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Abstract

The authors in [31] classify and study the boundedness of the Hardy-Littlewood maximal operator in abstract
extrapolation Banach function lattices and their Kéthe dual spaces. The extrapolation spaces are generated by
compatible families of Banach function lattices on quasi-metric measure spaces with doubling measure. These
results combined with a variant of the integral Coifman-Fefferman inequality imply that every Calderon-
Zygmund singular integral operator is bounded in considered extrapolation spaces. We apply these results to
extrapolation spaces determined by compatible families of Calderon-Lozanovskii spaces, in particular to
compatible families of Orlicz spaces that are interpolation of weighted L}*€-spaces (0 < € < ) with Aj.,
weights defined on spaces of homogeneous type.
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I.  Introduction

We study and determine as an application the boundedness of Calderon-Zygmund singular integral
operators in general class of extrapolation Banach function lattices over the spaces of homogeneous type (as the
way of [31]). The singular integral operators appear in applications of many areas of analysis, including
harmonic analysis, complex function theory, and PDE. The most important examples of singular operators is the
Hilbert transform, which arises in the Fourier analysis, in problems concerning almost everywhere convergence
of Fourier series as well as in the potential theory. So various operators on different function spaces, maximal
functions are used for controlling pointwise estimates of these operators including the Poisson integral operator
or other even more complicated singular operators. The Hardy-Littlewood maximal operator in its various forms
plays a fundamental role in Harmonic Analysis. So for a locally integrable function f, on R'*2€ the classical
Hardy-Littlewood maximal operator is defined by

1
MF, 0= sup jQ Z I, ()l dy, x € R+,

where the supremum is taken over all cubes Q with sides parallel to the axes and Q is the volume of |Q|.
The most fundamental singular integral operator is the Hilbert transform H. Given a function f; in L'*€(R) with
0 < € < o0, Hf, is defined by the principal value integral
1 1
HE,(x) =—p.V.J L, ;=—1imf fo)
I R xX—=y Teo0 Jyjmey &4 X =Y

This limit exists in the sense of both norm and pointwise almost everywhere. An (1 + 2¢€)-dimensional
analogue of the Hilbert transform are the Riesz transforms R, € = 0 given by

I'((1+¢€))) I f{ Z X1+e — Yi+e £,0)dy, x = (X1, ) X1400) € RIF2€

Riyefs(x):= —are im el Ix — y|7+2¢
x-y|>e}

dy,x € R

L1+E

-0

for all f; in Schwartz space S (R**2€).

A natural generalization of the Hilbert transform is a Calderén-Zygmund singular integral operator on
with kernels which satisfy decay and smoothness conditions. A Calderon-Zygmund singular operator T is a
linear operator that is bounded in L?(R1*2€) and

]R1+26
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ThGy=| D KGL) S € LERT,x ¢ suppf,

where the kernel K satisfies the size and smoothness estimates for some € = 0 andy > 0,
1+e
K, p)| < X yze® *y
and
, , [x —x'|Y
K (x,y) = K(x", )| + Ky, x) = K(y,x)| < (1 + E)W
for all x,x’,y € R1*2€ with |x — y| > 2|x — x'|. We note that every Claderén-Zygmund operator is bounded in
LYE(R1*2€) forall 0 < € < oo.
Recently there has been interest in the study of the boundedness of Calderén-Zygmund singular integral
operators and the Hardy-Littlewood maximal operator in various function spaces over spaces of homogeneous
type. This has been motivated by the applications to the nonlinear potential theory on metric spaces (see [6]).
We note that homogeneous spaces extend Euclidean spaces, and include C* compact Riemannian manifolds
and Carleson curves.

Interpolation and extrapolation theories deliver powerful methods in the study of abstract spaces as
well as operators on these spaces. Now, let us just point out that the general extrapolation theory studies natural
limiting spaces associated with various interpolation scales and provides estimates for norms of appropriate
operators. Many known constructions or results on boundedness of operators are the byproducts of abstract
machinery connected with the interpolation or extrapolation methods. For some remarkable applications of
theory extrapolation theory, see [17] and [5]. We mention also [5] and [9] regarding some open problems and
latest results about grand Lebesgue spaces and extrapolation.

Nowadays, the theory of grand Lebesgue spaces L'*€ introduced by [16] is one of the intensively
developing directions of the modern analysis. As we will see,
these spaces are in fact extrapolation spaces generated by a special family of L;,.-spaces. The necessity for the
study of these spaces was recognized due to their rather essential role and applications in various fields. [16]
prove that if £, = ((f;)1, -» (F5)142): @ = R12€ belongs to Sobolev space W1, where ( is an open subset in
R*2€ with € > 0, then the Jacobian determinant of f: J(f,, x): = detD f;(x) = 0 belongs to L}, () whenever
o € L?%€, where g,(x): = |Df,(x)| is the operator norm of Df, (x), x € R?*€.

The generalized grand Lebesgue spaces are appropriate in the theory of PDEs for studying the
existence and uniqueness of solutions, and, the regularity problems for various nonlinear differential equations.
The space L9 (defined on bounded domains in R?*€ ) for arbitrary positive 8 was introduced in [12], where
the authors study the nonhomogeneous (2 + €)-harmonic equation divA(x, Vu) = u.

We also note that the boundedness of the Hardy-Littlewood maximal operator in weighted grand spaces
L},V‘:f([O,l]),O < € < oo, which was studied in [10], is equivalent to the fact that the weight belongs the
Muckenhoupt's class A;,.([0,1]). The same statement is true for the boundedness of the Hilbert transform on
[0,1] (see [23]).

The authors in [31] establish the boundedness of Calderén-Zygmund singular integral operators in a general
class of extrapolation Banach lattices over spaces of homogeneous type. We provide the definitions and basic
facts that will be used. We investigate the boundedness of the Hardy-Littewood maximal operator in
extrapolation Banach function lattices and their Kéthe dual spaces over spaces of homogeneous type. These
results, combined with a variant of the integral Coifman-Fefferman inequality, imply that every Calderdn-
Zygmund singular operator is bounded in considered extrapolation spaces. We show the applications to
extrapolation spaces generated by compatible familes of Caderén-Lozanovskii spaces. We also define general
variants of grand spaces generated by a special type of Calderon-Lozanovskii spaces called (1 + €)-
convexification of Banach function lattices. We show some general results on the boudendness of Calderén-
Zygmund singular operators in extrapolation spaces generated by the families of Orlicz spaces with measure
having the density weight function in the A;,. class for some 0 < € < o. Hence, we prove that in the case of
grand Orlicz-Zygmund spaces L},th‘elog“ L over spaces of homogeneous type with integrable weight w, €
A any Calderén-Zygmund singular operator is bounded in these spaces for all &, 8 > 0 (see [31]).

II.  Notation and background
For the standard main notations from and consequence results (see [31]), given two nonnegative
functions f; and g, defined on a set A, we write f; < g, if there is a constant ¢ > 0 such that f,(t) < cg,(t)
forall t € A, while f,; = g, means that f; < g, and g, < f, hold. If X and Y are topological linear spaces, then
X © Y means that X c Y and the inclusion map is continuous. In the case where X and Y are Banach spaces, we
write X = Y whenever X = Y and the identity map id: X — Y is an isometry onto.
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We begun with the definition of extrapolation spaces which has roots in interpolation theory (see [3],
[25, pp. 16-18]). Let {X,}4e.4 be a family of Banach spaces. A family {X,},¢c.4 is said to be compatible if there
exists a Hausdorff topological vector space X such that X, © X forall a € A.

For given two compatible families {X,}:= {X,}oen and {YVo}:={V,}aen with X, Cc X
and Y, c Y, we write T:{X,} - {Y,} if T is a linear mapping with domain D(T) c X and such that its
restriction Ty : X, — Y, is bounded for every a € A, and moreover, sup||T||x, -y, < . Banach spaces X c

aEA

X and Y c Y are called extrapolation spaces with respect to the families {X,} and {Y,} of compatible spaces if
the condition T: {X,} = {V,} implies that T is bounded from X into Y.

By an extrapolation method £, we mean a functor defined on a class of compatible families such that
E{X,}) and E({Y,}) are extrapolation spaces for all compatible families {X,} and {Y,} from that class.
The most important extrapolation methods are the functors of the sum and the intersection of families of Banach
spaces.
For{X,}: = {X,}4ex be a compatible family of Banach spaces such that there exists a Banach space X < X,, for

alla € A and sup||id: X = X, || < o0, we let
aEA

A({XeD: = {x €[] Xei Ixllageyi = suplixlly, < oo}.

aEA
AEA

Then (A({Xa}), Il  llacx,) is @ Banach space with the following properties:

(a) supl| id: AC(X}) > Xell < 1.
ae
(b) If F is a Banach space such that F © X, and ¢ = sup|| id: F - X, || < oo, then ||id: F - A{X DIl < c.
AEA
In the case where {X, },c.4 is such that there exists a Banach space Y with X, © Y and sup|| id : X, - Y|| < oo,
AEA

then we let Z({X,}) to be a space of all x € X representable in the form

x= D xy(g € Xp), where Y [lxglly, < oo )

a€EA a
It follows from the last condition that there are only countably many summands in ¢ 4, different from zero.

Note also that our hypothesis implies that the series Z,¢ 4x, converges absolutely in Y. We equip the space

¥(X,) with the norm
elscorgyi = inf{z alliix = ) xa},

AEA aEA
where the infimum is taken over all possible representations of x in the form (*). Then X({X,}) is the smallest

Banach space with the property X, < 2(X,) for every a € A.

Throughout, we often write A(X,) and 2(X,) shortly instead of A({X,}) and Z({X,}) whenever {X,},c4 is a
fixed compatible family of Banach spaces.

We consider functors A and X generated by families of Banach function lattices. We use standard notation from
Banach space theory and operator theory. If ( Q, %, u ) is a o-finite measure space, L° (1) = L°(Q, 1) denotes the
space of (equivalence classes of) u-measurable real-valued functions. As usual L°(u) is equipped with the
topology 7, of convergence in measure on -finite sets. A linear subspace X of L% () is called an (order) ideal
whenever f,; € X, g, € L°(w), and |g,| < |f,|u-a.e., imply that g, € X. An order ideal X c L°(u) equipped
with a monotone norm || - || is called a normed function lattice in L°(y). If the normed (function) lattice X is
norm complete and there exists uekx such that u>0
on £, then X is called a Banach function lattice in L°(u). A Banach lattice X is said to have the Fatou property

(resp., weak Fatou property) if its unit ball By is closed in L°(u) (resp., in (BX, T#|B ) ). It is well known that
X

the Fatou property (resp., the weak Fatou property) is equivalent to the following property: for any f;, € L° and a
sequence (f5)z24e € X such that 0 < (f)z1e < fo, (fo)24e T fo ae. and supl|(f5)24ellz < o0, we have that f; €
X and ||(fo)24ellx = Ifsllx (resp., if (fo)zierfo € X,0 < (f)24e < for (fo)24e T fo e, then [[(fo)24ellx =
llfolx )-

So any family {X,},c4 of Banach function lattices in L°(u) forms a compatible family by any Banach lattice
X o L°(u) (see, e.g., [21, 25]).

The Kothe dual space (or associate space) X' of a Banach function lattice X on (£, Z, 1) is defined as the space
of all f; € L° such that fﬂ |f9sldu < oo for every g, € X. It is a Banach function space in L°(u) equipped

with the norm

Ifellx» = sup

EB
ga'Xo_

f fggadu‘
(9}
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We use the well known fact that a Banach function lattice X < L°(u) has the weak Fatou property if and only if
(see, e.g., [18] or [21])

Ifolly = sup | f f,9.du
Q

9o€Byr >

We consider Banach lattices on a quasi-metric measure space with doubling measure. Let (£, d) be a quasi-
metric (that is, d satisfies the axioms of a metric except for the triangle inequality, which holds in the weaker
form d(x,y) < k(d(x,z) + d(z,y)) for some k > 1) and a positive measure u that is defined on the o-algebra
generated by quasi-metric balls and open sets. We say that ( €1, d, u ) is a space of homogeneous type (SHT for
short) if there exists a constant D, = 1 such that for any x € X and any € = 0,

1(B(x,2(1 +€))) < Du(B(x, 1 +¢€)),
where B(x,1+€):={y € Q;d(x,y) <1+ €} is the ball centered at x with radius (1 + €). The family of all
balls in ( £, d ) is denoted by B. To avoid trivial measures, we always assume that 0 < p(B) < oo for every ball
B € B. Consequently, p is a o-finite measure. We also assume that u is a complete measure.
We also recall some fundamental definitions and results concerning the classes of weights that are related to our
investigation. Let ( ©,d, u ) be an SHT and let w, € L'(Q, u) be a weight function. We say that w,; belongs to
the class A;,(Q) ( A14¢ shortly) for 0 < e < oo if it satisfies the condition:

S= <LJ‘ d)<LJ‘ _%d )6<
Walae:=sup o \u(B) R AV N Ml

A weight w, is said to belong to the class A; if there exits a constant € = 0 such that

Mw, < (1 + e)w,u-a.e.
where M is the Hardy-Littlewood maximal operator defined for every f; € Ll (Q, u) (i.e., f, is integrable over
all balls B in Q ) by

s €EX

e U(B)
The smallest possible constant (1 + €) is denoted by [w,]4,, i.€.,

w,] Mw,(x)
w, .= esssu —_—
TR L W

Following [11], we also consider the class A;, of weights w, such that

1
Wola,: = sup mz LM(WJXB)du <o

M, (x): = supXB(x)Z f \foldu, x € Q

II. Calderén-Zygmund operators in extrapolation spaces
We investigate the boundedness of maximal and Calder6n-Zygmund singular integral operators in extrapolation
Banach function lattices on spaces of homogenous type.
Before starting with the proofs, we recall that if ( Q,d, i) is a space of homogenous type, then K: QA X Q \ {x =
y} = Qs a Calderén-Zygmund kernel if there exist € = 0 such that it satisfies the decay condition:
1+e€

Kxp, )| £ —F————=

| ( 0 )’)| y(xo,d(xo,y))
forall x, # y € Q,x, € Q, x € (, and the smoothness condition:

K6, y) = Ko, )< (d("’ x°)) -
d(x0,) ll(xo' d(xo:Y))

d(x, xo))1+e 1

d(x0,) /J(xo'd(xo:}’))

IK(y,x)—K(y.xo)|S<

for d(xg, x) < (1 + €)d(x4,y).

Let T be a singular integral operator associated with Calderén-Zygmund kernel K. In addition, if T is bounded
in L?(u), then T is a Calderén-Zygmund singular operator.

We need a variant of Coifman-Fefferman type inequality, which estimates Calderon-Zygmund operator from
above by a maximal function.

Proposition 3.1 (see [31]). Let T be a Calderén-Zygmund operator on an SHT (£, d,u) and let 0 < € < oo, If
Wy € Aq4c(Q), then for all f; € L} (Q,u),

LZ ITfslwedu < (1 + E)Z [WU]AHEL(Mfo)Wad/i

where (1 + €) is a constant that depends on Q, y and T.
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Proof. By using the formula of Lerner proved in the homogeneous setting for dyadic maximal operator M2, in
[1] it was shown in (see [2, Prop. 4.1]) that, for all f, € L} (Q, i), we have

f 2 Ao S G Wl | 0w

where C; is an absolute constant that, generally speaklng, depends on T. To get the desired result, it is enough to
apply the following pointwise inequality which concerns the maximal operator M and its dyadic counterpart M?
(see [13, Prop. 7.9]),

MDfa(x) = CZMfU(x)'x € Q’fa € L}OC(Q'#)'
where the positive constant C, = C, (£, u, T) depends only on Q, p and T
The following Lemma is indeed well known in the case of Banach function spaces over R?*¢ with Lebesgue
measure; based on Proposition 3.1, we include a proof for the sake of completeness in the setting of Banach
function lattices over spaces of homogeneous type.
Lemma 3.2 (see [31]). Let (Q,d, 1) be an SHT and let X © L}, (Q, u) be a Banach function lattice with the
weak Fatou property. Suppose that the maximal operator M is bounded in X and X'. Then Calderén-Zygmund
singular integral operator T is bounded in X with

ITllx < (1 +IMIx|IM|lx

where (1 + €) is a constant that depends on (), 4 and also on T.
Proof. We use the well known Rubio de Francia iteration algorithm to construct A; weight with some
properties, which also works in the setting of general Banach function lattices. Define a mapping R on X' by the

formula:
1\/[1+6gJ
——— .0, €EX
Z Z 2 (IMre 9

e=—1
where, for each € > 0, M'*€ denotes the (1 + €)-th iteration of the maximal operator M and M°g,: = |g,|.
Following the standard proof due to Rubio de Francia, we deduce (by boundedness of M in X' ) that R is
bounded in X’ with ||Rgs|lx < 2]195llx", |9s] < Rg, and Rh € A, with
[Rgsla, < 2[IMlly
Fix € > 0. Since X has the weak Fatou property, for every f, € X there exists g, € By such that

ITfolle < (e [ D7 Tl

g

The Rubio de Francia iteration algorithm combined with Proposition 3.1 yields (by the above properties of Rg,;
in A; and the fact that [Rgs]a,,, < [Rgs]a, forall0 < e < oo):

Tl (4e) | D ThRgAu< c(l+2) ) [Rals, | (MFRgd

<2 +aIMly Y. | (f)Rg.du
Q
a
where c is a constant that depends on (), 4 and on T. Consequently, we obtain that for all f; € X,

ITfsllx < 2c(1 + S)z IMfsllxIRgsllx < (1 + Sz)z M1 NIM I 11 o llxo

o o
where (1 + €) = 4c. Since € > 0 was arbitrary, the required statement follows.
We need the following proposition(see [31]).
Proposition 3.3. Let X c L°(Q;,%;, 1) and Y c L°(Q,%,,v) be Banach function lattices. Suppose that a
mapping S with a domain D(S) D X" is such that |Sf;| < S|f,| a.e. forall f; € X and 0 < 5(gy)24¢ T Sg, a-c.
for any sequence ((gg)a4e) in X with 0 < (gg)o4e T g4 ae. If S is bounded from X to Y with ||Sf;|ly < (1 +
)llfsllx for all € X, then S is also bounded from X" to Y with ||Sf; ||y < (1 + €)|lf, ]l forall f; € X".
Proof. We apply the following well known fact (cf. [30, pp. 451, 471]): If E is a Banach function lattice, then
Js € E" if and only if there exists a sequence ((g,),+¢) of elements of E, such that 0 < (g,)24¢ T 194| a.€. and
sup [|(gg) 24¢llg < ©0. Moreover for g, € E'' we have

€x—1
1golpr = inf {lim [1(g0)2+elles 0 < (go)zve T g5 2. }

Next, we fix f, € X", and take any sequence ( (f;)z4¢ ) in X, such that 0 < (f,)z4c T If;| a.e. and
sup||(f5)2+ellx < ©0. Then our hypotheses imply that 0 < S(f;)z4e T Sf, ae. (by Y ©Y" with [lid:Y —
2+e

Y"|| <1) and
sup IS z2+elly < sup IS(f)z4elly = (1 + E)Sup”(fo)2+e”X = A+ lim I (f)z+ellx-

ex—1 ex—1

Clearly, Y"' has the Fatou property. Thus S|f;| € Y" and, we get (by |Sfs| < S|f5] ae. )
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”SfU”Y" < ”SlfU”lY” = 2i_)rg||5(f0')2+e”y” =< (1 + 6)61Lrg||(fa)2+ellx-

Since  ((fy)z4¢) in X was arbitrary, the required estimate follows from the mentioned fact.
We have the following corollary(see [31]).

Corollary 3.4. Let (Q,d, ) be an SHT and let X < L} (Q, 1) be a Banach function lattice. Suppose that the
maximal operator M is bounded in X with || M|y < (1 + €). Then M is also bounded in X" with ||M||,» < (1 +
€).

Proof. Observe that for any sequence ((f;)z4¢) in Ll (Q, 1) with 0 < (f,)24¢ T f5 a.e., it follows from the
Lebesgue's monotone convergence theorem that

lim M((fo)2+¢) (x)= sup < tox )f |(fu)2+e|dﬂ>

e2-1 4= BG‘B u(B)
xs(x )J' )
= su d Mf,(x
Beg 4 (p  u(B) |(fo)2+eldu fo (X).
for all x € Q. Since the domain D(M) 2 X" and Mf, = M|f,| for all f, € D(M), Proposition 3.3 can be

applied.

We are now ready to state extrapolation theorem for Calderén-Zygmund singular integral operators.

Theorem 3.5 (see [31]). Let (Q,d, 1) be an SHT and let {X,}: = {X,},cq be a compatible family of Banach
function lattices with the Fatou property, such that X, © L. (Q, u) for every a € A. Suppose that the Hardy-
Littelwood maximal operator M:{X,} — {X,} and M:{X/} - {X/}. Then every Calderén-Zygmund singular
integral operator is bounded in the extrapolation space A({X,}).

Proof. It is easy to check that for any f,; € Z({X/}), we have

follz(szy =inf[z D Ml 1ol < YT Y 1l ae }

aEA o aEA o

This implies that M is bounded in £(X/). Then by Corollary 3.4, it follows that M is bounded in X({X/})".
Combining the Kothe duality formula A({X,}) = 2({X,})’ (see [27, Lemma 1]) with the Fatou property of X,
for all @ € A yields

A{X D" = A(X)'D" = Z({Xa D"
Thus, we conclude that M is bounded in A({X,})".
Clearly, M is bounded in A({X,}) and A({X,}) has the Fatou property. To complete the proof, we apply Lemma
3.2t0 X: = A{X,)).

IV.  Applications to Calderén-Lozanovskii extrapolation spaces

We define variants of grand spaces generated by a special type of Calderon-Lozanovskii spaces called
the (1 + €)-convexification of Banach function lattices. (see [31]). Let X = (X, X1) be a couple of Banach
function lattices on a measure space ( (1, %, ¢ ) and U denote the set of all non-negative, concave and positively
homogeneous continuous functions ¢@,: [0, ) X [0, 00) — [0, o) such that ¢,(0,0) = 0. Then the Calder6n-
Lozanovskii construction or the Calderon-Lozanovskii spaces (p,,()?) = @,(Xy,X;) consists of all f, € L°(u)
such that |f5| < 295 (I(fo)ol, [(f5)1]) for some 2> 0 and (fy)14¢ € X14e With ”(f<r)1+e”X1+e <L(1+e=
0,1. The spaces (pg(f ) are Banach ideal spaces on Q equipped with the norm

1fsllp, 2y = (A > 05 1f5] < 206 (1) ol |1 D NN (Follxy < LN llx, < 1}
(see [19]). In the case of power functions @ (s,t) = s'79t% for s,t > 0 with 0 < @ < 1, the corresponding

spaces (pg()?) are the well known Calderon spaces X3~ 9XZ( see [8])). In the particular case, we have
X1=0(1*)8 = X+ with (1 +¢€) = 1/(1 — ), where X(* is known as the (1 + €)-convexification of X
(see [18, p. 53]) equipped with the norm

Ifsllxare = N £y € X9,
In what follows {X,}4e.q and {Y, }4c4 are families of Banach lattices and S is a mapping (not necessarily linear)

such that S: X, — Y, with sup||S||Xa_>ya < oo, where as usual ||S]|x,-y,: = sup [ISx|ly,.
aEA XEBX(Z

It is well known and easy to verify that Calderon-Lozanovskii construction interpolates positive operators (see
[29]). The similar proof verifies that every positive sublinear T: X, + X; — Yo +Y; such that Ty, : X4

Y, +e is bounded for (1 + €) = 0,1 is bounded operator from ¢, (X,, X;) to ¢, (Y,, Y1) with

<
”T”qoa(xo X1)~¢5(Yo,Y1) (1_{2?)(0 1 |X1+s Xitre-Yiie

We state and prove the result on the boundedness of the Calderén-Zygmund singular operator in extrapolation
spaces generated by an extrapolation functor A defined for compatible families of Calderén-Lozanovskii spaces
over SHT.
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Theorem 4.1 (see [31]). Let (Q,d,u) be an SHT and let {X2*¢}: = {X1*¢},c4 be a compatible family of
Banach function lattices with the Fatou property, such that X1*¢ < L1 .(Q, u) for all @ € A and each (1 + ¢€) €
{0,1}. Suppose that the corresponding Hardy-Littlewood maximal operator
is bounded, M:{X1*¢} - {X1*€} and M:{(X1*€)'} - {(X1*€)'} for (1 +¢€) € {0,1}. Then any Calderdn-
Zygmund singular integral operator T is bounded in A({(¢4)e (XS, X} for any family {(¢s)a}acua ©of
functions in U with sup (¢,),(1,1) < co.

a€EA

Proof. Since the inclusion maps id,: X2 N X2 = (¢,), (XS, XL) are bounded with
sup [[idg |l < sup(¢5)q(1,1),
aEA aEA

it follows that {(¢;)e(XS,X2)}seq forms a compatible family of Banach lattices. Nextobserve that our
hypotheses combined with the interpolation property of Calderon-Lozanovskii spaces yields that the maximal
operator M is bounded in (¢4)4 (X2, X2) for all @ € A with

sup ||M 0yl Smax{su M|| o, sup ||M 1}<oo.
D 1M Il (x8.x2) sup [M lg, sup | Ml

Hence M is bounded in the extrapolation space A({(¢4) (X2, X)}).

Now we use Kothe duality result due to Lozanovskii ([19]), which states that for any couple ( X,Y ) of Banach
function lattices on measure space ( §,Z,u ) and for any ¢, € U, we have ¢, (X,Y)' = @, (X',Y"), with
universal constants of equivalence norms that do not depend on ¢, and (X,Y). More precisely we have

I gy S - gy < 21 gy e vy-
Here @, € U is an involution of ¢, defined by
(s, ) 'f{LH’t b>o} £>0
Ps(s,1) =1n y 4, S, =2 0.
7 ¢s(a,b)

This duality result combined with our hypothesis M: {(X1*€)'} - {(X1*€)'} for both € = —1 and € = 0 implies
that

M:A{(05)o (X2, X2)'} = {(¢00)a (Xa, X2)'}-
To conclude we observe that the proof of Lemma 4.1 in [20] yields that, for any couple (X,Y) of Banach
function lattices and ¢, € U, ¢, (X,Y) has the weak Fatou (resp., Fatou) property whenever both X and Y have
the weak Fatou (resp., Fatou) property. To finish it is enough to apply Theorem 3.5 for the family {X,},ec4: =
{(‘Pa)a(Xg'Xé)}aeﬂ' o
We also recall the definition of Orlicz spaces which are strictly connected with Calderon-Lozanovskii spaces.
Let ®:[0,0) — [0, ) be a non-decreasing, convex and left-continuous function, not identical 0 on ( 0, o0 ),
with ®@(0) = 0. Let ¢, € U be defined by ¢, (s,t) = td~1(s/t) if t > 0 and 0 if ¢ = 0, where ®~1 is the right
continuous inverse of ®. Then, for every Banach function lattice E in L°(Q, %, i), the Calderén-Lozanovskii
space @, (E, L”) coincides isometrically with the space

Eo:= {f, € L°(u); ®(|f,|/1) € E for some A > 0}

equipped with the norm

Ifollee: = Inf{A > 0; |2(Ifs1/Dlle < 1}
In particular, if E: = L*(u), we recover the Orlicz space Lg (1) ( Lg shortly).
In what follows for a given Banach space (X, || - |[|x) and t > 0, we let tX to be the Banach space X equipped
with the norm ¢|| - ||x. Now we give the definition of general variants of grand spaces.
Let 0 < € < o and let E be a Banach function lattice in L°(€Q, Z, ). Assume that w,: (0,€) — (0, ) is such a

function that {wg(s)E (1”_6)}86 ©6) forms a compatible family of Banach spaces. Then the extrapolation space

A({wa(s)E(”e"g)}se(o E)) is called a grand space (on (Q,%,u) ) and is denoted by w,E'*¢. From our

E*€ is a Banach function lattice in L°(u) equipped with the

discussion in the previous section, we know that w,
norm

— 1+e
ocllwgE? o ollg(i+e=8), Jo o
Ifollwgerte = sup ws(E)lfsllpa+e-e), fo € WoE
€€(0,€)

If w, is a weight on (), then the grand space defined with respect to the measure w,du is denoted by waE‘}VT‘E (or
by wyE*¢(w,du) ). Whenever we mention the grand space w,E'*€,
{a)a ((’S)E(”E_‘g)}se(0 " forms a compatible family.

We note that if : (0,€) - (0, ) is a continuous function that is non-decreasing on (0, &,] for some &, < €,
and satisfies the condition ¥(s) >0 as s> 0+ and wy(e) = Y(e)/A =9 for all £ € (0,€), then
{wa(e)E (“E‘g)}se ©6) form a compatible family of Banach spaces. In this case the grand space is denoted by

E™eh For (s) = s?, where 6 is a positive number, we denote E1*" by E1*€¢ In the case E = L'*¢(u) on
Q = (0,1) or Q is a domain in R?*€ where u is the Lebesgue measure, we recover the classical grand Lebesgue
spaces intensively studied in the recent time (see [24]).

We need the following lemmag(see [31]).

we always assume that

DOI: 10.35629/0743-12052132 www.questjournals.org 27 | Page



The Considerations of toCalderon-Zygmund Singular IntegralOperators

Lemma 4.2. Let 0 < € < o and let E be a Banach lattice in L°(Q, 2, v) such that y, € E and let w,E*€ ) be a

grand space such that sup wj;(g) <oo. Suppose that S 1is a sublinear operator such that
e€(gg,€)

sup wy(€)|IS|lza+e-e) < o0. Then S is bounded in the grand space w,E**€.
£€(0,&9

Proof. We use the well known inequality (see, e.g., [18, Prop. 1.d.2, p. 43], [25, p. 40]) which is true for any
Banach lattice E over any measure space and which states that for all x, y € E and 6 € (0,1),
[l =21y 18]l < NxllE2 Nyl

Ifu,v,0 < e < osatisfy 1/1 + € = 1/u + 1/v, we conclude (by taking x = |f;|* and y = |g,|” ) that f,g, €
E(*E forall f, € E™ and g, € E™ with

Ifogollzare < Ifsllzallgollpe.
This implies that for v € (1, 00) defined by %: = é —% where (1+€):=14+€e—¢cand ui=1+ € — g, the
following estimate holds:

”fcr”E(HE—S) < ||fa‘”E(1+E—80)”XQ”E(l/V)'fD‘ € (<o)
This combined with 1/v — 1/u < a: = (€ — &) /(1 + € — &) yields, in particular, that for all f, € w,E**¢,
sup |Ifsllza+e-o< (1 + €)(1 + €, &) ws (o) Ifoll gate-eo)

g€(&p,€
S A+ +e¢) sup ws()llfsllpare-o

£€(0,&9

where (1 +€)(1 +¢€,5y) = < sup w"—(g)) max{1, ||xqll%}. As a consequence, it follows that
e€lgg,€) wg(&o)
0B = A ({w, ()EC+9) (0.5)) = A({w, ()EC+<9) (o.s0>)
with

Il - ”A({w‘f(E)E(1+E_E)}£E(0,so)) S llwperte < (1 + €)1+ ¢l - ||A(

Clearly, this yields the required statement.
We demonstrate the applications of obtained results for extrapolation spaces generated by Orlicz spaces. Before
we state the first lemma, we recall that a function p: [0, ) — [0, ) is called quasi-concave if it is continuous

{wU(E)E(1+E_£)}SE(O,80)).

and positive on (0, o), and satisfies p(s) < max {1,%} p(t) for all s,t > 0. We use an obvious fact that every

quasi-concave function p has a concave majorant p given by p(t): = ir>1£ (1 + E) p(s), which satisfies p(t) <
N

p(t) < 2p(t) forallt > 0.
We need somewhat technical lemmas.
Lemma 4.3 (see [31]). Let 0 < € < o0 and let ¢p be an Orlicz function. The following statements are true for an
Orlicz function ® given by ®(s): = ¢(s'*€) foralls > 0 :
(i) The following formula holds:
Xo = (X)),
(i1) There exists ¢, € U such that, for any Banach lattice X the following formula holds:
X¢ — (pa(X(1+E)) Loo),
where the constants of equivalence of norms are universal and do not depend on 1 + €, ¢ and X.
Proof. (i). The proof of this isometrical formula is obvious so we omit it.
(ii). Fix 0 < € < o0 and let ®(s): = p(s'*€) for all s > 0. Then ®~1(s) = ¢p~1(s)/1*€ for all s > 0. Since
¢! is a concave function, p(s):= ¢ 1(s'*€)1/1*€ is a quasi-concave function. This implies that ¢, € U,
where ¢,(0,0): = 0 and
Qs(s5,t):=tp(s/t),s, t > 0.
We consider two functions (¢4)o, (95)1 € U given by (@g)o(s,t): = st/1+€t1=1/1%€ for all s,t >0 and
(04)1(0,0): = 0 and (@,)1 (s, t): = t®~1(s/t) for all s,t > 0. Then we have
(pa(((pa)o(sl 1)11) = (p0(51/1+€' 1) = p(sl/1+e) = ((po)l(si 1)'5 2 0
with universal constants of equivalence that do not depend on (1 + €).
Now we use the special case of the so-called reiteration formulas (see [26]) which states: If (¢4)o, (¢5)1, @5 €
U, then for any couple ( X;, X; ) of Banach function lattices
s ((P5)0(Xo, X1), X1) = (95)1(Xo, X1)
with equivalence of norms depending only on constants of equivalence (¢,)1(-,1) = @5 ((¢5)o(:,1),1). We
use above formula with X, = X, X; = L* and constructed ¢, to obtain (by (¢4)o(X,L?) = X1+ )
Xo = (05)1(X,L°) = @, (X9, L*)
with universal constants of equivalence that do not depend on (1 + €) and X. This completes the proof.
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Corollary 4.4 [31]. Let ¢ be an Orlicz function and let, for a given 0 < € < o0, ® be an Orlicz function given
by ®(s) = ¢p(s**€) for all s > 0. Then, there exists ¢, € U such that for any measure space (Q,Z,u) the
following formula holds:

Lo(w) = L3*9 = @, (LM*(u), L= (1))
with constants of equivalence of norms that do not depend on (1 + €).
We also need the following result.
Lemma 4.5 (see [31]). Let 0 < € < oo and let ® be an Orlicz function such that s = ®(s)/s'*€ is non-
decreasing function and s — ®(s)/s1*2€ is non-increasing function. Then there exists ¢, € U such that, for any
measure space (0, Z, i),
Lo (1) = @o (L1 (1), L 2€ (),
with universal constants of equivalence of norms that do not depend on (1+¢€),(1+ 2¢) and .
Proof. By conditions imposed on @, it follows that s = ®~(s)/s*/**€ is a non-increasing and s~
®~1(s) /s /1+2€ is a non-decreasing function. These assumptions easily imply that there exists a quasi-concave
function p such that
1 1
d1(s) = s¥/*p (sm_m),s > 0.
(to see this it is enough to take p(s): = s™/Pd~1(s7") for s > 0, where r := m ). Therefore, by setting
©s(0,0):=0and @, (s,t) = sp(t/s) forall s,t > 0, we get that (by p < p < 2p)
O71(s) < g (s1/1He, s1/1+2€) < 27 1(s) forall s > 0.
Hence, for X:= (L}*€(u), L'*2€(u)), the standard calculations yields (see [28, pp. 460-461]) that Lg (1) =
P (X) with [ [l z) < I - I, < 211 - Il &y~ This completes the proof.
In what follows we use two obvious properties of weights from the class A, with 0 <e< oo :
1 1 1
(i) If 0<e<oo, then w, €Ay if and only if w_ €€ Are and [WU E] = [WU]ZHG;
€ A&

(i) If 0 < € < oo, then Ay, © Ay4pc and [Wyly,,,. < [Wola,,,
The first property easily follows from the definitions and that second one by the Holder inequality.
We apply the so-called "openness property" for A,,. weights in L°(Q, d, u), where (Q, d, ) is an SHT. In the
remarkable paper [15], the authors explicitly compute an admissible value of € > 0 such that any A;,, weight
w, belongs to A;,._,. This result states (see, [15, Thm. 1.2]): If w, € A, for a given 0 < € < oo, then w, €
Aie_e With

€

E=—————
1+ T(1+e)u[U]A;o
1

)

where 7,, = 6(32k?(x? + k)?)?* and 0 = w;. Furthermore
[Wa]AHe_g < 26(4K)(1+6)DM[WU]A1+E'
We also use the following estimate (see [15, Thm. 1.3]) of the norm of M in L'*¢(w,_du) where w, € A;,,

1 1/1+€
WMl < Ca Y. (< Wolayylol,

a
where the constant C depends only on the doubling constant of the measure u and the geometric constant k of
the quasi-metric.
Notice that it follows by above estimate and property (ii) that, for every w, € A, with 0 < € < oo, we have
1

[0]ar, < calo]layse = Ca [Wg]iue, where cq = 1 is also a constant that only depends on the doubling constant

€
of the measure u and the geometric constant x of the quasi-metric. In consequence, Buckley's type estimate
follows (see [7] in the case of Euclidean space R?*€ ):
1\ "€ 1 1+e 1
IMligzzosizzan < Cale)™ (2) - Dl < e Dol
The following theorem shows the boundedness of the maximal operator in grand spaces generated by Orlicz
spaces over spaces of homogenous type.
Theorem 4.6 (see [31]). Let (Q, d, 1) be an SHT and let w,, be a weight in A;,.(Q) N L' (w,dp) for some 0 <
€ < oo, Then for every Orlicz function ¢, the maximal Hardy-Littlewwood operator M is bounded in the grand
space Wy Ly (wydp)1*€ whenever w, is bounded on any subinterval [§, €) of (0, €).
Proof. For simplicity of notation, we define the measure v by dv: = wydu. Based on the above discussion about
properties of weights in the class A, weights, it follows that for any w, € A, there exists &, € (0, €) such
that
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Wolayseme, < 2(40) ¥R w, ]

Moreover, the maximal operator M is bounded in L**¢(v) and
1+¢ 2
€ [W‘T]A1+e
We consider two cases: € € (0,&9] and € € (gg,€). In the first case we have w, € Ay, with 1<
Wolayseoo S [WU]A1+6—£0' Thus, the maximal operator M is bounded in L, ._,(wydu) and, for all € € (0, &],

Al+e

IM || 2+eqy < Ca

we have
L 1
IMllysse-c)< G+ €= ) wolis < Gl + e~ ) woli

=c(01+6Wolay,.,,)
where C (Q, 1+ 6 [Wola, +€_€0) is a constant that does not depend on ¢ € (0, &y). Consequently,

M: {wg(e)L(p(V)}ge(O,Eo) - {wa(S)L¢(V)}£E(O‘£O)

By the conditions imposed on w,, we have yq € Ly (v). Thus, we can apply Lemma 4.2 to obtain that M is
bounded in w,Ly(v)'*E.

We prove the boundedness of Calderén-Zygmund singular operator in extrapolation spaces generated by Orlicz
spaces over SHT.

Theorem 4.7 (see [31]). Let 0 < € < oo and let ( Q,d,u ) be an SHT, and let w, be a weight in 4;,.(Q) N
L*(u) for some € > 0. Suppose that a family of Orlicz functions {®@,}ec(o,e) With szlp)d)s_l(l) < oo such that

£€(0,e

t - @, /t1T€ ¢ is a non-decreasing and t = &, (t)/t1*%¢€ is a non-increasing function for all & € (0, €). Then

every Caderén-Zygmund singular operator T is bounded in the extrapolation space A ({wULq,S (W,,d/,t)}‘EE © E))

generated by any function w,: (0, €) = (0, ) that is bounded on any subinterval [§, €) of (0, €).
Proof. For simplicity of notation, we let dv: = w,du. We now apply Lemma 4.5 and its proof to find a family
{(@5)e}ecqoe) © U such that D1 (s) = (¢,)¢(s/0€79), s1/142€) for all s > 0 and
Lo (v) = oo (L5 (), LM*2€(v)),
with universal constants of equivalence of norms that do not depend on (1 + €), (1 + 2¢) and €. This implies
that stlp)((p,,)g(l,l) < oo and moreover {w, (&)@, (L'*7¢(v), L'*?¢(v))}ce(0,¢) forms an admissible family
£€(0,e

with
A({wo (Lo, ) 1.,) = Allwg (o L 0), L () ec00)

Now observe that it follows from the proof of Theorem 4.6 that there exists &y € (0, €) such that
sup ”M”L1+e—s(v) < o
£€(0,0)
Since € > —¢&, we have w,; € Ayype with [Wola,,,, < [Wolay,,
Ml av2ey < C(Q 1+ € Wola,,.)
Thus, by interpolation property for Calderon-Lozanovskii space, it follows that
M: A({wa(g) ((pa)s(l’1+€_g(v)' L1+2€(V))}£E(0,80)) - A({wa (5) (¢U)£(L1+E_8(V)' L1+2€(V))}SE(0,£0))
Now observe that Calderon-Lozanovskii space ¢, (X, X1) can be defined as the space of all functions f; €
LO(w) such that |f5| = @, (I(f)ol, [(f)1]) for some (f5)o € Xo,x; € X; with the norm
fsllp, = infmax{ll(f)ollxg, 1(f)1llx, }
where the infimum is taken over all (f,)q € Xy, (f;)1 € X; for which |f;] = @ (|(f5)ol, |(f5)1]). Combining
this fact with proof of Lemma 4.2 (for E = L, ), we easily get that for all f, € A({Le,(v)}),

UD @o(Mfyl g (i116-ety14267) < CCLF €D SUD @Ml (10e-s0)22400)

£€leg,€) £€(0,g
and whence

B ({05 (©Lo, ), g ) = A{0a () (@)L, L2 () eco)

To complete the proof we recall that by property (i) of weights in the class A; ¢, for 0 < € < oo, we have that
1 1 1
W, € Aq.c is equivalent to w, € € A1+e with [w, € = [WU]ZHE. This implies that the maximal operator M is
€ Aﬁ
€

1+e 1
bounded in L**¢(v))" = (L**¢(w,du)) = L (WJ ed,u) with

IMllpa+eqy < (1 + €)Wola,,,
where C = C(u, k). Now if we take C = 1 + € — € with € € (0, &y), we conclude that
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”M”Ll"'e_s(v)’ <1+ E)(l +e— g)[WJ]AH.E_g < (1 + E)[Wa]1+e—£0 =< E(Q! 1+e¢, [WO']A1+E)'
This shows that M: {L*7*(v) }ee(0.6) = (L2 (V) Jee(0,6,)- Similarly, for 0 < e < o, we get (by w, €
Aqyze With [Wola, o0 < [Wolay,, )
1M1l 1+2ewpapy < (1 + 26)[Wola,,,
Now, by the Kothe duality formula for Calderon-Lozanovskii spaces, we have for all € € (0, &),
(06 () (@o) e (LHEEW), L2 (1)) = we (€)M (9g) e (L5 (), LHH2€(v)")
with universal constants of equivalence of norms (that do not depend on ¢ ). To finish, we apply Theorem 4.1
for the family of functions {wy (&) (@5)e}ee(o,ep) © U to get the required statement.
By applying Theorem 4.7, we establish the boundedness of Calderon-Zygmund singular operator in
extrapolation spaces generated by Orlicz-Zygmund spaces over SHT. We briefly fix some required notation. For
0 < e <o and a > 0, we consider an Orlicz function ®(t) = t**€log® (1 +t) for t = 0. Then Orlicz space
Lg on any measure space ( £, Z, i ) is called an Orlicz-Zygmund space and is denoted by L'*¢log® L.
Let {®,}zc(0e be a family of Orlicz functions given by ®,(t):= t'**~*log® (1+1t) for all t >0 and let
wy(e):= 9/0+€=8)  for all €€ (0,e) and some 6 >0. Then the extrapolation space

A ({a)t,(s)LqI,‘g (Wcrd,u)}EE © 6)) is well defined. In what follows this space is called grand Orlicz-Zygmund space
and is denoted by L},::f'glog“ L.

We note that from a general result on the boundedness of the Hilbert transform H in Orlicz spaces Lg(w,dm)
over [ 0,1 ] equipped with the Lebesgue measure m, it follows that H given by

1
HE,(t) = p.v. f Io(5)

0 t—s

ds

g
is bounded in the Orlicz-Zygmund space L'*€log® L(w,dm) if (and only if) w, € A;,.([0,1]) (see [22, Thm.
3.4.1,p. 113])).
We have the following version of the theorem for any Calderon-Zygmund singular operator in the case of the
grand Orlicz-Zygmund spaces over spaces of homogenous type.
Theorem 4.8 (see [31]). Let (Q,d, 1) be an SHT and let w,, be a weight in A;,.(Q) N L*(u) for some 0 < € <
co. Then every Caderon-Zygmund singular operator T is bounded in the grand Orlicz-Zygmund space
Ly ®log® L over (Q,d, p) forall @, 8 > 0.
Proof. Let {®,}.¢ (o) be a family of Orlicz functions which generate our space. Clearly, t - ®.(t)/ t(i+e-e) =

log® (1 + t) is an increasing and t - ®,(t)/t1+e+® = %(w

®;1(log® 2) =1, we have sup ®;1(1) <27%. A standard calculus shows that if w, is given by wgy(€): =
€€(0,€)

£0/(+€=9) for all € € (0, €), then for any § € (0, €),
sup w,(e) = (€)°
€€E[5,€)

a
) is a decreasing function on (0, o). Since

Thus, we conclude that the assumptions of Theorem 4.7 are satisfied with € = a and thus the required statement
follows.
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