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Abstract

The pioneer authors of [24] prove a new dyadic representation theorem with applications to the T(1) and A,
theorems. They obtain the non-homogeneous T (1) theorem under weaker kernel regularity than the earlier
approaches. We improve on the compact coherent stages a highlight application estimates.
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I. Introduction

The theory and results of singular integrals are known "for all Calderén-Zygmund operators". Examples that we
have include the T (1) theorem of [3]:

[Tl 22 < € & [|T(1)]l 2 < QY2 [T (1)l 2 < clQIY?vQ;
its extension to non-homogeneous (non-doubling) measures by [20]; and the A, theorem of [7]:

1
"T”LZ(WZ)—>L2(W2) < CT[WZ]AZI [WZ]AZ: = Sgp(fL)QWde(fL)Q Fdx

For the fine details of the definition of Calderon-Zygmund operators, these theorems require slightly different
assumptions on the operator. We are particularly concerned about the minimal smoothness assumptions that one
needs to impose on the kernel of the operator.

The most common definition of Calderén-Zygmund operators involves Holder-continuous kernels, with a
power-type modulus of continuity w?(t) = t%4o for 84, € (0,1], and it is in this form that both the T (1) and the
A, theorems first appeared. However, when needs we can deal with more general continuity-moduli with a
modified Dini-condition of the sort

! 1\*dt
J w?(t) (1 + log ?> ~ < (1.1
0
Which corresponds to @ = 0, and it is known to be enough for many results in the theory of singular integrals. It

is only shown to be sufficient for the A, theorem, by [14], whereas the prior approaches needed a = 1 (this is
explicit in [12] and implicit in [16, 17]). The sharpest sufficient condition for the classical T (1) theorem, may,

appears to be @ = %, which is implicit in [6] and explicit in [4]. However, the more recent extensions of the T'(1)

theorem to non-homogeneous measures are only available under the Holder-continuity assumption. (See [20] for
the full non-homogeneous T (a + €) theorem, or [23], where the special case of the T (1) theorem is recovered
by methods that are closely related both to the A, theorem and in [24].)

Given that the critical cancellation properties of Calderén-Zygmund operators are somewhat hidden in their
usual definition, all results mentioned above depend crucially on (implicit or explicit) representation theorems of
Calderon-Zygmund operators as infinite superpositions of simpler (which often means: dyadic) model operators,

Th=> > &f)
L

i=1
For, the smoothness needed to bound an operator is linked with the smoothness required to obtain a convergent
representation.
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There are basically two kinds of representation theorems, linear and nonlinear. In the linear case, each ®; is
linear in both T and f;, or, stated otherwise, ®;(T, f;) = W;(T)f,, where ¥; is a linear transformation between
suitable spaces of  linear operators. Such a representation lies behind the
usual proofs of the T'(1) theorem, as well as the original proof of the A, theorem [7]. In contrast to this, see the
A, theorem [14, 17, 18] (as well as the T(1) theorem [15]) are based on decompositions, where ®;(T, f;)
depends non-linearly on both T and f;.Typically, such non-linear representations arise from some kind of
stopping time arguments.

Although non-linear representations appear to yield stronger results, at least in questions around the A, theorem,
there is still independent interest towards linear representations, which are better suited e.g., for iterative
applications as in [2], or multi-parameter extensions, as in [19, 21]. It is also of some theoretical interest whether
the non-linear methods are fundamentally stronger, or whether the same results could also be recovered via
linear representations.

The authors in[24] prove a new (linear) dyadic representation formula with applications to both T(1) and A,
theorems. In the T(1) direction, this leads to a non-homogeneous T (1) theorem under the same mild kernel
regularity assumptions that were so far only known in a homogeneous setting. As for A,, while we are not able
to recover the largest class of kernels amenable to non-linear methods, we come rather close to it, and much
closer than any of the previously known linear arguments (see [24]).

ForT be a Calderén-Zygmund operator of order n on R%, with respect to a Borel measure y of order n. That is,
T acts on a dense subspace of functions in L?(R%) (really, this class should at least contain the indicators of
cubes in R? ) and has the kernel representation

Tfi(x)= fmd Z K(x,x+ €)f,(x + €)du(x + €),x & suppf,
L

where u satisfies the growth condition
UuB,1+e))<C-1+e)"
for every x € R? and every € > 0,u need not be a doubling measure.
Hence, the kernel should satisfy the nth order standard estimates, which we assume in the following form:

c
|K(x,x + E)l < W (12)
and
C |lx —x'|
IK(x,x +€) —K(x',x+e)|+|K(x+€6x)—K(x+¢€x)| < sz T (1.3)

whenever |x — x'| < 1/2|€|. Here w? is a modulus of continuity: an increasing and subadditive (w?(2a + €) <
w?(a) + w?(a + €)) function with w?(0) = 0.

We also assume the " T(1) " conditions in the local form

{IITloIILz(m < Cu(Q)M?

710l 2, < CH@M?

for all cubes Q © RY, where we also regard Q = R as a cube in the case that u(R%) < oo.
Now the new representation theorem takes the following form:

Theorem 1.1 (see [24]). Under the above assumptions on T and p, and suitable test functions f;, g, € L?(u) (as
detailed in Section 2.1), the operator T admits a representation

(Tfr,g.)=E Z Z w2(2_|1+6|)((R1+6fL' 1) +{Qusef1, 91)) + EMri fy, g1) + EXf, o1 91)

(1+€)EZ L
€+—1

(1.4)

where

(1) E is the expectation over a random choice of dyadic systems on R%,

(2) each I, (a + €) € {T1,T*1}, is a dyadic paraproduct with
”Ha+e”L2(;¢)—>L2(,u) =C

(3) each Ry, and Q. is a dyadic operator with

||R1+€"L2(;,¢)—>L2(u) =< C, ”Q1+E“L2(M)—>L2(M) <C |1 + El
If u is doubling, then each R, .. and Q.. is a sum of O(|1 + €|) dyadic shifts of complexity O(|1 + €|).
Both dyadic paraproducts and dyadic shifts mentioned in the theorem have the "usual definition", which we
shall recall below. As indicated, the dyadic operators R, and Q. of the new representation theorem are not
precisely dyadic shifts in the sense of the usual definition, although they are closely related to them. But, in a
sense, these operators have a fundamental nature, and their norm bounds stated above are more efficient than
what would follow from their decomposition into usual shifts and an application of known estimates (see [24]).
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The operators Ry, and Q. are related tocertain operators denoted by T, and U, and introduced by [5, 6].
These are, in fact, the first "dyadic shifts", although somewhat different from the modern usage of the term.

Our main application of Theorem 1.1 is the T(1) theorem, which shows that the same mild kernel regularity as
in the case of the Lebesgue measure [4] is also admissible for the general non-homogeneous (i.e., not
necessarily doubling) measures u considered above.

Corollary 1.2 (see [24]). Under the above assumptions on T and u, if the modulus of continuity satisfies the

Dini condition (1.1) with a = é, then T acts boundedly on L?(u).

Proof assuming Theorem 1.1 [24]. Using the decomposition and norm estimates provided by Theorem 1.1, it
follows that

(Trogils > > @@ Cfilllgull +VTTFellfllgills) +€ ) Ifillallgulls

(1+€)EZ L
€+—1
<c) ||fL||2||gL||2<1 £ @2 ONT +e>
L €=0

! ldt
<> Wkalada( 14 [ 0@ flog 3T | <c> Walhlal,
L 0 L

by an easy comparison of sums and integrals.
For the A, theorem, we obtain:
Corollary 1.3 (see [24]). Let n = d and u be the Lebesgue measure on R%. Under the above assumptions on T,
if the modulus of continuity satisfies the Dini condition (1.1) with @ = 2, then T satisfies the A, inequality
ITfill 22y < CIwW?1a,lIfLll 2wy

While this does not quite recover the form of the A, theorem obtained by [14] with @ = 0 (see also the
simplification by [18]), or even the earlier results [12, 16, 17] using non-linear representations with a = 1, this
extends the class of Calderon-Zygmund operators that one can handle by any of the linear representation
theorems currently known.
Proof assuming Theorem 1.1 [24]. Since dyadic shifts of complexity O(|1 + €|) are bounded on L?(w?) with
norm 0(|1 +e€|- [WZ]AZ) (see [11, Theorem 2.10] or [22, Theorem 4.1]), it follows that

||R1+e||L2(w2)—>L2(w2) + ”Q1+5”L2(W2)—>L2(w2) <C(1+ E)Z[WZ]AZ
Recalling that dyadic paraproducts are also bounded on L?(w?) with norm 0([W2] Az) (see [1]), substituting all
this into the representation formula of Theorem 1.1, we obtain

IT 2002120009 < € (1 + Z w2 (270%9) (1 + e)2> w21,
€=0
2

<c (1 + fol w2 (6) <log %) %) [W2],, < C[w?la,

We actually suspect that a direct weighted analysis of the new operators R;,. and Qq,. (instead of their
reduction to known results about dyadic shifts), could lead to the better weighted bounds
?

”R1+E“L2(w2)—>L2(w2) + ||Q1+e||L2(W2)—>L2(w2) <C|l1+ E|[W2]A2
and thus to a linear proof of the A, theorem under the Dini condition (1.1) with @« = 1. However, since this
would still be weaker than Lacey's result [14] with ¢ = 0, we have not pushed hard on this point.
For future investigations we point out that our non-homogeneous results (for power bounded measures on R% )
should extend to the case of upper doubling measures on geometrically doubling metric spaces (as in [13]) with
essentially notational complications only. Somewhat less obvious may be the extension to representations
appropriate for T (a + €) (rather than just T(1) ) theorems. Multi-linear and multi-parameter extensions should
also be possible [24].
1.1. Plan of the paper. We state some preliminaries and notation. We provide a more detailed statement of the
main Theorem 1.1, including a precise formula for the various operators appearing in the decomposition. The
proof of the theorem is then divided. We split the main part of the proof into identities and estimates, namely,
writing T as a sum of the dyadic pieces, and showing that these pieces satisfy the relevant norm bounds. The
proof of Theorem 1.1 is completed, where we establish the asserted shift structure of the new operators in the
homogeneous situation. We provide additional information about the weak (1,1) behaviour of the new
operators, again in the homogeneous situation only.
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1I. Preliminaries

Given a fixed reference system of dyadic cubes D°, we shall consider new dyadic systems, obtained by
translating the reference system as follows. Let ¥ = (O']-V)jez € ({0,1}%)% and

I+ov:=1, + Z Z 277g)

ji2=i<e(ly) v
Then
D" = {I,+0": 1, € D°}
and it is straightforward to check that D" inherits the important nestedness property of D° : if I,,, ], € D", then
I, nJ, €{l,],,@}. When the particular " is unimportant, the notation D is sometimes used for a generic
dyadic system.
The reference system could be, but need not be, the standard system
DO = {27+9([0,1)4 + m): (1 + €) € Z,m € Z¢};

we could equally well start from any other fixed reference system.
Within any fixed system of dyadic cubes D, we use the following notation:

. I\EHE) is the (1 + €) th ancestor [,,, i.e, I\EHE) 21, and f(l&“e)) = 20+90(1).

e ch(l,) is the set of children of I, i.e., J, € ch(l,) if and only if J = 1,.

e D, refers to the set of cubes Q € D such that £(Q) = 27(1+€),
Moreover, we write:

1
fin= 5 f,Z AEAE),  (fuod=| Y A6EE)

L

EIVfL= 1IV(fL)IV' EiiefL = Z EI\,fL
Iv€D14e L
Dl‘,sz Z Z EI",fL - EI‘,fL: Diyefi = Z z DIVfL
Iyech(ly) L Iy€D14e L
L 2d_
Definition 2.1 [24]. For every I, € D, we define the Haar functions as a collection of functions {(p}v}; ! such

that

(1) suppgyj, < I,

(2) ¢y, is constant on each I, € ch(l,),

(3)J epdu=0,

4 ||(p}v||oo . ||(p,i‘)||1 < C (a constant independent of I, and i ),

(5) ||k, II, € {0,1}, and

d_ . .
(6) Dy fL = PR W) <fL' (PIL\,)WV-
The proof of existence of such functions can be found in [9, Sec. 4]. If u is doubling, the construction is well
known, and in this case (4) can be improved to ||¢}, ||00 < Cu(l,)~2.

Definition 2.2 [24]. Let (2+€)€N and € >0, we say that a cube I, € D s (2 + €)-good if
dist(l,, OL>*) = 2(13).
The probability of a particular cube I, 40"V being (2 + €)-good is equal for all cubes I, € D° and for all (2 + €)
so we denote

Tgood: = Pov(ly+0V(2 + €)-good ) = 27¢
Despite the easy numerical value of this expression, we use the notation 7,4 to stress the origin of this factor
from goodness considerations in the relevant expressions.
Remark 2.3. Let Q be a cube, and 2+ €,2(1+€) € N,2 + €,e = 0, the position and (2(1 + €))-goodness of
Q+0cV are independent random variables. In addition, the (2 + €)-goodness of Q+c¢V is independent of the
(2(1 + €))-goodness of (Q+aV)?+9.
The position of the translated interval by definition, depends only on g}’ for 27/ < £(R). On the other hand the
(2(1 + €))-goodness depends on its relative position with respect of R?(1+€))_ Since the same translation
components ¢} for 27/ < £(R) appear in both R+0V and (R+0Y)?(*€) 5o that the (2(1 + €))-goodness
depends only on ¢ for £(R) <27/ < £(R?(*)) which makes the position and (2(1 + €))-goodness
independent random variables.
Definition 2.4 (see [24]). Let f; € L},.(R%),e > 0 and H € D, then we define
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1+e€
DFfi= Y D DB O= ) Y 0P, @1
L +9=p L j=0 L

and

Figure 1 [24].(2(1 + €))-goodness with 2(1 + €) = 5. The small cubes in the picture (which have 2° times
smaller side-length than the big cube) are 5 -good whenever they belong to the grey region (like Q ) and 5 -bad
whenever they belong to the rest of the big cube (like P ).

1+e
2+€,good 2+€,good j,good
DT Ofi= D N D BT = ) Y DY, 2.2)
L=y L j=z L
12%€_good

Due to orthogonality, it is a standard computation to verify that, for any € = 0,

1/2
(ZZ ||Dz5“€)fL||§) <) Al

L
2.1. A finitary set-up. The core of the proof of Theorem 1.1 is based on somewhat elaborate manipulations of

the random martingale difference expansions of f; and g, in the duality pairing (Tf;, g, ). In order to minimise

the need of tiresome justifications of the rearrangements of sums and expectations, we choose the following set-

up, similar to [8] or [23], to carry out these manipulations (see [24]):

Forf,, g, € L*(i) be both supported on some big cube K;, and constant on the dyadic subcubes of K; of side-

length 27N £(K,). Clearly, such functions are dense in L?(u) when both K; and N are allowed to vary. Let K,

bethe cube with £(K,) = 2¢(K;), positioned so that K; is the "upper right" quadrant of K.

We then take as the reference dyadic system some D° that contains K,. (This determines the choice of dyadic

cubes smaller than K, uniquely, but we can make an arbitrary choice of the dyadic ancestors of Kj in the system

D°.) And then we consider a modified version of the shifted systems, with
K+oV:=K + 277}

ji27Ne(ky) <2 J<min(¢(K).£(Ky)) Vv

That is, we only randomise on length scales larger than the minimal length scale 27N £(K;), where the functions

f1 and g, are constant. Thus D" and D° have the same small dyadic cubes, and since f; and g; are constant on

these cubes, the corresponding martingale differences vanish.

Similarly, we only randomise on length scales smaller than the support of the functions. In particular, no matter

the value of ¢V, we find that K,+¢" D K; contains the supports of f;, and g,. Thus, irrespective of the value of

c’, we have
fi = ExgiovfL + Z Z Dk f,

KeD%:KSKo+aV L
2(K)>2~" (K1)
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with a similar expansion for g;. Now, there is only a fixed finite number of terms in this sum, independently of

0”. And, in effect, there are only finitely many relevant values of ¢V, since only the N coordinates o}’ with

27Ne(K,) < 277 < £(K,) have an impact on the definition of K+¢V. Thus, all our sums and expectations range

over fixed finite ranges only, so that the rearrangement of the summation order is never an issue. Since the terms

E /. ,fiand E_,. g, are trivial to handle by the T(1) conditions (1.4), we may also assume that these
Ko / +aV Ko / +aV

terms (equivalently, the integrals [ f,du and [ g,du) vanish, so that both f; and g, are expanded in terms
of the martingale differences alone.

With this reduction stated, however, we will no indicate it explicitly, but simply write Y. xep , Or just Y. , for the
relevant sum above.

Notice that our fiddling with the definition of " K+0¢V " will have some impact on the properties of the notion of
goodness discussed above. Since goodness is really only relevant to us when both the smaller and the bigger
cube appear in our martingale difference expansion, see also the discussion of "good" and "really good" cubes in
[23].

III.  The Dyadic Representation Theorem: Detailed Statement
We can provide additional detail to Theorem 1.1 as follows:
Theorem 3.1 (see [24]). In the Representation Theorem 1.1, the various operators have the following form:

Qr4e = z A§(1+E)'R1+€ = z BIEHE)

KeD KeD
where the operators AE(HE) and B,((HE) satisfy the orthogonality relations
A§(1+€)= PK(2+E)A§{1+E)D1((3+2€)!
AE{—(1+6))= DI((3+2€)A§(_(1+6))P,§2+6),
BI((1+€)= (PISHZE) _ PK(1+€))BI({1+6)DI({3+26)1
B}((—(1+e))= DI((3+26)BI((_(1+6))(PI§3+26) _ P,§1+E)),6 >0,
and their kernels a9 (x, x + €) and (a + €) {9 (x, x + €) satisfy the bounds
1x()1x(x +€) 1) 1(x +€)
(K" u(H)

(1+€)

|aK (x,x+e)|SC JJ1+el =1

H:H(1+eD=kg
1)1k (x +€)

(1+€) <
|(a+e)K (x,x+e)|_C 20"

J1l+el =2

Moreover, the paraproducts have the form

s = Y Y D@+ Ol — E-wf)

where
R®D [ DT e iTRRY <o
E_ofii= R4
0, otherwise
If u is doubling, the following additional statements hold:

e  The pointwise bound for (a + E)E(HG) (x,x + €) is also valid for |1 + €| = 1.

o Foreach Ujye € {Rite, Qrie Rive Qi4e)s We have ”U1+E||L1(u)—>L1'°°(u) < Cl1+e€|
The proof of Theorems 1.1 and 3.1 naturally splits into two parts: the algebraic identities that give the desired
decomposition, and the estimates for the terms of this expansion. We deal with each of these tasks in the
following.

IV.  Dyadic representation: identities
The following proposition is introduces goodness into the basic martingale difference expansion:
Proposition 4.1 (see [24]). Let T be a Calderén-Zygmund operator, f;, g, € L>(u) as in the finitary set-up of
Section 2.1, and (2 + €) € N with € = 0. Then T has thefollowing expansion

1
(TfL, gL)= T Egv Z Z 1(2+E)-good(Smaller{lv’]v}) : <TD1va’D]ng>
good I Jy ED‘TV L
1
== - E,v Z Z (T(xyDifL) WisDign)
200

i,jEZ L
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where
e i) <20,
smaller {/,, ], }: = Jo, if2(L) > {)Uv)‘(pj = IZ 1,
vED
I&"'e-good
and
(¢ ifizj,, (1, ifizj

Mf‘{l ﬁi<LiP_{@u ifi<j
Proof. This result is similar to Proposition 3.5 of 10 which we are going to replicate here with our definition of
goodness.
Recall that

fi= Z Z Dlv-i-a"fL
Iy€DO L
for any ¢V € ({0,1}%)Z; and we can also take the expectation E,v of both sides of this identity.
We make use of the above random D, ; ;v expansion of f;, multiply and divide by
Toood = Eqv 1(2+e)— good (Iv‘i'av)
and use the independence from Remark 2.3 to get:

(Tf.,9u)= Ea"z Z <TDIV+UVfL'gL)

1 .
=—3 " Epvlgug- o (b0 VEMTD0fir 1)
7Tgood . T

1 -
=B > Y aso- o WO NTDy 00 01)
7Tgood ™ T

1 -
=B > > e saos (AN Dy 10vfir Dyyiovgi)
7Tgood

vy L
On the other hand, using independence again in half of this double sum, we have

1 .
[Ea" 1(2+e)— good ([v+o-v)<TDI‘,-i—a"fL: D]‘,-i—a"gL>
T[good
£(Iv)>t(Jy) L
1 .
= I Z Z Egv 1(2+€)— good & +O-V)IE0"'<TD1\,+U"th D]V-i-JVgL)
e pu)>egy) T

= Eqv z Z (TDI‘,-FJ"fL'D]\,4—U"gL)
£(Iy)>¢(Jy) L

and hence

Egv Z Z 1(2+e)— good (Iv -i'o-v)(TDI\,-i-o-"fL: D]V-i-a"gL)
tV)=tUy) L
+Egv Z z <TDIV+O'VfL' D1V+a"gL>
t(y)>¢(Jy) L

1
(Tfig1) =
ot T[good

Comparison with the basic identity

(Tfug) =B D" > (D fiDyyiovgs)
Ivjv L
shows that

E,v Z Z (TDIV+anL'D]V+0'VgL)
t(y)=t(Jy) L
1 .
= Eqv Z Z 1(2+E)—g00d(IV+O-V)<TDIV+0'VfLID]v-i'ngL)
T[good
t(W)=tUy) L

Symmetrically, we also have
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Egv Z Z <TD1\,+J"fL' D]\,-i—o"’gL>
L()>tUv) L
1 .
= T Eqv Z Z 1(2+€)— good Uv+o_v)(TDIV-i-a"fL' D]V+UV.9L)'
god S0y T
and this completes the proof of the first asserted identity. The second one is a simple restatement, as seen by the
computation

D Aarer oo (smaller(hy, J)(TD, £, Dy, f)

Iy,Jv L

= Z Z <T(¢iDifL)ijgL>+Z Z (TDif., $;D;9.)

izj L i<j L

= Z Z (T(xi;Dif1), Wi;D;91)
;L

We split the subsequent analysis of the series into four cases, depending on whether i > j or i < j, and whether
[i—jl<2+4+€or|i—j| >2+e€. Since thecases i > j and i < j are dual to each other, we only explicitly deal
with i > j, which still splits into the twocase 0 <i—j<2+4+e€andj<i—2+¢€.

Proposition 4.2 (see [24]). Let T be a Calderén-Zygmund operator, f;, g, € L*(u) as in Section 2.1, and (2 +
€) € N such that € > 0. Then

Z Z (T(xijDif1) ¥ijDjg1) = Z ZZ <D(2+6'g00d)fu i:,?&)
T L

mezd
0<i—j<2+e

Remark 4.3. A similar argument would show that

Z Z (T(xi;DifL) ¥ijDigL) = Z ZZ (Pfgi:)fL'DISHE'gOOd)gL)'

ij L mezd H
0<j—is2+€

where the slight symmetry-break (
only one of the cases.
Proof of Proposition 4.2.

Z (T(d)iDifL):ngL): z Z z <TDI‘,fL: D]‘,gL)

0<i—j<2+e L 0s1+es2+€ (2+€)—good/y:21¢(Iy)=£(Jy) L

2. 2 2 2 2 ) (mufidal)

mezZd 0<1+e<2+e I(2+e) =H J, ](1+e)_Hm

P(2+e) P(3+ )

o im i im ) is caused by the fact that the diagonal i = j is included in

I“E—good

Z z Z Z <TD(2+egood)fL'D(1+e) >

mezZd 0<1+e<2+e

Z z z < D(2+E’g00d)fL'P1§i:rf)gL>

mezd

Proposition 4.4 (see [24]). Let T be a Calderon- Zygmund operator, fi, g, € L*(u) as in Section 2.1, and (2 +
€) € N such that € > 0. Then

Z Z z (T(xijDifL), Wi;Dig1)
i j<i—(2+e) L
Z Z Z <TD(2+Eg00d)fL’ 1H+m>((gL)H+m (9.)n)

mezd
m#=0

£ (R DETE T 1) (g — Eog)
H L

1 .
R f ]Rd

where g, = {#(Rd) [ Z 9u@du(x)  if p(R?) < oo

0 otherwise .

Proof. Before starting we want to point out that ¥ ;<;_24¢) Djgr = Ei—2+6)91, — E- gy Once this remark have

been done we can proceed to the proof.
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Z <T(XijDifL)rwiijgL>=Z Z Z (T¢:Dif1, Djgr)

T j<i—(2+€) L T j<i—(2+€) L

= Z Z T¢:D;fy, Z Dig,) = Z Z (T@:Dif1 Ei-z+e)91 — E-009L)-
T I T T

j<i—(2+€)

Recalling the definition of ¢;, the two part of this sum can be written as

Z Z (T¢iDivaE—oogL> = Z Z <T¢iDifL! 1)E—oogL
i L i L
=3 DT DE g =) > (DFOR, T g,
i L H L

ZZ <T¢iDifLﬂEi—(2+e)gL>= Z Z (TDI\,fL'E]\,gL)

i L Iy L
]v:f(/v):2(2+é)€(1v)

Z Z T z Dy fu.Ep 9. ) = Z Z z <D(2+6’gwd)fL'EHmmgL>

and

H,Jy L Lte_y mezd
2(H)=L0y) 12%e_good
(2+€e,good)
= Z Z Z < Dy @900 fu 1H+m>((gL)H+m_<gL)H)
mezd H

3 (TDISZ*G'g’”“d)fL.l)(gL)H
H L

We can add the restriction m # 0, since the summand vanishes for m = 0 in any case. The self-adjointness of
the operator DF(IZH'Q 224 finishes the proof.
The previous two propositions both introduce a double series over terms of the form ®(H,H+m). The

following lemma provides a useful rearrangement of such summations.
Lemma 4.5(see [24]).

E Z Z ®(H, Him) =
mezZd\{0} H

[EZ z Z ®(H, H+m)

Mgood €3 | he H2teyeond

where
def
Im| ~ 2¢ & 2¢ < |m| < 2€.
Proof. Since every m € Z% \ {0} satisfies |m| ~ 2¢ for a unique € > 0, and the (2 + €)-goodness of H is
independent of the position of H (and hence ofH+m ), we have

E Z Z ®(H, H+m)

mEZd\{O} Hepo

1 . . oo

_ z Z E(1240).g000 (H+0"))E®(H+0", H+5"Fm)
Tg00d €= 0 |m|~2€ HEDO

= Z Z Z E(1(2+6)-good (H+0")P(H+0", H+oV+m))
good

€=0 |m|~2€ HeDO
1 < .
- F Z Z Z ®(H, HEm).
T[good pr € v
=0 |m|~2¢ HeDo"(2+€)-good

The usefulness of the previous rearrangement is in the following:
Lemma 4.6 (see [24]). If H is (2 + €)-good and |m| < 2€, then H+m c HZ*®,
Proof. Let K: = H?%9 5o that £(K) = 2?*9¢(H), and dist(H,K°¢) > i{’(l() = 2¢¢(H) by definition of (2 +
€)-goodness. If x is any interior point of H, this means that dist(x, K¢) > 2€¢(H). Every interior point (x + €)
of H4+m has the form (x +¢€) = x + m#(H) for such an x, and hence dist(x + €, K¢) > dist(x, K¢) —
|m|€(H) > 2€¢(H) — 2€¢(H) = 0. Thus (x +€) € K for every interior point (x + €) € H+m, and hence
H+m cK.
A combination of Propositions 4.2 and 4.4 with Lemma 4.5 shows that
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good

z z T(XL}D fL) IIJU ]gL> Z ( Z + Z \(T(¢LDLfL)'D]gL)
ood i i
J<l 0si—js2+€  j<i—(2+€)
Z Z < D(2+€,g00d)fL’PI§3+E)gL>
good
E (2+€, good ) 3+€)
ST TS s

good 0 |m|~2€ H-good L
E N od
T Z Z Z <TDI(12+€' & )fL' 1H+m>(<gL>H+m —(g)u)

good €20 |m[~2€ H-good L

> DRI g,y — Bowgl)
L

T
good T

=Ew?(27") Z (Rif1 gu) + Ez wz(z_(2+e))(R2+efL'gL)
L €=0

+IEZ Z w? (279N QauefL 1) + E{fy, M1 gy)
=0 L

where
R.f,:= Z z P(3+e)TD(z+e good)fL
good w?
i (3+¢€) (2+€, good )
R2+€fL. - Z Z Z 2(2 (2+€)) PH good TDH fL' €= 0;
good [mi~2€
2+e€, d
L <TD1E1 +€, 200 )fL’ 1H+m> 1yim 1,
Qavefii = Z Z Z 2(2-@+e) ( Him) u(H )
T[good |m|~2€ H-good L w H( m) ,l,l( )
and

2+€,200d ) o
79, = Z Z D;(I re ooy 19 — E—0g1)
H L
Note that we have incorporated the factor w2(2'(2+€)) into the definition of R, . and Q.. in order to achieve a

favourable normalisation of the series.
For reasons of symmetry, we also have a similar decomposition of the other half of the double sum, namely

Z z (T(xijDifo), ijDig1) = Z z (Dif, T*(;D;9.))

:sz(z—l)z <fL,R1fL>+EZZ 0 (27 O)(f,, Ryregy)
L €e=0 L

good

+E§:Z 0)2(2_(2+6))(fL'02+egL)+z E(M 1/, g1)
=0 L L

where R,, . and Q,, . have the same form as R, . and Q,,., respectively, with the only difference that
e Tisreplaced by T* throughout, and
e PG+ in R, isreplaced by P?*€ in R, (cf. Remark 4.3).
Defining Q,: = 0 and
R_24e): = Riter Q-+e)i = Qz+e
we then obtain the desired identity

(Tf,g.)=E Z Z w2(2_|2+6|)((R2+efLﬂgL> +{Qzsefrg) + Z E(Mr1f, g1) + {f1, D1 91))

(2¥e€ez L L
e£—2

It remains to establish the claimed properties of the operators.
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V. Dyadic representation: estimates
Having established the dyadic representation on an algebraic level, we turn to the relevant estimates for the
various terms in the obtained expansion. Since the operators R;,. and Q;,. are essentially similar for positive
and negative values of (1 + €), we only explicitly deal with € = 0.
5.1. The paraproducts. Our dyadic decomposition of the operator T led to two dyadic paraproducts of the form

usefi= Y. > D@+ Ofidn — E-ufi), (@ +€) € (TLT1)

HED L
(2+¢, good )
= P RCETATAEDY (Z pie s (a+e)>E_wa
HED L \ 1 GHO=p L HED
dist(ly,H)5(H)

= H(11+efL - H121+efL
These are a standard part of our decomposition, which have been studied in exactly the same form in [20, where
the following result is proven(see [24]):
Proposition 5.1 (]20], Theorem 7.1). For any € > 0, we have

IMesefillz < Clla+ E”BMOH_E(;L)”fL”Z

where, for 0 < € < oo,
1

_ 1+e€ e

and the supremum is over all cubes Q in Rd (including Q@ = (1 +€)Q = ]Rd if u(R%) < o).
For the part I12, ., the same estimate is easy:
Lemma 5.2(see [24]).

IMG+efillz < Clla+ E”BMOH_E(;L)”fL”Z
Proof. Note that this term is only nonzero if #(R%) < o, and in this case, noting that D" #°)q = 0 for any

constant a,
dopgreE@f Y 1B Wl

H 2 L

< llell 'H(Rd)_l/zz Ifellz < lla + E||BMof+e(u)Z (VA 1P:
T

L

”chl+€fL”2:

by a suitable choice of a.

Thus, all that remains is to check the BMO conditions on (a + €) € {T1,T*1} under our assumptions on the
operator T. This is also reasonably standard, and contained in the following:

Proposition 5.3 (see [24]). Under the assumptions of Theorem 1.1 and the standard Dini condition (1.1) with
a =0, we have T1 € BMO%,. and T*1 € BMO?, for any € > 0.

Proof. We are going to prove that T1 € BM 0%, and the case of the adjoint is similar. Fix a cube Q, and some
€ > 0. We denote by x, the centre of the cube Q.

Note that we have |x - xQ| < %t’(Q) < % le| for x € Q and (x + €) € (2Q)° (using the £* metric on R for
convenience.) So for x € Q and T = 2 we have that

|T1(rQ)C(x) - Tl(TQ)c(xQ)|S f ) |K (e, x + €) — K(xg,x + €)|du(x + €)

(zQ)

scf wz( 2l ) - du(x + €)
(2Q)¢ |x+e—xQ| |x+€_xQ|n
3 2 2714(Q) 1
- cZ Lmo\zw v (2%’(@) ) @2y O
2 1+€ ( 2+€Q)
<cz (2~¢ >)(26{,(Q))n

dt
< CZ w?(270%9) < cj w?(t)—
e=0 0 t

Additionally,ifx e Qand 0 <e <1
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ITLg\a+ee ™)< f |K (x, x + €)|du(x + €)
20\(1+€)Q

1
< Cf —du(x + €)
2Q\(1+€)Q €]

1
<cC ——d
fZQ\(1+e)Q ere(n Hx +e)
1

<cC

en
Set 7 = max{2,1 + €}and ay = Tl(TQ)c(xQ). Then

2
f IT1(x) — ap| du(x)
Q
2 2
<[ IMarae@l ' +¢ | Meyaanotf duco
R Q

+C f |T1 zqyc (x) —Tl(TQ)c(xQ)|2d,u(x)
Q

2
o

p@+C| D @ (2709 | @

e=-1

<Cu((l+e)Q)+C (El)n

< Cu((1+6)Q)
where the middle term of the decomposition is equal to zero for € > 0.

5.2. The operator R,. We have
R, = Z B
H
where the operator B,(,l) given by
1
Tg00d @ (E) B f, = pBrIoTpltescds . - Z Z D, TD, f,

(2+e) L

12%€-good Jy:JySHC],

I‘(,He):H

B Z z z (Tol, o} Mok, f.)o), (5.1)

12%€.good J:JycHS 21O LS L
1\()2+E):H

Lemma 5.4(see [24]). _
ITeLll, < ¢

Proof. Since (pfv takes a constant value ((p,iv) on each I, € ch(l,), it follows from the testing condition

IT1,,]l, < Cu(t,)*? that

ITebl,={[r >, (el tall = Do loid, Il

Iyech(ly) Iy€ch(ly)

I

2
1/2

i ; 2
=C Z (o1,),, | ()2 < c292 Z (i), | i)
LyEch(ly) ) LyEch(ly) b
< Clleill, = ¢

where we incorporated the dimensional factor 24/2 into C.
It follows that
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|<B(1)fL,gL>|< c Z Z Z Z (0}, fill{el, au)]

121€- good ]CHC](2+E) Lj L
1\()2+6)=H
1/2 1/2
; 2
l
s |2 2 Mebadl) {20 D Hekon)
L La2tO=p JuiJyCHS 3 ]

=c> IpF RN IPE gl

L
using Caucy-Schwarz and the fact that the total number of terms is bounded by a dimensional constant. Hence

(Refigdl< Y (B fiv g
H L
1/2 1/2
2
<oy (Y wognk) (3 1meoa,)
L H H

<CY NAlV3Felgill <€) Ifilllgull,
L

L
incorporating the fixed constant v'3 + € into C,From (5.1), the kernel (a + 6)1(11) of Blsl) is given by
1 S _
1
(a+ e)( Y, x +€) = e z (T§01L\,: 9011‘,)90;\,(95 + E)QO;V(X)
Tgo0d @ (5) I{*€-good j ,cncy*e ij
I(2+s):H
v

In general, there are no good pointwise bounds for this expression; however, if y is a doubling measure, then
|l (x + )] < 1,(x+e€) <

with a similar bound for [@/ ; (x)|. Thus

¢ ¢ 1 +
MOSEE iz e

l(a+ 0P x+e)|<c L,(x +€) Z L, ()

H 1/2 H 1/2
12%€_good u(H) Tvily CHC](2+) H(H) iJ
1\()2+E):H
Cc
< G5 G+

5.3. The operators R, ., € = 0. For the analysis of R, . (as well as Q.. below), it is convenient to take as the
new summation variable K: = H?%_ which is a common ancestor of both H and H-+m for (2 + €)-good H and
|m| ~ 2€. This leads to the decomposition

1 1 3+ 2+€, good 2+
Ryicfi =Z - Z Z Z Wpl_ng)TDIS €, 0O )fL =:Z Z BI(( E)fL’
K good L K L

|m|~2€ H(2+€)-good
H(2+e) =k

where
1
(2+€) _
By - w?(2- (2+e)) TDIV
|m|~2€ H-good  (2+€)-good J,:JyCH+m

@+ =g 1\(}2+e)=H g]‘()2+e)

DI JED WD WD) %wlv(x+e)¢jv(x)

|m|~2€ H (2+6)_p; (2+€) good L,Jj
(2+€) Ly H i
H =K good Iy, Jv:JyEH+mM C](2+e)
=Jv

T[good

has kernel

(a + e)g“)(x,x +e€)=

Lemma 5.5 (see [24]). In the sum above, we have

(Tol, o))

iz @y P+ 99, ()] < grar 1+ 0L,

C
— )"
Proof. Since [, is (2 + €)-good and I(2+E) H, it follows from the definition that dist(/,, H®) = if’(H). Since
Jy € H+m and |m| ~ 2¢, we further deduce that dist(l,,J,) = |m|€(H) 2 2**¢¢(H) = £(K). Denoting by ¢;,
the centre of /,,and using the vanishing integral of (p,iv and kernel regularity, we obtain
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(roluof)l=|[|  Keux+ e+ 99 @dutx + o)

= Uf (K(x,x +e)—K(x, c,v)) (p,iv(x + 6)<p]]v(x)du(x + E)dy(x)|

-q 1
sﬂ c«ﬂ('“f C“') Zlor e+ ol @)|dutx + O du(x)

|x — | |x — ¢ |
0)2 (2—(2+6 )
<y il e,
The proof is completed by recalling that ¢} 1, 1s supported on /, and
. ot 1, Nl I, <
with similar observations for <p]]v.
Lemma 5.6 (see [24]). The kernel (a + E)(2+E) of By (2+€) satisfies

C

2

|(a + E)E( +E)(x x + e)| < E(K)" 1x(x)1x(x +€)
and hence

|<B(Z+E)fL, gL>| < g(K)nZ Ik fillill1kgelly < Cz If2ll211g:1l2
L

Proof. From the previous lemma, we conclude that

(2+€) C
|(a+e)K (x,x+e)|£ 7" 1, (x+ )1, (x)
|m|~2€ H(2+€)-good Iy I(2+E)_H (2+€) good Jy:JySH+m
HCte) =k C](2+e)
Cc
< Ly + )Ly m ()
|m|~2€ H(2+€)-good
H(2+e) =k

since the cubes I,: I\EHE) = H are pairwise disjoint, and the cubes J,:J, € H+m < ]\52”) have overlap at most
3 + € times at any point, and we have incorporated this fixed constant into C above.
Consider a fixed pair (x,x + €). Then there is at most one H: H?*€) = K such that H 3 (x + €). For this H,
there is at most one integer m such that H+m 3 x. So altogether there is at most one non-zero summand above.
Since both H and H+m are subsets of K, the non-zero summand can only exist is (x,x + €) € K x K. This
proves the required kernel bound.
In the operator bound, the first estimate is immediate, and the second one follows by ||1xf.ll: < £(K)Y?|If;ll2
(applied to g, as well) and u(K) < C2(K)".
Lemma 5.7(see [24]).

KRz4ef g < ClifLlIzNgLll2
Proof. In the summation defining B+, we observe that I#*® = H and H@*) = K, hence I{**?€ = K, and

79 = Him for some j = 0, ..., (2 + €) and (H+m)@*® = K, hence JY+** = K for some j =0, ..., (2 + €).

It follows that
2+€

B(2+e) z D(2+e+j)B(2+e)D(4+2€) (P(5+26) P(2+e))B(2+e)D(4+26)

Ry refr, G Z Z | <(Blg2+e)DI(<4+25)fL' (PK(5+2e) _ P,§2+6))gL>|
K L

1/2 1/2
2 2
< CZ (Z ||D1((4+26)fL”2> (Z ”(PK(5+2e) —P,§2+6))gL||2>

1/2

and hence

2+e€

<CZ A Z Z D¢ g,];

< CZ 1flI2v3 + €llgellz < ClifLllzllgellz
L
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5.4. The operators Q,,.. Noting that Q: = 0 trivially satisfies the required estimates, we concentrate on Q.
with e = 0.
Taking the new summation variable K: = H?%® as for R,,, we are led to the decomposition

Tp@resedy 4 -
Qz+efi= Z Z Z Z < T[;ZIood wZ(Z—L(2+eH)J)r >(y(11f11jir-m) _,uz:l))

K |m|~2€ H(2+€)—good L

H@+e) =g
::Z Z AE(ZH)fL.
K L
Lemma 5.8(see [24]).
A§(2+e) — P(3+E)A§(2+E)DI((4+26)
Proof. Expanding
DISZ +€, good ) — DI\,
13"'5— good
1(2+e)_H
and noting that I\EHE) = H and H?*® = K imply 1\54“6) K, the identity A(2+6) DI(;HZE) is immediate.

Concerning the post-composition of A§(2+€) by P1§3+€) , we make the following observations. First, AE(ZJ'E) fi is
supported on K, which again depends on the fact that the (2 + €)-goodness of H together with |m| ~ 2¢ imply
that H+m is contained in H?*€) = K. Second, AS(ZH) f1 is constant on the (2 + €) th order descendant of K,
which is immediate from its expression as a superposition of the relevant indicator functions. Thirs,

[ 3. AE(HE) frdu = 0, which is alsoimmediate from the fact that this property clearly holds for each of the

summands,
1 1
f (& H ) di=0
u(H+m)  p(H)
P(3+6)A§<2+6).

These three properties characterise the range of the projection P1§ e , and hence AE{ZH) =Py
The kernel of AC* is given by
a%*x,x + €)

= Z Z Z Z ngfz(paiVZ(lem)a) 9l (e + )C?I:l—(:l; - %-;C)))

|m|~2€ H(2+€)-good (2+€)-good
gQ+e) =g I(2+e) -H

= a,((zire)(x, x+¢€)— a,((Z;E) (x,x+¢)

where the last two kernels are defined in a natural way by taking all the terms of the form 1 ;,,, (x)/u(H+m) to

the first one, and all those of the form 1, (x)/u(H) to the second.

Lemma 5.9 (see [24]). In the sum above, we have
T, 1y c
( (PI\,_ H+m) ol (x+ )| <

wZ(z (2+€)) v {)(K)"

Proof. By essentially the same considerations as in the beginning of the proof of Lemma 5.5, we check that

dist(l,, H+m) = 2G*9¢(H) = £(K). As in the same proof, using the vanishing integral of @}, to insert

K (x, C,V), where ¢ is the centre of [, we hace

(o Lemdl= | [ K3+ 004,06+ OTsm (e + Odu)

p(H+m)1, (x + €).

= |ﬂ K(x,x+e€)— K(x, c,v)) <p,iv(x + )1y ()du(x + e)d,u(x)|

|x+e— c,v| C
f f < ) 7l e + O Lnam GduCx + ©)du(x)

x - CIV| |x —q, |
oz, Il mCH+m)
L(K)"
The proof is completed by recalling that (p,iv is supported on /,,, and using the estimate ||<p1iv ||1||gafv ||OO <C.
Lemma 5.10 (see [24]).

< CwZ(z—(2+6))

|a(2+€)(x x+6)| —— 1 ()1 (x + €)

C
LK)"
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Proof. From the previous lemma and the disjointness of I,: 1\52+€) = H, we have

|a(2+6)(x,x + €)| < 1p(x +€)lgim(x)
|m|~2€ H(2+€)-good
H(2+e) =k
For a pair (x,x + €), there is at most one H: H?*€) = K such that H 3 (x + €), and fixing this H, there is at
most one integer m such that H4+m 3 x. Moreover, (x,x +¢€) € K X K is a necessary condition for the
existence of such H and m. This proves the asserted bound.
Lemma 5.11(see [24]).

c
2"

1(x)1y(x + €
|a(2+e)(x,x +e)|<cC @1y +e) (HI;) )
H:H(2+E) =k #
Proof. By the same initial considerations as in the previous lemma, we have

|a(2+€)(x,x +e)| <

|m|~2€ H(2+€)— good
) H@te) =g
For each fixed H, we observe that the cubes H+m, with |m| ~ 2€, are pairwise disjoint and contained in K, thus

u(H+m) < u(K) < CL(K)"

14(x)
w(H)

C
2" ——pu(H+m)1,(x +€)

|m|~2¢€

Lemma 5.12(see [24]).

(A2 1 00)| < NNl

Proof. Based on the kernel bounds for the two part of A(2+€) it follows that
(2+€) I1n /il 1mgelly
|<AK fL'gL>| = g(K)n Ik fllilllggelly + € Ly —

H:H@+O=g

The first term has the desired bound by the easy argument that we already gave in Lemma 5.6. Concerning the
second term, two applications of Cauchy-Schwarz give

1y filli11mg. 4 <

() < g fill211h gLz

H:HZ+E=g L H:HZ+tE)=g L

1/2 1/2
<> ( > ||1HfL||§> ( > ||1HgL||§> = Iefullall gl
H:H@+E)=K H:H(2+€) =K

L
and this completes the proof.
Lemma 5.13(see [24]).

(Qz+efL gl < CVZ + el fill2llgell

(Qasefuglls D > |(4cDE*21, B g,
K L

1/2 1/2
2 2
<o (Xwoenr) (X 1eroar)
L K K
1/2

2+e

<cz Ifill ZZ 1P g.l1;

< Clfullzv3 +ellgellz < CV2 + ellfillzllgellz

Proof.

using € = 0 in the last step.
We have now completed the proof of Theorem 1.1, except for the last claim concerning the representation of the
new operators Q,, . and R, . as dyadic shits. Note that this is already enough for the deduction of Corollary 1.2.

VI.  The shift structure of the new operators
A dyadic shift of type (u, v ) can be defined as an operator of the form

Su,y — Z C[((u.v)

KeD
where the operators C Igu,v) satisfy the orthogonality property
W) _ @ ~wv) @)
Cx " =Dy Cx "Dy
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and their kernels c,((u’v) have the pointwise bound
Le()1e(x +€)

u(K)

DPf= Y Q) eheln)

() i L
LY =K
and ||<p}v ||1 < Cu(l,)Y/?, this is easily seen to coincide with the definition in terms of Haar functions that is used

|cls,u‘”)(x,x +e)|<cC

Since

in several papers.

6.1. The operators R,.. We concentrate on € = 0, since the case of negative (1 + €) is similar and essentially
dual to this one. (Note that the adjoint of a dyadic shift of type (u, v ) is a shift of type (v, u ).) Then

3+2€
Ripe = Z BI((1+€)' Bz(<1+e) _ Z D1(<j)31(<1+E)D1(<3+2€)
KeD j=14€

and the kernel (a + e)E(HE) of B,((HE) satisfies

1x(X)1g(x +€) < 1 () 1g(x +€)

| W u(K)

Since D,({] ) is a difference of averaging operators (or by the pointwise bounds for the Haar functions), it follows
that the kernel of D1(<] ) BISHE) satisfies the same bound. Thus, letting

Clgj,3+2€): _ D;gj)31(<1+€).5j,3+261= Z C}({j,3+26)
K

@+ e wx+e)|<cC

it is immediate that S; 5,5, is a shift of type (j, 3 + 2¢€ ) and
3+2¢

Rie = z Sj,3+2€

j=1+€
is a sum of (3 + €) shifts of complexity at most (3 + 2¢).
6.2. The operators Q... For € > 0 again, recall that

1+e
1 j 3+2
Q= Y AFOALD =Y DA IR

KeD j=0

where the kernel al((1+€) of A§<1+€) satisfies
|a(1+e)(x x+e)| < ClK(x)lK(X-l-E) 15(x)15(x +€)
K ' B (K" Tk u(H)

Then we can split

(1+e) _ ,(1+€1) (1+€,2)

Ay = Ay + Ay ,
H:H1+6)=k

where the corresponding kernels al((1+€‘1) and aIS1+€‘2) satisfy

1e(x)1g(x + € 1) 1(x + €

|a,(<1+5'1)(x,x+e)| <C K( ) I;{( ),|a1(,1+6’2)(x,x+6)| <cC H( ) I-;I( )
u(K) H(H)
Thus
1+e
Orue = Z Z pd (A(1+e) n A(1+e,2))D(3+25) (6.1)
€ K KA1 H K ’ .
j=0 K H:H1+6) =K

and it is immediate that each
() 5(1+€) ~(3+26)
Z Dy Ag 1 "Dy

K
is a dyadic shift of order (j, 3 + 2¢€). We will prove that

Lemma 6.1(see [24]).
Z Dz((j) Z AS+E'2)D,((3+26)
K

H:H(1+6) =K
is a dyadic shift of order (0,3 + 2¢€ — j).
Once this is proven, it follows from (6.1) that Q; . is a sum of 2(2 + €) shift of complexity at most (3 + 2¢).
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Proof of Lemma 6.1. As written, the series looks formally more like a shift of order (j,3 + 2¢€), but the the
kernel of Y. y(1+e) = ASH’Z) does not have the correct bound. Thus we need to reorganise the summation:

ZDI((J') Z A§11+e,2)DI({3+2e)

K H:HA+e) =g
_ (14+€.2) (34+2€e-))
ST o)y ) > )
K ]v!]\(,j)—K L:L(D=kH:HA+e-D=], M:MD=K
_ (1+€,2) 5, (34+2€—))
DI T
Jv H:HA+e=D=,

using support considerations to see that only the terms with M = L = ], are non-zero, and simplifying
K Z]\,:]\(,”E):K = Z]v .

Now, the right hand side has the structure of a shift of order ( 0,3 + 2¢ — j), and we only need to verify the
bound for the kernel. The kernel of D; ¥y A;HE’Z) is given by

D[ e@ Y er+od

H:HA+e==j,

1, (%) 1, (2) 15(2)14(x +€)
¢ whin s | e
i H:HA+e=D=j,
1jv(x) B 1,v(x)1jv(x+e)
=CU0 e, O )

which is the correct bound. Since D](v3+2€_j )

functions), we find that the kernel of D; ¥, ASH'Z)D](VHZG_j ) has the same bound. This completes the proof.
Now we have completed the proof of all claims in Theorem 1.1, and therefore also the proof of Corollary 1.3.

is a difference of averaging operators (or from the bounds for Haar

VII. The weak-type bounds
Here, we complete the proof of Theorem 3.1 by proving the asserted weak-type estimates in the case that u is a
doubling measure.
Proposition 7.1 (see [24]). Let u be a doubling measure on R%, and let U, ,. be an operator of the form
Upye = Z VK(1+e)’ VK(1+e) _ 1KVK(1+5)PK(4+25)

KeD
Suppose further that

”VK(HE)” <C ||U1+€||L2(H)->L2(u) <CVl+e

Lr(w)-L(w)
Then

U sellity-rreo < C(1+€)
Observe that each of the operators Qy4¢, Ry, Q146 Rite 18 of the form Uy, considered in the proposition.
Proof. Let f; € L*(u) and € > 0. We make the usual Calderén-Zygmund decomposition: Consider the maximal
cubes J, € D such that (|fL> 5, > 1+ €; then by the doubling property (|fL) 5, < C(1+¢). Thus the good

part
gi=) > (i +hiteei=| ]
v L

satisfies || g |l < C(1+ €), llg.ll1 < |lf2]l1, and hence ||g. |13 < C(1 + €)|If1||1. It follows that

2
plUegel > 1+ €) < 1+ )72 NUrpegill; < CA+ )2 (VI+ellgull) < CL+e)(1+e) Ifull
Also, the set Q:= U ], satisfies u(Q) < (1 + €)7|f,|l1. So it remains to estimate

BllUsse(a+ O > 1+ N b= Y b= > > (fi= (i),
We have » Mot
1 1
p{lUe(@+ )l >1+e\ Q) <— | [Upe(a+e)ldp < Z J. |U1+eij|dﬂ
¢ s

1+e€), 1+e€

and
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1 1
LgUieby, = 1152 Ve by, = 16 Z vy,
K

K2Jy
since K must intersect both J, and J$ to get a non-zero contribution. Moreover, noting that

(1+€) _ ,(1+e) p(4+2¢) _ y(+e) E
VK b]v - VK PK b]v - VK 11\1(b]v>1v - 1K(b]v)K 4
I -1(4+26)—K
vily =

and recalling that f]v b;,du = 0, we find that (b]v> = 0 for all dyadic cubes I, with £(1,) = €(J,). So the only

Iy
non-zero contribution can arise if £(I,) = 27*72¢¢(K) < £(J,). In combination with J, & K, this implies that

LS K 9]\53”@. So altogether

[ eblaus DT mE0n ),
v K:]VEKE]\(,3+ZE)
< > bl =G +2aclbll, < ca+ ol
Kuske 0129
since € = 0 and (2 + €) is fixed. Summing over J,, we conclude that
1 1 C(1+¢€)
H({IUsscb] > 1+ €3\ 0) < 1—+6]Z st [Usseby,ldu < 1—+E]Z c+olbyll, < 5=l

and this completes the proof.
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