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Abstract

In the present article, we shall give the new notion of interpolative Kannan-Meir-Keeler type contractions and
interpolative Jaggi-Meir-Keeler type contractions for two maps in the setting of (a, c)-interpolative metric space.
Then, we shall prove the common fixed point theorems for these two contractions. Many examples

are given to illustrate the proved results. Some results for single map are also deduced from main results in the
form of corollaries. Finally, in the form of application a boundary value problem is solved to show the real
existence of proved results.
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I. INTRODUCTION

Banach [1] contraction principle states that every contraction map on a complete
metric space has a unique fixed point. It is the central idea of metrical fixed point
theory. Then, by seeing the utility of Banach contraction principle many authors
generalize the notion of this principle as well as metric space to get new fixed point
theorems. It has various applications in applied mathematics and other branch of
sciences.
To get new fixed point theorems Karapinar [5] in 2023, generalize the notion of metric
space and gave (o, ¢)-interpolative metric space.

Definition 1 [5] Let X # 0. A function d : X x X — [0,00) is called an (o, ¢)-interpolative

metric if for all =, y,2 € X:

1. d{z,y) =0 <= =1y,

2. d(z,y) = d(y, z),
3. there exist a € (0,1) and ¢ > 0 such that

d(z,y) < d(z, z) + d(z,y) + c[d(z, 2)]*[d(z, y)]' .

In this case, (X, d) is called an (ry, ¢)—interpolative metric space.

Definition 2 [5] Let (X, d) be an (a, ¢)-interpolative metric space and let {xy } be a sequence
in X. We say that {zn} converges to = € X if and only if

d(rn,z) -+ 0 asn — oco.

Definition 3 [5] Let (X, d) be an (a, ¢)-interpolative metric space and let {xy } be a sequence
in X. We say that {zn} is a Cauchy sequence if and only if

lim sup{d(zn,zm):m > n} = 0.
n—* 0o :
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Definition 4 [5] Let (X,d) be an (a, ¢)-interpolative metric space. We say that (X,d) is
complete if every Cauchy sequence in X converges to a point in X.

Again in 2024, Karapinar [6] proved the following theorem in complete (e, ¢)-
interpolative metric space.

Theorem 1 [6] Let (X,d) be an (o, e)-interpolative metric space and let T : X — X be a
mapping. Suppose that there erists g with 0 < q¢ < 1 such that
d(Tz,Ty) < g My(z,y), (1)
forall x,y € X, where
Mg(z,y) = max{d(z,y), d(z,Tz).d(y,Ty)}.

Then T possesses a unique fized point in X .

Several fixed point results in (e, e)-interpolative metric space can be find in

([21,[7])-

In 1969, Meir and Keeler [11] gave the new type of contraction as defined below:

Definition 5 [11] Let (X, p) be a metric space. A mapping S : X — X is said to satisfy
Meir-Keeler type contraction such that:
for every £ > 0, there exists 4 > 0 such that

< plr,y) <e+d = p(Sz,Sy) <=

Then, they show that if S is a Meir-Keeler type contraction then it has a unique
fixed point.
After that many authors generalize the notion of Meir-Keeler contractions in various
spaces see ([10],[12]).
In the sequence of generalization the notion of Meir-Keeler contraction in 2018, Kara-
pinar [9] gave the following definition of interpolative Kannan-Meir-Keeler contraction
in metric space.

Definition 6 [9] Let (X, p) be a metric space. A mapping S : X — X is said to satisfy
Meir-Keeler type contraction if there exists v € (0,1) such that:
for every £ > 0, there exists > 0 such that

£ < [d(z, Sz)]"[d(y. Sy)]' Y <&+ = p(Sz,Sy) <e

Then, he proved the existence of fixed point of S.

Jaggi [3] in 1977 proved the following theorem.

Theorem 2 [3] Let (X, p) be a complete metric space and S : X — X be a continuous map.
Assume that there exist o, 3 € [0,1) with o + 8 < 1 such that:

Sz, Sy) < a———————~ + fp(z.y
ol ) () plz.y)
holds for every distinet z,y € X.
Then, S has a unigue fived point.

Many researchers generalized the notion of Jaggi type contraction see ([4],[8],[13]).

Inspired from Definition 6 and Theorem 2, we present the new notion of inter-
polative Kannan-Meir-Keeler and interpolative Jaggi-Meir-Keeler contractions for two
maps in the next section.
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2 Results

Here, we present the main results and give some examples in the support of proven
results.

Definition 7 Let (X, d) be an (o, ¢)-interpolative metric space. Two mappings S, 7 : X —
X are said to satisfy an interpolative Kannan—Meir—Keeler type contraction if there exists
7 € (0,1) and for every £ > 0, there exists § > 0 such that

£ < [d(z, .‘5'1*!)]"'[f.E(:.;.r,T-y)]l_"r <e+46 = d(Sz.,Ty) <z, for all z.yeX. (2)

From equation (2), we conclude that
d(Sz, Ty) < [d(z, 52)|"[d(y, Ty)]' ", (3)

for all z,y € X with x # Sz, vy # Ty.

Theorem 3 Let (X,d) be a complete (o, ¢)—interpolative metric space and let S, T : X — X
are Kannan-Meir-Keeler type contraction. Assume that one of S and T is continuous. Then,
T has a common fized point that is there exists x* € X such that

Szt =Tx" =z".

Proof Let xp € X be arbitrary and define a sequence {xy} by
Tant1 = STan, T2pt2 = Tront1, n >0

Using equation (3), we obtain

d(T3n41.T2n42) = d(S120, To2041) < [d(Z2n. P20 1) [d(T2n41.T2042)] 7. (4)
Now, if possible assume that d(z2n+1, 22n+2) > d(22n, £2n+1), then equation (4) becomes
d(zon, T2n+1) < d(T2r, T2n4+1).
a contradiction.
Hence,
d(Tan+1:Tan+2) < d(T2n, Toant1). (5)

Thus, {d{:cgn_. 'I!2n+1)} is decreasing sequence of positive numbers so bounded below by 0.
Hence, it converges to some w = 0.

Assume w > 0.
Then, for every = > 0 there exists a 4 > 0 such that

w < d(zon, Tant1) < w + 8(w).
By the use of equation (2), we get
d(Szon, TTant2) = d(Tant1,Tant2) < W,

By choosing £ = w.
Thus, a contradiction is arrived.

So, limp—oc d(Toy, Top 1) = 0.
Hence, we can say that
'nll>mx> d(Tn, Tn+1) = 0. (6)

Now, our claim is that the sequence {zn} is a Cauchy sequence.
For each =. 2-?—«: = 0 choose 4 in such a way that § < E.Qic.
From equation (6), we can say that there exists k € I¥ such that

2 3

d(xn;:rn+1)<~§-2+c:2+c~ (T}

for all n = k.
Next we show that

d{:rn._:rn+q} < E, (8)

for any g € [.

From equation (7), we conclude that equation (8) holds for g = 1. Now, we shall assume that
result is true for any g. So, its enough to prove the result for g + 1.

Next, using the (a, ¢)-interpolative inequality

d(zn, mn+q+1) < d(Tn, Tnt1) + d(Tny1, In+q+1) + eld(zn, n11)]"[d(Tn1, Tn+tg+1 )]l_fg}
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Now, by equation (3), we get
A(Tnt1, Tntgr1) = d(Stn, Toniq) < [d{xn-.SIR}]TIxn+q:T$n+q]l_ﬂr
= [d{irﬂ-.ﬂfn+1)]~'[1"-n+qsﬂfn+e;-+1]1_'r
€
24 ¢
With the help of equations (3) and (10), equation (9) becomes

£ £ c.c
2+c+2+c+2+c_¢'

It follows that {zn} is a Cauchy sequence.

d(Tn, Tniqe1) <

Since (X,d) is complete, there exists z* € X such that z, — z". Assume that S is
continuous then, w2, — x* implies that Szo, = za,+1 — Sz°. Now, uniqueness of limit
implies that
Sz* =z%.

Again, from equation (2) we conclude that
d(Sz™, Tz™) =d(z", Tz") = 0.
So, Sz* =Tz" ==2". O

Ezample { Let X = [0,1] and define d: X x X — R by
d(z.y) =z —y°, zyeX
Define mappings S, T : X — X by
T T

Then (X, d) is a complete (a, ¢)-interpolative metric space and S, T satisfy the interpolative
Kannan—Meir-Keeler contraction condition of equation (2). Consequently, S and T have a
unique common fixed point in X.

Proof For all z,y,z € X,
-y’ =@ —2)+ -y’ <4(lz— 2 + |z - y*).
Hence,
d(zr,y) < 4(d[x._ z)+d(z, y}).
Using a +b < a+ b+ 2/ab for a,b = 0, we obtain

d(w,y) < d(w,2) +d(z,y) + 6ld(z, )] [d(z,v)]/*.
Thus. (X.d) is an (o e)-interpolative metric space with

a=4% c=6
Now, let (zy) be a Cauchy sequence in (X, d). Then
d(zn, Tm) = |Tn — :rm|3 — 0 asn,m — o0,
which implies |z, — Tm| — 0.
Hence {rn} is Cauchy in the usual metric on [0,1]. Since [0, 1] is complete, there exists
x € [0, 1] such that z, — x. Moreover,
d(zn,r) = |Tn — :1:|3 — 0,

so (X, d) is complete.
Now, to verify equation (2}, we compute:

3_ 3 _ 8y°
d(x,Sz) = |z — z/2]" = —, dy, Ty) = |y —u/3|]" = =—.
8 27
Thus,
3/2
(. 52/, )] /2 = L ()
Also,
T y|3
d(Sz, Ty) = ‘E - %| ) (12)
Using
‘% - %! <z +y = 2/Ty,
we obtain
d(Sz, Ty) < 8(xy)*/2. (13)
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Let £ > 0 and assume
(zy)*/?

V2T

e < < &40

Then
(-:r:!gr,.r}af2 < V27(e + 4).
Hence, equation (13) becomes
d(Sz, Ty) < 8V27(c + 8).

Now, choose

Then,

d(Sz,Ty) <=
Thus, the equation (2) hold.
So, by Theorem 3, T and S has a common fixed point.

Solving

Sr=r=-=r=x=0,

Tr=r=-=x=x=0,

Lol & b B

we obtain the common fixed point 2* = 0.
O

Definition 8 Let (X,d) be an (e, ¢)-interpolative metric space. Mappings S, T : X — X
are said to satisfy a two-map Jaggi-Meir—Keeler type contraction if there exist -y £ (0,1) and
A€ (0,1) and £ > 0, there exists § > 0 such that

d(z, Sz)d(y, Ty)

< A
1+d(z,y)

+ (1= N)d(z, Sz)]"[d(y, Ty)]' ™ <e+46 (14)
implies

d(Sz,Ty) <=
forall z,y € X.

From equation (14), we conclude that
d(z, Sz)d(y, Ty)
1+d(z,y)

for all z,y € X with x # Sz, y # Ty.

d(Sz,Ty) < A + (1= A)[d(x, Sz)]"[d(y, Ty)]' 7,

Theorem 4 Let (X,d) be a complete (o, ¢)—interpolative metric space and let S, T : X — X
are Jaggi-Meir-Keeler type contraction. Assume that one of S and T is continuwous. Then
there exists x* € X such that

Sz* =Tz" =2™.

Proof Let g € X be arbitrary and define a sequence {zn } by
Tont1 = STon, Tonte =TTonyr, m=0.
From equation (14), we have
d(T2n41.Tans2) = 6(ST2n, TT2041)

Ad{fﬂzm Szon) d(T2n+1, TT2n41)
1+ d(w2n, T2n+1)
+ (1= N d(z2n, Szon)" [d(22n 41, Tr2041)] " 7,
_ Ad{xin:32ﬂ+1)d(12n+1-1‘2n+2)
1 +d(w2n, T2n+1)
+ (1= N)d(wan, 22n 1) [d(w2n 11, 720 42)] 7 (15)
Now, if possible assume that d(ra,, z2,41) < d(T2,41, Tap+2).
Hence, equation (15) implies that

d(Tan i1, Tany2) < d(Tani1, Tany2).
a contradiction.
Thus, {d(xan.T2,+1)} is decreasing sequence of positive numbers so bounded below by 0.
Henece, it converges to some w > 0.
Assume w > 0.
Then, for every £ > 0 there exists a § > 0 such that
w < d(T2n, Tont1) < w +0(w).
By the use of equation (14), we get
d(Szan, Tronte) = d(zen+1, Tont2) < w,

By choosing = = w.
Thus, a contradiction is arrived.
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So, limp— cc (T2, T2,41) = 0.
Hence, we can say that
lim d(rn, rne1) =0. (16)

TL—F 20
Now, our claim is that the sequence {zy} is a Cauchy sequence.
For each EQL_H = 0 choose § in such a way that § < E.Zi_'_c.
From equation (16), we can say that there exists k € I such that

€ 2 g

d(zn, tne1) < SRR (17)
for all n > k.
Assume { = 55,
Next we show that
d(Tn, Tniq) <&, (18)

for any ¢ € M.

From equation (17), we conclude that equation (18) holds for ¢ = 1. Now, we shall assume
that result is true for any ¢. So, its enough to prove the result for g + 1.

Next, using the (o, ¢)-interpolative inequality

d(zn, xn+q+]) < d(Tn, Tny1) +d(Tng, xn+q+1] + cld(zTn, Tni1 )]Q[d(xn+1 +Tntg+1 )}1m}
Now, by equation (14), we get

d(l'm Sn) d(i‘n+qs Tl‘n+q)
1+ d(zn, Tntq)

(1= N)[d(zn, Szn)] " [d(Tn+q. TTrig)] 7,

d(:l,‘n, xn+1) d(i'n+q-. xn+q+1)
1+ d(zn, Tntq)

(1= N)[d(rn, xni1 )]ﬂr[d{xn+qe Tntq+1 )]
RSN
= A T-¢ +(1 - A,

AL+ (1=
<,

£

— 2;4-0 (20)

With the help of equations (17) and (20), equation (19) becomes

d(rp4y, 3311+q+1} = d{SmnsTTn+q} <A

+

1—v

+

A

& L8 L ee
24¢  24¢ 24c¢

It follows that {z,,} is a Cauchy sequence.

d(rn, Tn+q+l)

Since (X, d) is complete, there exists z° € X such that rn, — 2%. Assume that § is
continuous then, xo, — z* implies that Szo, = x9,41 — Sz*. Now, uniqueness of limit
implies that
Sr* =a*.

Again, from equation (14) we conclude that
d(Sz*,Tz") = d(z*, Txz*) =0,

So, Sz* =Tz" =z". O
Ezample 2 Let X = [0,1] and define d : X x X — R by

diz,y) = |z — -y|3.

Then (X,d) is a complete (a, ¢)-interpolative metric space with e = % and c = 6.
Define mappings 5,7 : X — X by

S(z) =0, T{:c):%._ zeX.
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Then, for all z,y € X,
dwsn =2 dwry =y Y = (1) = 2y
and . 4
d(Sz, Ty) = ‘%‘ - ;”@
Let A = % and vy = % Consider
d(z, Sz)d(y, Ty)

T+dey e Sz)"[d(y, Ty)]".

Alz,y) = A

Then
Alzy) > 2a%2 (%)” = YT
2 512 322
Let £ > 0 and suppose that
< Alz,y) <e+4.

Then /3

23/2,3/2 . 32
™y —— (= +4).

f
Since = € [0,1], we have 2%/2 < 1, and hence
: 32:/2

v < == (e +9).

ST

Using 0 < y < 1, it follows that

— (3/2)2 < 3/2 < 322
+4
v' =) < ?‘/— —=(e+4d).
Therefore,
3
] 1 32\/_ V2
d(Sz, T < — g+ 4d).
(52 Ty) = 25 < 553 ™7 EV. A T2v7. )
Set
F: ﬁ (
112V7
Choose
1 1
Then
d(Sz,Ty) < e

Thus, S and T satisfy the Jaggi-Meir—Keeler type contraction condition of equation (14).
Thus, all the conditions of Theorem 4. Hence, S and T have common fixed point.
Finallv, solving
Sr=zr=1r=0, Tr=z=1=0,

we conclude that £* = 0 is the unique common fixed point of S and T'.
3 CO]ISG(]IIGIICE!S
Definition 9 Let (X,d) be an (a, ¢)-interpolative metric space. A self map S : X — X is

said to satisfy an interpolative Kannan—Meir—Keeler type contraction if there exists v € (0,1)
and for every £ > 0, there exists 4 > 0 such that

e < [d(z, Sz)]"[d(y. Sy)]' ™ <468 = d(Sz.Sy) <z, for all xyeEX. (21)
From equation (21), we conclude that
d(Sz, Sy) < [d(z, Sz)]"[d(y, Sy)]' 7, (22)
for all z,y € X with z # Sz, y # Sy.

Corollary 1 Let (X,d) be a complete (e, ¢)-interpolative metric space and let
S5 : X — X is interpolative Kannan-Meir-Keeler type contraction. Then, T has a fixed
point.

Proof By taking T'= 5 in Theorem 3, one can obtain the proof. O
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Definition 10 Let (X,d) be an (o, c)-interpolative metric space. Mappings S : X — X is
said to satisfy a Jaggi-Meir-Keeler type contraction if there exist v € (0,1) and A € (0,1)
and for every £ > 0, there exists 4 > 0 such that

d(z, Sz)d(y, Ty)

<A
1 +d(z,y)

+ (1= N)[d(z, Sz)][d(y, Ty)] 7 <+ (23)

implies

d(Sz,Ty) <e,
for all z,y € X.
From equation (23), we conclude that

1+ d(z,y)
for all z,y € X with x # Sz, y # Su.

d(Sz,Ty) <A + (1= A)[d(z, S2)]"[d(y. Ty))' 7,

Corollary 2 Let (X,d) be a complete (a, ¢)-interpolative metric space and let
S : X — X satisfy equation (23). Then, S has a fixed point.

Proof By inserting T'= S in Theorem 4, we can get the proof. O

4 Solution of Boundary Value Problem

Theorem 5 Let f: [0, 1| xR — R be a continuous function. Assume that there exist constants
L €(0,8) and~ € (0,1) such that

|£(t.w) = f(t,0)] < Lu— Su|o — Tv|' 77,
for allt € [0,1] and u,v € R, where the operators S : C([0,1],R) — C([0,1],R) is defined by

1
Sx(t) :/'; G(t, &) f(s,xz(s))ds

and

Then the boundary value problem
2"(t) = f(t,z(t)), te[0,1],
z(0) ==(1) =0,

admits a unique solution in (o, c)-interpolative metric space C([0,1],R).

Proof Let
X = O([0,11.R)
and define
— 3 r
diz.y) =z -yl z.vEX,
where
[zlleo = sup |z(t)].
te[0,1]
By Example 1, (X.d) is a complete (, ¢)-interpolative metric space with
a= ! c=0
=3 — 6.
The given boundary value problem is equivalent to the Hammerstein integral equation
1
z(t) :/ G(t,8)f(s,z(s)) ds. (24)
0

Therefore, a solution of (24) is precisely a fixed point of S.

First, we show that S is continuous. Let {zn} C X be such that xn — @ uniformly on
[0,1]. Since f is continuous, it follows that f(s, zn(s)) — f(s,z(s)) uniformly in s € [0,1].

Consequently,
1
[|Szn — Sz||oc = sup f Gt 8)(f(s,wn(s)) — f(s,2(5))) ds
te[0,1] |/ 0 |
1
< swp [(Go)ds sup [[(sa0(s) - 2]
te[o,1] /0 se[0,1]
Letting n — oo, we obtain
Stn — Sz.
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Hence, S is continuous.
Let z,y € X and ¢ € [0, 1]. Then

I |
|S=(t) — Sy(t)| = |[0 G(t,s)(f(s,z(s)) — f(s,u(s))) dsl

1
< [ G(t, )| £(s,2()) — F(s,u(s))| ds.
0

Using the hypothesis, we get

1
|Sz(t) — Tu(t)] < L fo Gt 9)l(s) — Sz(s)|"lu(s) — Su(s)|* " ds
< L~ SelLly Tl [ 6t 5)ds.
0

Taking supremum over ¢ £ [0, 1], we obtain

1
|52 = Sylleo < Ll = Sellly— Suli” swp [ G(t,5)ds. (25)
teo,1]Jo
Now,
1 t 1
/G(t,s)ds:f s(l—t)d3+[ t(l—s}ds:t(l. t}.
0 0 ¢ 2
Therefore,
L H1—t) 1
sup f G(t,8)ds = sup —— = =.
te[0,1]Jo te[o,1] 2 8
Substituting this into (25), we get
L _
ISz — Syllse < Sz — Szl lly — Sylle™- (26)
8

Cubing both sides of (26), we obtain
d(Sz, Sy) = |Sz — Tyll

AN 3 3(1—~)
< (%)l - szl2hy - sl

3
— (%) [d(z, Sz)]" [d(y, Sy)]* .

OR

d(Sz, Sy) < [d(z. Sz)]" [d(y, Sy)]' .
Thus, S satisfy the interpolative Kannan—Meir—Keeler contractive condition.
All the hypotheses of Corollary 1 are therefore satisfied. Hence, the nonlinear boundary
value problem admits a solution in C([0, 1], R). O

Since L < 8, we have

Hence,

Ezxample 3 Consider the nonlinear boundary value problem

() =1+ %sin(:ﬂ(t)), 0<i<1, @
z(0) =0, =(1)=0.

We shall show that problem (27) possesses a unique nontrivial solution by applying
Corollary 1.
Step 1: Integral formulation. The Green function associated with the linear problem

=" (t) = h(t), z(0) = z(1) =0,

is given by

s(1—1t), s<t
Define the operator S : C([0,1],R) — C([0,1], ) by

Ot ) = {t(l —s), t<s,

1
Sz(t) :fo G(t, 8) (l + % sin{:r(s}}) ds.
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Then a fixed point of S is precisely a solution of (27).
Step 2: The underlying metric space. Let
X =C([0,1],R),
equipped with the metric
dz,y) =z -yl llellc = sup [a(t)].
te[0,1]
Then (X, d) is a complete (o, c)-interpolative metric space.

Step 3: Verification of the contractive condition. Let z,y € X. For any t € [0, 1], we
have

1 . o
I(Sz)(t) — (T)(1)] = ‘ fo a(t, 5 2EE) —nly(s) dS!

1
< 35 | Gt.5) |sin(a(s) — sin(u(s)| s
20 Jn
Using the elementary inequality

|sina —sinb| < |a — b,

we obtain
1 1
(52)(8) ~ T0)O] < g5 [ G0 a(e) ~ y(9)] ds
1
< gl —ule [ Glt9)ds

Now,

1

G(t, s)ds ”12_” g% t€1[0,1]
Hence,

1(52)(6) ~ (T0)(O)] < 155l — vlleo

Taking supremum over ¢t £ [0, 1], we get
1
152 ~ Tylloo < i 17~ 3llc.

Therefore,

160
Thus, S is a strict contraction and consequently satisfies the contractive condition of Corollary

3
1
d(Sz,Ty) = ||Sz — Tyl < (—) d(z.v).

Step 4: Existence and unigueness. All the hypotheses of Corollary 1 are satisfied.
Therefore, S possess a fixed point #* € X . Hence, problem (27) admits a solution.

Step 5: Non triviality of the solution. Suppose that z(t) = 0 on [0,1]. Then
a"(t) =0,
whereas equation (27) yields
" 1 .
T {t)_l—t—ﬁsmo_l,

which is impossible. Therefore, the solution is nontrivial.

Consequently, the boundary value problem (27) has a nonzero solution in C'([0,1], ).

5 Conclusion

In this article, we have introduced the new notions of interpolative Kannan-Meir-
Keeler and Jaggi-Meir-Keeler type contractions for two maps in the setting of
(o, c)-interpolative metric space. Then, related fixed point theorems are proved and
examples are given to show the real existence of results. Some consequences of the
proved theorems are also given. Finally, a boundary value problem is solved with the
aid of proved result.

In future, the authors can extend these results in the setting of generalized (a,c¢)-
interpolative metric space.
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