p

is continuous on the set, D = ((X, y, y)la <x < b,—o0 <y < 00,00 <y’ < 0)
and that the partial derivatives fy and fy are also continuous in D. If
(1) fy(x,y,y) >0 forall (x,y,y") € D, and
(i1) a constant M exists with [fy(x, y, y")| <M for all (x,y,y') € D,
then the boundary-value problem has a unique solution.
The numerical method we will be looking at is the Finite-Difference method. This method can be used to solve
both linear and nonlinear ordinary differential equations. We will just survey the nonlinear Finite-Difference
method.
A nonlinear boundary-value problem takes on the form of y” = f(x, y, ¥'), a < x <b, y(a) = a, y(b) = B. In order
for the Finite-Difference method to be carried out we have to assume f satisfies the following conditions:
(1) f and the partial derivatives fy and f, are all continuous on

D=(xy,y)lasx<b, -0 <y<ow,—0<y <o)
(i1) fy(x, y, ¥y') = 8 on D, for some & > 0.
(ii1) Constants k and L exist, with

k= max T N, and L = max T !
(m,y,y')Eley( :yzy)|1 (I,y,y']ED|fy’( 1y:y)|
With f satisfying these conditions, Theorem (7.2) implies that a unique solution exists. When solving a linear
boundary-value problem using the Finite-Difference, the second-order boundary-value equation, y" = p(x)y'+
q(x)y + r(x), is expanded using y in a third Taylor polynomial about x; evaluated at x;+; and Xx;-1, where a formula
called the centered-difference formula for both y”(x;) and y’(xi) is derived. Burden and Faires define the centered-
difference formula for y"(x;) and y'(xi) as follows

)
)

for some & in (X-1, Xi+1), and
' 1 R,
Yy (ﬂfz) = ﬁ[y(ﬂ?i—l—lﬂ_ y(fb"i—l)] T ”(7?1')

for some n;iin (Xi-1, Xi+1).

Now we can begin to form the procedure for the Finite-Difference method.

" 1 h? (4)
y'(z;) = ﬁ[y(mwl) —2y(x;) + y(ziq)] — Ey (&)
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Step 1: We first want to divide the interval [a, b] into (N + 1) equal subintervals which gives us

(b—a)

(N +1)

with end points at x;=a+ih fori=0,1,2, ..., N+ 1.
Step 2: Next, we will take, y"(xi) = f(xi, y(Xi),y'(Xi))

and substitute equations (2) and (3) into it. This will give us:

Y1) — 2(zs) + y(zis) :f(%y(m’y(mﬂ—y(:ri_ﬂ hﬂy,,,(m)> A2 @(g,)

B2 o 3 1Y @

for some & and n;in the interval (Xi-1,Xi+1).
Step 3: The Finite-Difference method results by using (3), and the boundary conditions to define: wo = a, wn+1 =

p

and

Wil — 2w + wi_q Wiyl — Wi

foreachi=1, 2, ..., N.
Step 4: Once we define the boundary conditions in Step 3, an N x N nonlinear system, F(w), is produced from
the Finite Difference method defined as:

2wy —wy + R f (i‘hwh%) —a=0

—wy + 2wy — w3 + A2 f (182, wa, %) =0

WN — WN—_2
—wy_g 4 2wy_y — wy + R2f (I'N—la Wy_1, T) =0

—wy_1+ 2wy + P2 f [ zn, wy, Fwn-1) _ B=0
2h (5)

Step 5: We can take F(w), and implement Newton’s method to approximate the solution to this system. We can
do this by taking an initial approximation

0 _ ¢, 0)  (0) ., (0)
w( V= () wy e wy )i, F(w(®) and defining the Jacobian matrix as follows:
h il — Wi .. .
J(w1:w27 "'JwN)ij =—1 + §fy’ (:‘-‘w'ﬁ: wi%) ) fO'T' =1 1 and.? = 21 :N
w; — w;_ . . .
J(‘w1,’w2, ___1wN)ij = 2_|_h9fy (ﬂfaywz‘%) , fori=jand 5=1,...,N

Wi — Wi

o7, ),for3=j+1aﬂdj=1,...,N—1

(6)

h
J(wuw‘z: ---1'wN)a'j =—1-— Efy’ (a“‘?s,’ws

where wo= o and wn+ = f.
Remark (7.3) [8] We can find the initial approximation w® by using the following equation

;5’_

w® = a4+ a(ﬂf}i —a)

a

where xij=a+ihfori=1,2, .., N.

In the Finite-Difference method, J(wi, w», ..., wx) is tridiagonal with ijth entry. This means that there are non-zero
entries on the main diagonal, non-zero entries on the diagonal directly below the main diagonal, and there are non-
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zero entries on the diagonal directly above the main diagonal. If we look at Step 3 of Newton’s method, we solve
the system J(x)y = —F(x). Now for the Finite Difference method we solve a similar system that is J(w1, ..., wx) (V1,
«oyVn)'= —F(W1, W2, ..., Wx), where

wild = wikD + v, foreachi= 1, 2, ..., N. However, we do not use Gaussian Elimination to solve this system. Since
the Jacobian matrix is tridiagonal, we can solve it using Crout LU factorization for matrices such that J(w) = LU.
Crout LU Factorization (7.4) [8] Since J(w) is tridiagonal, it takes on the form:

11 49 U U
agr az az 0 0
0 agp ags ay O 0
o . -, .0 0
J(w) = 0 0 0
0 0
0 T T ai—l,j'

0 0 0 0 0 0 a; 51 Qg
Crout’s LU Factorization factors the matrix above into two triangular matrices L and U. These two matrices can
be found in the form:

[y 0 O 0
lyg log O . 0
0 I 33 0 0
CE | R 0
L= 0 0 0
0 0
: : : : o . - 0
| 0 0 O 0 0 0 lija Ly |
and
[ 1 U190 0 0 ]
0 1 Uag 0 0
0 0 1 U3y 0 0
o - 0 0
U= 0 0 0
0 0
R : : 0 " T way
L0 0 0 0 0 0 0 1

Once we have expressed our original matrix J(w) in terms of L and U, we need to compute the entries of each of
these matrices. This procedure involves:

1. Computing the first column of L, where 1i; = aj;
11. Computing the first row of U, where Wi = 1,
111. Alternately computing the columns of L and the rows of U, were
j—1
lij:a’ij_ E likuk’j: fOTjS% Z:172:"'7N
k=1
a e Y
iy —1 bik Uk . ..
/U/Z): ! lk ! j? f()?’”[/g]_ .7:2735"'7]\[
X
Once the entries of the LU matrices are determined, we want to solve the system J(w1, ..., WwN)(V1, ..., Vn)'= —F(w1,

W2, ..., WN).
We solve this system using the following procedure:

(1) Setup and solve the system Lz = F(w®), where z € R".
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(i1) Set up and solve the system Uv = z. (Remember v = (V1,...,V1i)t) L
o c—1

Once we are able to obtain v, we can proceed with computing, Wa(t - Wg : + Vi, and thus repeating
Newton’s method for the next iteration. As a result, once we can obtain the initial approximation w® and form a
N x N system, we can follow the iterative process for Newton’s method, with the addition of Crout’s LU
factorization in place of the Gaussian Elimination, to solve the boundary-value problem, i.e. the values of y(x;),
where x; = a +ih and i=0, 1, 2, ..., N+1. This implies that the procedure for the Finite-Difference method consists
of converting the boundary-value problem into a nonlinear algebraic system. Once a nonlinear algebraic system
is formulated, we can use Newton’s method to solve this system.

VIII.  Results:
For solving F(x) = 0, where F : R» — R is continuously differentiable near a solution p:
i. Newton's method converges quadratically to p if J(p) is nonsingular and the initial guess is sufficiently close.
ii. Broyden's method converges superlinearly to p under similar conditions with Ao = J(x(®) nonsingular.
For a nonlinear BVP y" =f{(X, y, y') satisfying Theorem (7.2), the Finite-Difference method yields approximations
wi — y(x;) as h — 0, with a tridiagonal Jacobian efficiently solved via Crout LU factorization.

IX.  Conclusions
This paper provided a comparative overview of Newton's method, Broyden's method, and the Finite-
Difference method for solving nonlinear problems. Newton's method offers rapid quadratic convergence but
requires costly Jacobian computations. Broyden's method reduces this cost via Jacobian approximation at the
expense of slower superlinear convergence. The Finite-Difference method transforms nonlinear BVPs into
algebraic systems solvable by Newton's method, with Crout LU factorization exploiting the resulting tridiagonal
structure. The choice of method depends on problem size, accuracy demands, and computational resources.
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