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Abstract

We follow the pioneer author Bartosz Trojan [27] on the perfect extensions of Birkhoff’s and
Cotlar’s ergodic theorems to multi-dimensional polynomial subsets of prime numbers P¥. We deduce and
show an application on them from £*¢ (Z%)-boundedness of (2 + €)-variational seminorms for the
corresponding discrete operators of Radon type, for e > 0.
1. Introduction
For (X,B,u) be a o-finite measure space with d, invertible commuting and measure preserving
transformations Ty, ..., Tg: X — X. Let P = (1P1, e iPdO:): R — R% denote a polynomial mapping such
that each #; is a polynomial on R¥ having integer coefficients without a constant term. Let B be an open
bounded convex subset in R* containing the origin such that for some ¢ > 0 and all N € N,

[N, (NJ¥ € By € [N, N]%, (1.1)
where for A > 0, we have set
B, = {x e RF: 17 1x € B}.

Now we consider the following averages

1 P d+E Pg.(n,1+€)
A frn(2) =~ ) Z Z Z fon (T4 T x)1gy(n, 1+ €),
B -

nenk’ (1+e)epk’ m
where k = k' + k”, P denotes the set of prime numbers, and
1(N) = z Z 15, (0 1+ 6).
nen®’ (1+e)spk’’
We establish the following theorem (see [27]).
Theorem A. Assume that 0 < ¢ < o, For every f,,, € L1*€(X, i) there exists f,,, € L**€(X, i) such that

B > AL () = ).

m

for p-almost all x € X.
Sums over prime numbers are irregular. we them work with weighted averaging operators,

k’!
yo_ 1 Py(n1+e) Pay(ni1+e)
MR fon () = ENh) Z Z Z fn (TI BT, ;r)]IHN(u,l +€) H logp; |,
j=

neNk' (1+e)epk’’ m
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where
k!f
U5(N) = Z Z Ip,(n,1+€) n logp;
nent’ (1+e)epk’’ j=1

Then the pointwise convergence of (A f;,: N € N) can be deduced from the properties of (Hy f;,: N € N),
see Proposition 2.1 for details.

Hence we also study pointwise convergence of truncated discrete singular operators. So, for K, €
CL(R¥ \ {0}) be a Calderén-Zygmund kernel satisfying the differential inequality

|| K QO [+ |2 TK (0] < 1, (1.2)
for all x € R¥ with |x| = 1, and the cancellation condition
f Z K, (x)dx = 0, (1.3)
BA\BAr m

for every 0 < A’ < A. Then the truncated discrete singular operator Hj, is defined as

e , Py (n,1+€)
HI @) = ) ) ) fu (TR0 ety

nez*’ (1+e)e(dp)d’’ m

k”’
K1+ 6)lg,(n,1+€) H log|p;|

j=1
The logarithmic weights in My, and Hj correspond to the density of prime numbers. [27] prove the
following theorem. which may be thought as an extension of Cotlar's ergodic theorem. see [4].
Theorem B. Assume that 0 < e < oo, For every f,, € L} €(X, u) there exists f,;, € L*T€(X, i) such that
I&L‘E}Q Z HK fn () = fin (20,
m

for p-almost all x € X.
The classical approach to the pointwise convergence in L**€(X, ) proceeds in two steps. Namely. one
needs to show IM*€(X, i) boundedness of the corresponding maximal function reducing the problem to
showing the convergence on some dense class of L**€(X, i) functions. However, finding such a class may
be a difficult task.
This is the case of one dimensional averages along (n’:n € N) studied by [2]. To overcome this issue
Bourgain introduced the oscillation seminorm defined for a given lacunary sequence (NI jE N) and a
sequence of complex numbers (a™: n € N) as

J

O;(ag:n EN) = Z sup

Nj=ns=Nj4y

1/2
2

an' — a;’&j.
j=1 m

Then the pointwise convergence of (Ayfr: N € N) is reduced to showing that

10, (Anfon: N € W] 2 = 0(J472),

while J tends to infinity. In place of the oscillation seminorm, we investigate (2 + ¢)-variational seminorm.

We recall that (2 + €)-variational seminorm of a sequence (ap':n € N) is defined by

] 1/2+€
2+€
Voselad™mneN)=  sup Z Z |“ka. — a{;j__l|

kg<k2<"'4k}' =1 m

In fact, (2 + €)-variational seminorm controls 0; as well as the maximal function. Indeed, for any € = 0,

by Holder's inequality we have
1 1
O;(a™n eN) = Jz2 2+el,, (a™:n € N).
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Moreover, for any ny € N,

suglanml < |a® | + Vy,(a:n € N).
ne
So, the main motivation to study L*€(X, 1) boundedness of (2 + €)-variational seminorm is the following

observation: if V5, (an':n € N) < oo for any € = 0 then the sequence (ap': n € N) converges. Hence, we
can deduce Theorem A and Theorem B from the following result (see [27]).
Theorem C. For every 0 < € < oo there is €1, > 0 such that for all 0 < € < oo and all f,,, € I**<(X, ),

2+¢€
D Vord MY N EN)| < Coe™— ) I fon llsse, (14)
m [1+e m
and
g 2+te (1.5)
Z V2+E(HNan:N € N) = C1+ETZ I ﬁm [lpr+e
m L1+€ m

The constant C;,. is independent of the coefficients of the polynomial mapping P.
The variational estimates for discrete averaging operators have been the subject of many, see
[8,10,11,13,15,16,26]. [10], studied the case d, = k = k' = 1 and has obtained the inequality (1.4) for

O<e<omand (2+¢€) > max{l + E,%}. And, [26] obtained (1.4) forall 0 < € < co butfor (1 + €) in

some vicinity of 2. Only recently in [11] the variational estimates have been established in the full range
of parameters. that is 0 << € < oo, covering the case k" = 0.

[26], has proved (1.4) also for the averaging operators modeled on prime numbers, that is when d, = k =
k' =1 with a polynomial B,,(n) = n. It is worth mentioning that the variational estimates for discrete

operators are based on a priori estimates for their continuous counterparts developed in [9], see also [11,
Appendix ].

For the variational estimates for discrete singular operators see [3,11,13,16]. [16], obtained the inequality
(1.5), for the truncated Hilbert transform modeled on prime numbers, which corresponds to dy = k =
k' =1 and a polynomial By, (n) = n. In fact, discrete singular operators of Radon type required a new
approach. An important milestone has been improve by [7].

The complete development of the discrete singular operators of Radon type has been obtained in [11].
Concerning pointwise ergodic theorems over prime numbers, there are some results using oscillation
seminorms. [1], has shown pointwise convergence for the averages along prime numbers for functions from
L2(X, ). Then his result was extended to all L**€(X, ), e > 0, by [24], see also [2, Section 9]. Not long
afterwards, [18] has proved Theorem A for L*(X, 1), dy = k = k"' = 1, and any integer-valued polynomial.
Nair also studied ergodic averages for functions in L*€(X, i) for € # 1, however. [19, Lemma 14] contains
an error. In fact. the estimates on the multipliers Wy, are insufficient to show that the sum considered at the
end of the proof has bounds independent of |@ — a™/b]|. Lastly, the extension of Cotlar's ergodic theorem
to prime numbers has been established in [14], see [16] and also [27].

In view of the Calderon transference principle, while proving Theorem C, we may work with the model
dynamical system. namely. Z% with the counting measure and the shift operators. We denote by M}y and
Hp, the corresponding operators, namely,

k”’
1
ML fin () = ERi0] Z Z Z fn(x —P(n, 1+ €))1,(n, 1+ €) H logp; |, (1.6)
5 nenk’ (1+e)epk’’ m j=1
and
K
Hyfm () = z Z Z fm(x —P(n, 1+ E))Km(u, 1+e)lg, (n1+¢) 1_[ log|pj| . (1.7
nezk (1+e)e(xP)k’ m j=1

We now give some details about the method of the proof of Theorem C for the model dynamical system.
To simplify the exposition we restrict attention to the averaging operators. We denote by (m,),, the discrete
Fourier multiplier corresponding to My. To deal with (2 + €)-variational estimates we apply the method
recently used [13], see also [26]. Namely, given p € (0,1) we consider the set D, = {N,;:n € N}, where
N, = [27°].
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Then in view of (5.6) we can split the (2 + ¢€)-variation into two parts (see [27]): long variations and short
variations. and study them separately. For each 0 < € < o we can choose p so that the estimate for £1*¢-
norm of short variations is straightforward. Next, to control long variations we adopt the partition of unity
constiucted in [11], that is

n—1 n—1
_ =B =B
1_2':'71.5"' l—z Ens |
5=0 5=0

for some parameter 5 € N,. Each projector Ef’s is supported by a finite union of disjoint cubes centered at

rational points belonging to Rf . In this way, we distinguish the part of the multiplier where we can identify
the asymptotic from the highly oscillating piece. The oscillating part is controlled by a multi-dimensional
version of Weyl-Vinogradov's inequality with a logarithmic loss together with £1+(Z%) estimates for
multipliers of Ionescu-Wainger type. By the triangle inequality. to control the first part it is enough to show

- =B 2 - _
Z Vore (}” l( (mO)NH.:n_Sfm): n > s) < Crie(s+1)72 Z I fon Nprse. (1.8)
m m
First, by the circle method of Hardy and Littlewood, we find the asymptotic of the multiplier (mg)yy, . Here
we encounter the main difference from [11]. Namely, for é™ sufficiently close to the rational point a™ /1 +
€ we have

pl+e

m

(mg)y, (™) =G (%) Dy, (-fm - la+ E) + 0(exp(—(1 + 2¢) y/log Ny )), (1.9)

provided that 0 < ¢ < (log N,)* ', where G(a™/1 + €) is the Gaussian sum and @, is an integral version
of (mg), -

m

The limitation on the size of the denominator is a consequence of the fact that for a larger (1 + €) the
Siegel-Walfisz theorem has an additional term due to the possible exceptional zero of the exceptional
quadratic character.

The second issue is the slower decay of the error term in (1.9). In particular. the later has its impact on the
size of the cubes in the partition of unity. Both facts made the analysis of the approximating multipliers

vy , harder. To overcome this we directly work with (mg),. Moreover, we get completely unified
my
approach to the variafional estimates for the averaging operators and the truncated discrete singular

operators.

Going back fo the sketch of the proof (see [27]), in order to show (1.8), we divide the variation into two
parts: s < n < 2%¢ and 2% < n, where k, ~ (5 + 1)?/1°, For large scales 2" < n, we transfer a priori
estimates on L1*€-norm for (2 + €)-variation of the related continuous multipliers. Since the Gaussian sums
satisfies |G(a™/1 + €)| = (1 + €)% for some § > 0, we gain a decay (s + 1)7%#? on £2. Consequently.
by interpolation the £**€ norm of (2 + €)-variation for large scales is bounded by (s + 1)~ provided that
f is sufficiently large. In the case of small scales s < n < 2%s, the estimate on £2 is obtained with a help
of the numerical inequality (2.3). We again show that £? norm is bounded by (s + 1)~%fP*1, Because of
the weaker asymptotic (1.9), to obtain £1*€ bounds for (2 + ¢)-variations over small scales required a new
approach. We further divide the index set into dyadic blocks. then on each block we construct a good
approximation to the multiplier giving bounds on #**¢ norm independent of the block. At the cost of
additional factor of k2, we control £*€ norm of (2 + ¢)-variation. Again. by interpolation combined with
a choice of B large enough we can make the £1*€ norm bounded by (s + 1)72.

We collect basic properties of the variational seminorm. We show how to deduce Theorem A from (2 + €)-
variational estimates (1.4) and (1.5). Then we present the lifting procedure. which allows us to replace any
polynomial mapping P by a canonical one @Q,,,. We describe multipliers of Ionescu-Wainger type whose
£1*€ norm estimates are essential to our argument. We show a multi-dimensional version of Weyl-
Vinogradov's inequality with a logarithmic loss. Moreover, we prove the estimate on the Gaussian sums of
amixed type. We devoted to study the asymptotic behavior of multipliers My and Hy, respectively. Finally,
to get completely unified approach to the variational estimates for the averaging operators and truncated
singular operators, at the beginning, we list the properties shared by them which are sufficient to prove
Theorem (1 + €). We show the estimates on long and short variations.
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We write A = B(A = B) 1t there 1s an absolute constant € = 0 such that A = (1 +€)B(A = (1 +€)B).
Moreover, (1 + €) stand for a large positive constant whose value may vary from occurrence to occuirence.
If A= B and A = B hold simultaneously then we write A =~ B. Lastly, we write 4 <5 B(4 =5 B) to
indicate that the constant (1 + €) depends on some § > 0. Let N, = N U {0}. For a vector x € R%, we set
| x| = max{|x;|: 1 < j < d}. Given a subset A € Z and x € R, we set A, = An [0, x].

2. Preliminaries

2.1. Variational norm. Let 0 < € < oo, For a sequence (a}“:j € A), A C Z, we define (2 + €)-variational
seminorm by

2+e€

. 2+€
Vare(a™:j€A) = . iup E E |las — a4
o

k J.EA
The function (2 +€) = V, +E(a}“: JjE A) 1s non-decreasing, thus
Vore(a™:j € A) < Vy(af:j € A),
and by Minkowski's inequality

1

2
Vore(a:jeA) <2 Z Z ||

JEA m
Moreover, for any j, € 4,
s'ug)|a}"| = V2+E(a}l’:j €A)+ |a}2 , (2.1)
JE

Finally. for any increasing sequence ((iy,)r: 0 < k < Kp,), we have

K. 2+e
1+e m

Vore(@"s (m)o < < (i) < K| DT Y Voue(@s (mdecr <7 = (wnde)™™ |+ @2)
k=1 m
The following is essential in studying variational seminorms.
Lemma 1. [15, Lemma 1] If € = 0 then for any sequence (a}“: 0<j<= 25) of complex numbers

p5—i_1 5

Vare(@™0=j=2%) < \/_Z Z Z ‘ Umzl—aﬂ;

2.2. Pointwise ergodic theorems. We show ho“- to deduce the pointwise ergodic theorem (Theorem A4)
from a priori (2 + €)-variational estimates for M.
Proposition 2.1 (see [27]). Let 0 < € < oo. Suppose that there is € = 0 such that for all f;, € L**¢(X, u),

”Z Vore(Myfin: N € N) <(1+ E)Z I fin llprse. (2.4)
m m
Then there is € = 0 such that for all f;,, € L**¢(X, ),

= (1 + E)z I f‘m II£1+E,
m

(2.3)

_El+E

sup ) | Ay fml
n

NeN
pl+e

and the averages (Ay fin(x): N € N) converges for p-almost all x € X.
Proof. Letus fix N € N. Foreach mg € {1,..., N} and s € {1, ..., k"'}, we set

kN
P, (n,1+€)
SSmfu @)= D D > a(EO O e e | [ ] togw )
nen¥ (1reepk’’ m j=s+1
Pg=mgp
and S(O) wfm = 95(N). My, fm For 0 = s < k", by the partial summation we obtain
1 1
S(S] nfm Z Z IE’S;LO) - Sr(\fs;n] 1fm)log My
m=2 m
:Z (logN)S(S“)fm Z Z (logmg — log(m0+1))5§s;ﬁ)fm.

m Ma=2 M
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Hence.
N-1
D, Sknfn= ), QogNSE Ll < D D sk ful e ms?
m m 1tE mp=2 m
N—-1
< N*2(logN)~s Z Z I £ llpure (log mg) ™ (25)
mp=2 m

< Nk(logN)_(‘“)Z I fon llp2ee,

m

where we have used the frivial estimate

Z S,E,f:t;)fm < N¥1(log N)=Sme(logmg) ™2 z I fin llp2se,
m L1+E m
which is a consequence of (1.1) and the prime number theorem. Observe that
K™ :
S fn = s (N), AT o,
thus by repeated application of (2.5), we arrive at the conclusion that

‘Z 05 (N)MEf = ) (og N)¥" 05 (N) A%

L].-I-E

< 05 (N)AogN)™ ) 1l f lyroe, (26)

because the prime number theorem implies that 95 (N) =~ N¥. In particular, by taking f,, = 1, and € = o
in (2.6) we get

mg(N) = 95(N)(logN) ¥ (1 + 0((logN) ™ 1)).
Hence, forany 0 < € < oo and f,,, € I} (X, ),

Z Mﬁfm _Z c*‘lﬁfm
m

m

= (log N)flz I fin lpaee. @7

L1+E
Next, if € > 0 then we can write

Z sup | Agnfrnl
poe nem

<

? P P
Z SuanN|M2”fm|L1+s + Z sug|M2nfm — Agnfm|
ne
m

pl+e m L*E
1
1+e
- P -
< Z sup|1i4'2nfm|L1+E + Z n~(1+e) Z [ frrll p2+e.
— new = -
In view of (2.1), a priori estimate (2.4) entails that
z sup | Ajnfin| = Z | fin Npaee,
—I NeN Live —

Hence, while proving u-almost everywhere convergence of the averages (Ayf,,:N € N) for f, €
LY*€(X, 1), we may assume that the function f;, is bounded. By (2.7), for e = o, we can write

‘Z M fu) = ) cﬂﬁfm(x)‘ <> I o — Aol = AOENY D 1 fn o
m m m m
Therefore, the convergence of (M} f;,(x): N € N) implies the convergence of (¥, Axfn(x):N € N) to
the same limit.
Thanks to the Calderdn's transference principle we can restrict attention to the model dynamical system.
that is, Z9%° with the counting measure and the shift operator. Hence, it suffices to study the operators (1.6)
and (1.7) on £1+¢(Z%).
2.3. Lifting lemma. For the polynomial mapping P = (’Pl, . Pdo), we define

deg® = max{degP:1 <j <d,}
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We use the set
I ={yez"\ {0}:0 <y, <degP, foreachj =1,..,k}
equipped with the lexicographic order. Then each P; can be expressed as

B =D ) .

yeI' m
for some ¢;'), € Z. The cardinality of the set I' is denoted by d. We identify R with R, Let A be a diagonal

d x d matrix such that for all y € T and v € RE,
(Av), = lrlvy. (2.8)
Fort = 0, we set
tAv = (tly,:y €T).
Finally, we introduce the canonical polynomial mapping,
Qm = ((@m)y:y ET):R* > RY,
by setting (Qy,),(x) = x. Now, if we define L: R? — R% to be the linear transformation such that for

v E R4,
(Lv); = Z Z iy Uy

yel' m
then LQ,, = P. The following lemma allows us to reduce the problems to studying the canonical
polynomial mappings (see [27]).
Lemma 2. [12, Lemma 2.1] Let RY, be any of the operators M7 or HE . Suppose that for some 0 < € < oo,

Z V2+E(Rgmfm:N € N) = Cl+e2+fz Il fm ”elﬁ(zd)’
m

€1+E(Zd) m

then

Z V2+E(R§fﬁn:N € N) = Cl+£,2+EZ [ f;n ”31+E(zdn)-

m el+€(zd0) m

In the rest of the article by My, and Hy we denote the averaging and the truncated discrete singular operator
for the canonical polynomial mapping Q,,, thatis My = M 3’" and Hy = HS’".

2.4. Tonescu-Wainger type multipliers. Let F denote the Fourier transform on R¢, that is for any f,, €

LHRY),
Fhn™ = [ D fnCemE .

™= D ) fumerm ™,

xezd m
To simplify the notation, by F~! we denote the inverse Fourier transform on R? as well as the inverse

Fourier transform on the d-dimensional torus identified with (0,1]¢. We also fix n: R — R, a smooth
function such that 0 < n < 1, and

If f,, € £1(Z%), then we set

1 if|x], <

nex) = 3

0 if|X|e =2 —.
¥l = 764
We additionally assume that 7 is a convolution of two non-negative smooth functions with supports

. . 1 1
contained inside [——,—] .
Bd ad 0 ' . . . .
Next, we recall necessary notation to define auxiliary multipliers of Tonescu-Wainger type. For details see
[12]. The following construction depends on a parameter § € N.

Forn € N, we set ny = |n*/2°| and (Q,,)o = (1no!)? where D = 20§ + 1. We define
D

1= U Hk'
k=1
wherein for k € {1, ..., D} we have set
M = {p}* - pr*:¥; € Np and p; € P 0 (ng, nf] are distint forall 1 < j < k}.
Tet
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(Bdn = {Qm - w:Qm | (Qm)oandw € TTU {13},

Notice that N_g S (Byp)n & N p1/10. For (1 +€) € N, we define
Appe ={am €Ny (@™ 1+¢) =1},

and

A ={am™ e NY, ged(1+€al,...,a) = 1}
Lastly, we set

U ={am/1+ea™ €Ay, and (1+€) € (By)n) (2.9)

Given (E)}-: RS Z) a sequence of multipliers on R? such that for each 0 < € < oo there is 4,, . > 0 such

that for all f,,, € L>(R%) n L?*¢(R%),
1/2

Z Z |72 (0,F f) | <—1A2+EZ | fon N2,

jeZ m [2+e m

its discrete counterpart is given by the formula

f(Em = ) aEEm - a1+ ) Em —am 1+ e),
am/1+erf
where &, being a diagonal d X d matrix with positive entries (€, ,:y € I') such that €, , < exp(—n?/®).

Then by [13, Theorem 2.1], for each 0 < € < o and any finitely supported function f,,,: Z¢ — C
1/2

N2
Z Z |T__l(®ffm)| g,|Et’,1+f log(n + 1) A2(2+6)Z I fm ”{’“Er (2'10)
m

jeZ m plee

where (2 +¢€) = max{[1+E [HE]} The scalar-valued version of (2.10) was proved in [7], see also [12].

The vector-valued extension was recently observed in [13]. Essentially its proof follows the same line as
scalar valued except that in place of Marcinkiewicz-Zygmund inequality one uses Kahane's vector-valued
extension of Khinchine's inequality. see [13, Theorem 2.1] for details.

3. Trigonometric Sums

3.1. Weyl-Vinogradov sum. We say that a subset of integers 4 is polynomially regular. if for all o, @y >
0, there are 5, > 0 and a constant € = 0 so that for any integer 1 < @,,, < (logN)*1, 5 > f5, and any
polynomial B, of a form

Bp(x) = < x4 4 Ey
1+ 2 e

for some coprime integers (1 + €) and (1 + 2¢), such that e = —1, and
(logN)E <1+ 2e < N9(logN)7F,
we have

Z ey ()| < (1 +€) Z Qm'N(logN)™, (3.1
nEA m m
n=2+emed Qmp

forall (2+¢) € {1,..,Q,}and N € N.
We check that Z is polynomially regular. We '\E Lire

Om
Z Z Zum(n]ﬂ[lN](n)i Z Z Zum(mﬂ)_FO(Qm) (3.2)
n={2+?}eliodam mp=1 m
where

Ba(mo) = Bp(Qumo +2 +€) = ﬁ QZmg + lower powers of m.

Set M, = |N/Qm] and (1 + €)' /(1 + 2€)" = Q% (1 + €)/(1 + 2¢) with ((1 + €)', (1 + 2¢)") = 1. Then
(log My, )P~9% < (1 + 26)Qp < (1 + 2€)’ < (1 + 2€) < M3 (log M) F+do,

and hence, by Weyl estimates with logarithmic loss (see e. g. [25, Remark after Theorem 1. 5])

Mm __+
. 1 L (14 26y \@aa
E 2miPm (M) | < (1 4 E M. (log M _ .

) =@re 2, Mnee )\ G55 3,

mp=1 m
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Therefore. for f > By = (1 + @)(2d? — 2d + 1) + day, by (3.2), we conclude that

Z eZMPmM L )| = (1 + E)Z Qm'N(logN)™%,
m

nez
n=(2+e)=m(1+€)dQm

proving the claim. Another example of polynomially regular sets is the set of prime numbers. This is a
consequence of [6, Theorem 10].
Our aim is to understand exponential sums over Cartesian products of polynomially regular sets. We fix a
function ¢p: R¥ — C satisfying

[ (O] = 1+€, [V ()] = (1+ XD (3.3)
The main result is the following theorem.
Theorem 1 (see [27]). Let Ay, ... Ay be polynomially regular subsets of Z. For all @ > 0 there are 35 > 0
and a constant € = 0 so that for all § > [, and any polynomial B, of a form

Pp(x) = Z Z f;,n)(y,
0<|y|sd m
wherein for some 0 < |y,| < d,
1+e¢e] 1
S " Tr2d = 2
el (1+2€)
for some coprime integers (1 4+ ¢€) and (1 + 2¢€) such that ¢ = —1, and
(logN)? < 1+ 2e < Nol(log N)~#,

we have

sup Z Z e2™Pm(M1, (n) ¢, ()| = (1 + e)N*(log N)~=.
QC[-N.NJ*
nconvex |MEALX.XA m
The constant (1 + €) depends on a, d and a constant in (3.3).
Proof. ITet wus first assume that ¢, =1. The proof consists of three steps.
Step 1. We consider the case when k = 1 and |y,| = d. Take & > 0 and @; > 0, and let 8 > B, = 3, +
3da, where 3, is the value of [, determined by 4, for a and «,. Suppose that (1 + €) and (1 + 2¢) are

coprime integers such that € = —1, and
1+e ‘ ) 1

e - < ,
1+ 2el (14 2€)?
with (log N)? < 1+ 2e < N9(log N)~#. By Dirichlet's principle. there are coprime integers (1 + €)’ and

1
(1+2¢)' suchthat 1 < (1 + €)' < (1 + 2¢)" < N%(logN)"3*, and

N (1+¢e) 1
m _ < N—%(log N 33.
@ (1+20)| 7 (1+2¢) (logN)
If(1+¢€)/(1+2€) = (1+€)/(1+ 2¢) then
1 |1+e (+e)| _|_m 1+E‘ 1+e)| 1 —a 1
A+zo+2e) |15z (r2ey| =158 "Trzel T8 “UWrzey| Sarep TV oeM

Hence. we obtain

1 . 1 —d EB — _E,lg
12y <177+ (1+ 2N (logN)3" < (logN) B+ (logN)73",

Thus

1 1
(logN)3* < (1 + 2¢)’ < N%(logN) P,
Observe that the last estimate is also valid if (1 + 2¢)' = 1 + 2¢. Let Q,, be an integer such that 1 < @, <
(log N)Yo+. Given (2 + €) € {1, ..., Q,,,}, we set

Szren = Z Z E’zmp?“(n)ﬂ[lw](”)y and Spycn = Z Z f—’zmp;“(n)ﬂ[l,zv](”);

ne.fy m neAy m
n=(2+¢€) mod Qi n=(z+e)mod Qm
where
- (1+e¢e) i "
P,(x) = x4+

(1+ 2¢)
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We first show that

1

U [Spve| = (11€) ) QN ™, (34)
= m

forall B > fBo. If 1 < N’ < N(log N)~ %, then there is nothing to be proven. For N(logN) % < N' < N,
we have
1 _ig da—1p da—=p
(logN")z® < (1 + 26)' = N9(logN)73¥ = (N)%(logN)** 72" < (N")%(logN")** 73",
thus, by (3.1), we obtain
[Seren] < (1+€) ) QN'(0gN') < (1+€)' ) Qz*N(ogN)™*n,

m m
proving (3.4). We now set 8 = &' — (1 + €)' /(1 + 2¢€)’ and apply the partial summation to get
I

N
- _ 4
|52+E,N’| = Z (‘SZ'I'E,‘H _52+E,n—1)ezmen
n=1
N'-1
< |Sarent| + [Szie0l + Z 1S21enl |ezm9”a — 2mib(m+1)?|
n=1
Since
1 a 38 a
0] <« ———=N"%(logN)z" < N7¢,
01 = ey V" os M= <
by (3.4), we obtain
N-1
SUp [Sypewr| =) QN(logN)™ Y [6]ni=t
1=N'=N =

m
<) 0RN(logN) e,
m

which finishes the proof of Step 1.
Step 2. We next consider k = 2 and y, # (0, ...,0,£,0,...,0) for any £ < d. Without loss of generality we
may assume that y(1) = 1. By the triangle inequality followed by Cauchy-Schwarz inequality we get

Z e2miPmnmy, )| < Z Z Z e2miPm(numdy  (n, i)

nEAy XK. KA m REA; X XA |y EA; m

1
> (3.5)
k-1 . _
SNz Z Z Z e?mPnnaim 1, (n, 1)
AEA, XK. XA |n1EA; m
Next, we have
2 2
z Z 2Py (n, )| < Z Z Z 2P (i (ny, )
AEA X... XL ni€EA; m AETF-1 |ny€Ay m
. e p ot
< ) 2P Pm(“v”))zuﬂ(m,ﬁ)nQCn;,rJ‘ (36)
nynjeA, lAezk-1 m
. Y T ~ -
< 2 | 2 2 el ey myta g ),
nyny € liezk-1 m

which. by another application of Cauchy-Schwarz inequality. is bounded by

v | D D e g g, g o, )

ny,niez lnezk-1 m

1
2\ 2

DOI: 10.35629/0743-12044783 www.questjournals.org 56 | Page



Application on Variational Estimates for Discrete Operators Modeled ..

Finally.
2
D DD I R HORD D
nyniez lnezk-1 m
D DD i e M IR (37)

nyniez nezk-1 m

where
O ={(x, %, x1,X") € QX Q:(x,%"),(x1,%) €0},

and

Qn (X1, %, X1, X') = B (X415 %) = B (X33 %) — B (Xq3 X)) + By (33 X7).
Notice that the set © is a convex subset of a cube [—N, N]?¥, Moreover, the polynomial @,,(x,x") has
degree at least |y,| having a coefficient & in front of the monomial x*°, Therefore, by [12, Theorem 3.1],
there are 8, > 0 and € = 0 such that

. =T
Z Z Z BZQO(nl.n,ﬂl,ﬂ’)ﬂ@ (g, A, i) < (1+ E)Nzk(log N)—4a’
nyniez an'ezk-1 m

provided that § > f,. Hence. by (3.5), (3.6) and (3.7) we obtain

Z e?™MPm(M)] o (n)| < N¥(logN) <.
NEAI X KA m
Step 3. Suppose that k = 1 and ¥y = (0, ...,0,4,0, ...,0) for 1 < £ < d. Without loss of generality we may
assume that yo = (£, ...,0). The proof is by a backward induction over £ € {1, ..., d}. We write

Z Z e2miPum 1, ()| < Z Z Z e2niPumuM (n,, 7). (3.8)

NEA; XK. XAy m fEAZ K. XAy |M1EA; m
If £ = d the conclusion follows by Step 1. Suppose that £ < d. In view of Step 2 and the inductive
hypothesis, the estimate holds for any |y,| = j,€ < j < d. Let $; be the largest value of 8, among those
that were determined in Step 2 and resulting from the inductive hypothesis. By Dirichlet's principle. for
each ¢ < |y|<d, we select coprime integers (1+¢€),, such that 1< (1+¢€), < (1+2¢), =
Nl(log N)~#1, satisfying

(1+e), | _
(1+26),|  (1+2e),
If for some y € [, £ < |y| =d we have (lagN)#t < (1 + 2¢€),, then the conclusion follows by the
inductive hypothesis or Step 2. Otherwise, we set 6, =&"—(1+¢€),/(1+2¢), and Q=
]cm{(l +2e): < |yl = d}. ‘We have

N_lyl(logN)Bl.

&I
‘fy -

1
0| <———NW(logN)B 3.9
161 < Gy, V7 Cog ), (3.9)

and

Qm = (logN)*,
where @; = 5, - #{y € NE: £ < |y| = d}. We have

z Z eZ‘.n’me[nliﬁ)ﬂﬂ(nl'ﬂ) = z Z Z eznipm(?‘lnﬁ)]lﬂ(nljﬁ)

NEA X .. XA |N1EA; m nezk-1 |njeAd; m
< Z E E E e2mPm(numy o (n,, 1) (3.10)
(rl_r’)ey’ém m nezk-1 ny €Ay

A=F mod Qy |IN=F mod Qm
Setting

(Bot)= Y > g,

o<|ylsf m
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Wwe can write
Pn(Q,mg+2+¢€) Z Z MO, me+2+e) + Z (Pn)o(@,,mg + 2+ €) (mod1)
f<lylz=d m m

(1+ E)
Z 2+E)”+ Z Z (@ mﬂ+2+€}’+z (Pn)o(Q }?19+2+E)(1110d1)
f<|y|=d m (l+26) f<ly|l=d m
Thus
ek k-1
r.,F)EN m ez n1€AL
(r17)ENg A= mod Qy, Iny=r, mod Qm
(2+5) (7+F)
Z Z Z Z Aﬂ-]_i (Sn1 i Sn1 L (3'11)
[rl,r)eNQ m nezk-1 ny€Z
fi=Ff mod Qm
where
Ap 7= eznizf<|y|"_id9]f(nl-ﬁ)y1
1
and
2+€
51(11 A ) — z Z e2mi(Pm)o(niin) ﬂﬂ(nl’ n)ﬂﬂl (”1)
nh=ny

n1 rimod Qm
To estimate the inner sum on the right-hand side of (3.11), we apply the partial summation. Setting

) ((Mm)(]r (Mm)o + 1: Ty (Mm)l) = {nl €L (nl:ﬁ) € ﬂ},
we can write
(Mm)1 (Mm)1-1
D Aa(sE =T = s+ D se]-
n1=(Mm)o ny1=(Mm)o
By(3.9), for (ny, ) € 2 we have

|An,z — Anysra| = Z |6, [Nt < N~ (log N)#-.

|Anl,ﬁ - Anl+1,ﬁ|'

£<lyl=d
Recall that y, = (£,0,...,0) and
1+e| 1
|‘e”° 1 25‘ =120
thus. by Step 1 applied to S,EZI:TE) we obtain
(2+E)

sup Z NQLl(logN) * P,
(Mm)o=ny=(Mm)1

whenever § > 3, where 3, is the value of 3, deremnned in Step 1 for @ + B, and ;. Hence,

'nl n

(Mm)1
2 2 . — —
Z Anl,ﬁ(-sf(hj;-f) - Sy(ht?ﬁ) = Z leN(log N)TE
n1=(Mm)o m

Consequently, by (3.8),(3.10) and (3.11) we get

Z e2Pm(M 1, (n)| < N¥(logN)~%,
NEF X.. XA m
provided that 8 > B, = max{,, 5, }.
Finally. we deal with a general ¢,,,. Given «, let 8, be such that

sup Z Z e?™Pm(M 1, ()| < (1 + €)N¥(log N)-Kk+Da-k (3.12)
Oc[-NNJK
0 convex

We divide the cube [—N, N]¥ into ] closed cubes ((Qm)j: 1=j< ]) with sides parallel to the axes and
having side lengths O(N (log N)~¢~1). Thus

NEAIX.. XA m

J = 0((log N)¥(@*D), (3.13)
By (Q:n)} we denote the interior of (Q,,);. We assume that (Q,,)} are disjoint with the axes. Let n; be the
vertex of ((,,); at the largest distance to the origin. Then by the mean value theorem and (3.3), we have
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2. 1) (6n ) = bn(m))| = Y. D) sup [gm(em+ (1= tm)]-[n )
NEA X.. XA m neE(Qm); m
< Nlogh)™* > Y 1+,

ne(Qm); m
thus

J
D Y e oam) (6 — pm())| = N¥GogN) . (3.14)
J=1 NEAX. XA m

On the other hand. in view of (3.12), we get

Z ¢m(”}) Z ezmp’“(")ﬂ(om)}nn(n) < Nk (log N)~(k+Da—k
m

NEA K. XAy

hence, by (3.13),

J

Z Z (I)m(n'j) Z ezniPm[n)I[(Qm.)}nn(n.) < N¥(logN)™¢,
j=1 m NEA X .. XAy

which together with (3.14) completes the proof.

We next apply Theorem 1 to get the following variant of Weyl-Vinogradov's inequality.

Theorem 2 (see [27]). Let {™ € T4, Assume that there is a multi-index y, € T, such that

1+e€ 1
o Tyzel = 2’
el (1+2¢)
for some coprime integers (1 + ¢€) and (1 + 2¢) such that € = 0. Then for all @ > 0, there is S, > 0, so
that for any f§ > fg, if

(logN)f < 1+ 2e < N'vel(log N) 7%,

I\’”
sp | Y Y e enea oty 1+ gn 1+ o) [ | togn,
ocl-w.n1k

0 convex INENK (1+e)epk’’ m j=1
The constant (1 + €) depends on @, d and a constant in (3.3).
Proof. We claim that the following holds true.
Claim 1. For all @ > 0, there is 8, > 0, such that forall 8 > B,, N € N, and (2 + ¢€) € {0, ..., k"'}, if there
is a multi-index y, € T, such that

then

< (1 + €)N¥*(log N)*.

m L1TE 1
‘f)f’o - = 2’
1+ 26l (1+2¢)
for some coprime integers (1 + €) and (1 + 2¢), such that € = 0, and
(logN)? <1+ e < NWl(logN)F,

then
k”
sup Z Z Z 2" Om( I+ 1 (1 + €)ppu(n, 1 + €) H logp;
Qe[-N.N]¥ X N j=3+e
O convex |2ENNK (1+e)ep

< (1 + €)N¥(log N)~a+k"~(2+e),
The proof is by a backward induction over (2 + €). For (2 + €) = k'’ the assertion follows by Theorem 1.
For(2+¢€)e{l,..,k"},N e Nand m, € {1, ..., N}, we set

k!!
Sg,‘:)({m) = z Z Z ezm.:‘m.Qm(n,lJre)ﬂﬂ(n_, 1+6E)pm(nl+e) 1_[ logp; |,
nenk’ (1+e)epk’ m j=3+e€

Pz4e=My
and
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k”
SERI (Em) = z Z Z 3211:?.;’”1-Qm(n‘l+f)ﬂﬂ(n_, 1+6e)p,(n,1+¢€) 1_[ log pi |
nenk’ (l+E:)EPk” m j=1
where Q is a convex subset of [N, N]*. For 0 < 2 + € < k”, by the partial summation. we can write
N
(2+€) _ (3+€) (3+€)
Sy = Z (SN mg SN,m0—1)logm0
mg=1

= Sjg?;f)(log N) + Z SIE?;EJ (log(my) — log(mgy + 1)).

my=1
Hence, by the inductive hypothesis we get

N-1
|S£f;6) < ‘SIE?;,E) (logN) + Z ‘Sﬁr) myt
mg=1
< (1 4 E)JNk(logN)—a+k”—(2+E) ,
proving the claim. Now, the theorem follows by Claim 1 for e = —2.

3.2. Gaussian sums. Given (1 + 2¢) € N and (l +€) € Aj4ae, the Gausshn sum is-.

o(53) e >, D, e
1+2¢/ (1+2e)F gom(1+25)k”

xeNk,,. yea¥ o,
where ¢,, is Euler's totient function, i.e ¢,, (1 + 2¢) equals to the number of elements in A,,,.. The
following theorem provides a very useful estimate on the Gaussian sums.
Theorem 3 (see [27]). There are € = 0 and § > 0 such that for all (1 +2¢) € Nand (1 +¢€) € A5,
[G(1+€e/1+26)| < (1+e)(1+2e)7%.
Proof. Let us recall that for 1 +¢€,1 + 2¢ € N, (see e. q.[17, Theorem 4.11)

1 z p2mi(lre 1426 _ (1 + 2e/gcd(1 +¢,1+ 2¢€)) (3.15)
O (1 + 26) @ (1 +2E/g(‘.d(l+€ 1+ 2¢))
XEA1s2e

wherein pt(1 + 2€) is Mébius function defined for (1 + 2¢) = p;];“", p; are distinct prime numbers,
as

— My ifi = =7 =

p(l+2¢e) = {( b 1= = g = L

0 otherwise .

For each € > 0 there is C. > 0, such that (see e. g.[17, Theorem 2.9])
Pm(1+2€) = Co(1 + 2e)r7°. (3.16)

We start the proof of the theorem by considering d = 1. Then

1+€ . .
1+¢ 1 2mi(1+e)yx 1 2mi(1+€)yx
oivm)- T () [] (s 2 <)
+ee y=(y'.0)er e x=1 y=(0,y"")er Pm(L +2€) XEA142¢

Suppose that k' = 1. If G((1+¢€)/(1+ 2¢€)) = 0 then 1+ 2¢ | (1 +¢€), for all y = (y",0) € I'. Since
(1+€) € Aj4pe, we must have k"' = 1.

For y=(0,y") €T, we set b,/(1+2¢), = (1+¢€),/(1+2¢€), where (b},, (1+ €)V) =1. By
(3.15),G(1 + €/1 + 2¢) * 0 entails that each (1 + €), is square-free. Since for any (1 + €) prime factor
(1 + 2€) there is y = (0,¥") € I such that (1 +€) + (1 + 2¢€)/(1 + 2¢€),, we conclude that (1 + 2¢) is

square-free. Because (1 + 2¢) = lem((1 + €),:y = (0,y") €T),
|G ( 1+e€ )
1+ 2e

which together with (3.16) gives

<::§: I_I 1 < l
- om((1+26)y) ~ Pm(1+26)

m  y=(0,y"")el
‘G(1+E) - C.(1+2e)
T32¢)| = C(tH2a7

Next, let us consider the case d = 2. For a given polynomial F,, on R¥ with integral coefficients we define

S(1+ 2¢,B,) = Z Z Z exp(2miP,(x,y)/1 + 2¢€).

vEAk”

1+2F 14+7€

xenk
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Let

P (x) = Z 1+ o),
0<|yl=d
where (1 + €) € A, ;.. Our aim is to show that there are € = 0 and § > 0 such that for all (1 + 2¢) €N
and (1 +€) € Ayize
IS(1 + 26, Pp)| < (1 + e)(1 + 26)F 5, (3.17)
First, observe that for (1 + 2€) = q1q,, (g4, q,) = 1, we have
S(1+26,Bp) = S(q1, 43" B (a2 ))S(@2, 41" B (a1 9)-

Therefore, if (1 + 2¢) = pfl p:,’:"’ for some disthlc; prime numbers p;, then
(o]

S(1+ 2€,By,) = ﬂ S(pE, (Bn)s),
5=1
where
A B p;is P 1+ 2e
(m)S(X) - 14 2¢ m p;s x)

Since w(1 + 2¢), the number of distinct prime factors of (1 + 2¢), satisfies (see e. g. [17, Theorem 2.10])
1426) < (14 log(1 + 2¢)
w =Q+e loglog(1 + 2¢)’

we have

200+2€) < ¢1(1 + 2¢€)".
Hence. it is enough to proof (3.17) for (1 + 2¢) = p’ with (1 + €) being a prime number and j = 1. Since
for any arithmetic function F,,, we have

DY ER@= ) ) B Y ) E((+ew,

xEAJ m xENJ m xENUJ'—l m

if j = 2 we write
S(p?,By) = Z (-1)° Z Z exp(2miB, (x', p°x") /p7),
G'E{D,l}"’” (x'x"eN? m
where for o € {0,1}"”, we have set
0ne = N;;J X Np]—o'l X .. X ij—a’k”
Fixo € {U,l}k”. Foreach y €T, we define
by _ (1+ E)},p“}f”
(1+ 2¢), p’

Ll

where (b, (1 + 2€),) = L. Let

(1+26) = lcm((l +26e),:y €Lyl = 2) , and Q,, = lcm((l +2€),:1y € F).
Observe that

i r T I
exp (ZHLPm(Xj,p X )) Lo
(x"x"Men® m P

entails that (1 + 2€) = Q. To obtain a contradiction, suppose that (1 + 2¢) < Q. Let g € T, [yo] = 1
be such that (1 + 2€),, = Q.
Thus (1 + 2€) | p/~%. For any (2 + €) € N¥,,_ we can wright

exp(2miFy (x',p7x") /p7)

(3.18)

(x’,x”]EﬂU
x=(2+¢) mod (1+2¢)

= exp(2miBp (x', p°x™) /7)) Z l_[ exp(2mib,x¥ /(1 + 2€),),

xeQ? yerl
x=(2+¢) mod (1+2€) |y|=1

where
Fn() = ) (140,

Yer
lvlz2
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Thus (3.18) implies that (1 + 2€),, | by, (1 + 2€), which is impossible. Hence, (1 + 2€) = Qp,.
Now, let y, € T, [yo| = 2, be such that (1 + 2€),, = Q. Then

(1+26), =Qn=(1+2¢) < n (1+2¢), < (1+20)%,
\;}lezrz
and thus

1 1
a lvol—
< (1+2€)), = 0m < Qp % (3.19)

Suppose that Q,,, < p’. Since (1 + €) € A;4,., we must have ¢ # 0. Then for j < D = max{|y"|:y €T},
by a trivial estimate we have

Z exp(2miBy, (x',p°x") /p))| < pM=lel < ko),
(x"x'")eEN? m
provided 0 < §; < (kD) . Since Q,,, = p/ P, for j = D + 1 we have
1
Q2 = p’e,
whenever 0 < e < (d(D + 1))~. Hence. by (3.19),
pff < (1+2€), < pj(|}’0|—f).
Obviously, the last estimate is also valid for Q,,, = p/. Since Q7 € N;’ j» by [21, Proposition 3], there are
€ = 0 and §, > 0 such that

Z exp(2miB, (x',p°x") /p?)| < (1 + €)p/k=52),
x'x'"MeQ” m
which finishes the proof of (3.17) for (1 + 2¢) = p’, and the theorem follows.
4. Multipliers
We develop some estimates on discrete Fourier multipliers corresponding to operators My and Hy, [271.
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4.1. Averaging operators. For a function f,,;: Z¢ — C with a finite support we have
My frn (%) = FH( (M) fon) (),
where (1) is the discrete Fourier multiplier
kl!

1 o
0w (™) = 55 Yo ) emmataan, i+ [ o )
j=1

nent’ (1+e)epk’’ m
wherein g is the Chebyshev function

k”
I5(N) = Z Z Ig,(n,1+¢) 1_[ logp; |-
nent’ (1+e)cpK’ j=1
By (1.1) and the prime number theorem,
Op(N) = N¥. (4.1

Next, let us define
Oy(E™) = ij Z €2nf€m-Qm[Nx)dx’
|B| B m

where | B| denotes Euclidean measure of B. By a multi-dimensional version of van der Corput's lemma (see
[22, Proposition 2.1]) we have

1
|Px(E™)] = min {1, INAfmImd},
where A is the matrix defined in (2.8). Moreover,

|y (E™) — 1] = min{1, [N4E™|s). (4.2)
Therefore, for N < N' < 2N, we have

1

| PN (E™) — Dpr(E™)| = min {|N*“.§m|m, |N"‘§m|md}. (4.3)
We start with the following proposition.
Proposition 4.1 (see [27]). For each 8’ > 0 there are € = 0 such that forall N € N, and £™ € T¢ satisfying
em A+ 6)y
Y T ze
where 1 <1+ 2¢e < (logN)'ef, (1+€)EAj 1., and 1 = L < exp((1 + 2¢)/log N), we have
[(m)y(E™) —G((1+e)/(1+2eNDPy(E™m — (1 +e)/(1+2e))| = (1 +€)L exp(—(l + ZE)-\ingN).

The constant (1 + 2¢) is absolute. . ]
Proof. Observe that for a prime number 1 + ¢, (1 + €) | (1 + 2¢) if and only if ((1 + €)mod(1 + 2¢),1 +

2€) = 1. Hence, foreach s € {1, ..., k'"}, we have

< N-WIL, forally €T, (4.4)

k”
Z Z Z Z ezni{m_om(um.l+6:] ﬂBN(umf 1+ E) 1_[ IOg P;
umenk’  prenk” (1+e)epk’’ m j=1
(ré'1+2€)>1 (1+€)=r""mod (142¢)
< Nk Z log(1+€) = N¥“log(1 + 2e).
(1+e)](1+2€)
Let@ =& — (1 +€)/(1+ 2¢€). Then by (4.4),
6,| < N“WIL, forally €T. (4.5)
Since for (uy, 1 +¢€) € N¥" x PX" such that Uy = r'mod(1 + 2¢),and (1 + €) = r"mod(1 + 2¢),
m yf }«’” _ (1 + E)y ]r" ]f” yi Y”
y iy, (1+¢) =T33 UmP +6,n" (1+¢e)¥ (modl)
(1 + E) r
= ng(r’)y’(r”)”” + 6,ul (1 + &)Y (mod1),
we have
ki!
z Z Z e2mid™ Qm (um,1+€) ]]BN(U_W 1+¢€) n logpj
umeNK' (1+e)epk’’ m j=1
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o
- Z Z Z p2mil(L+e)/ (142600, (' r") Z Z Z E:m‘f'".Qm(um,Hs) Loy (U, 1+ €) (l_[logpj)

rlentl . e, M N (14eeFs” M =1
U =r' mod (142¢) (1+£)=r""mod (1+2¢)

+0(N**loglog N). (4.6)
Let us fix u,, € N¥, 5 € P¥"~1 and r{" € 4,.,.. Then
{v eN: (w,,,, v,p) € By} = (Vo +1,..., V),
for some 0 < V, = V; < N. Let V, = max{N/2,V,} and V; = max{N'/2,V, }. We have

z e2mi0.0m(Ump1P) Jog p, = Z Z e2mi0-0m(umpLP) Jogp, + O(N/2).
PPy \Py, m P1EPy \Py, m
p1=ry mod (1+2€) pi=r; mod (1+2¢€)

By the partial summation we obtain
Z £2718.Qm (. p1,B) logp, = z Z E‘Zﬁiﬂ.Qm(um,lJpﬁ)H_P(vl.) log 1,

P1EPY, \Py, m P1EPF \Pj, m
pi=71" mod (1+2¢€) py=r{’ mod (1+2€)
= Z (Vi3 1 + 26,1 )e2i8-Omun o) — Z 9(Vo; 1 + 26,17 )@?mi6-0m(m Vo.0)
m B m
o T 014 26,2+ )= (2O omtm D) gy, (4.7)
where for x = 2, we have set
9(x;1+26,2+€) = Z log(1 + €).
(1+8)ePy

(1+€)=(2+e)mod(1+2¢€)
Analogously, we can write

Z Z eZTEiG-Qm(‘H.m.‘JJI,ﬁ] = Z V p2mie" Qm(um, V. 0) _ Z V p2mis- Qm (U, Vo,0)

Vo<vy=Vy m
1%1
j Z (6,211:16 Qm(umt;ﬂ])dt+ 0 (Nz)

Furthermore, in view of the Siegel-Walfisz theorem ([20,23], see also [17, Corollary 11.21]), there are
€ = 0suchthatforallx = 2,(2+¢,1+ 26) =land1=1+2e=< (lovx)zﬁ*

|19(x; 14+2¢62+¢€)— < (1+e)xexp(—(1 + 2¢),/logx). (4.9)

(4.8)

On(l+ ZE)‘
Hence, by (4.7), (4.8) and (4.5), we obtain

Z 27i8.Qm (Wm.P1.B) log P1— m Z Z 276 -Qm (Um.V1.D)
m

P1€Py \Py, m Vo<vy<Vy m
p1=r{' med (1+2€)
INZ+ z IV 1+ 26,0]) ———————| + Z 9(Vo; 1+ 26,1]") — ————
Pm(1+26) Pm(1+26)

m

eNh’ll f Z‘ﬂtl+2€r”— |
l 2 ( <pm(1+26)
yer

= Nexp(—(1 + 2¢),/logN +LN‘1fltexp( (1 + 2¢e),/logt) dt.
N

2

Thus.

X merv\Py, 2Zm €
py=ry mod (1+2¢)

In view of (4.1), similar arguments applied to the sums over p,, ..., pyr lead to

27i8.Qp (U P 1.B) logp, = Em mzi’owﬁh £27i8-Om(UmvyB) 4 O(:NL exp(—(l + 25)\,-10'% N))

k”’
Z Z Z 2 Omum ) 1o (3 1 + €) | | logp;
UmeN! (1+e)epk” m j=1

um=r' mod (1+2€) (1+€)=r'"mod (1+2¢€)
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1 - r - . r , . N _ar
= Z om(l+ 260" Zw Zk £2mi6-0m ((1+28)um +r'v) L5, (14 26)u,, +1',v) + O(N*Lexp(—(1 + 2€),/log V).
m umeNg veEN
By [12, Proposition 3.1], the number of lattice points in By, at the distance < (1 + 2¢) from the boundary
of By is O((1 + 2e)N*~1). Moreover, for each (x,y) € [0,1]%, and ((1 + 2€) iy, + (1 + 26)x, v +y) €
By, we have
Z 10 Qm((L+26)um + (L+26)x,v+¥) — 8- Qui(1 4 26)up v)| = (L + €)1+ 26)2 |6, N7 < (1 + 26)N AL
YEIr

Hence. by (4.6) and (4.1),

k”
umeNK' (1+e)ep”’ m j=1

um=r"mod (1+2¢) (1+e)=r""mod (1+2¢)

1 . ’
_ Z _ E,z;rnﬂ.le[(lJrZE)uerr ) 1, ((1 +26) U + )
Pm(1+26)* z Z "

! "
m umenk’ venk

+ O(N"’L exp(—(l + 2¢)4/logN l)
1

= Z — ezﬂfe.Qm([l-I-ZE)um,l)) ]]-B ((1 + ZE)um,U)
i 2, 2 :

I "
m umenNk  veNk

+ O(NkL exp[—(l + 2¢)4/logN l).
Finally, another application of the mean value theorem allows us to replace the sums by the corresponding
integrals. Indeed, we have

Z Z 2m-am((Lr2umv) 1 ((1 + 2€) Ly, 1)

! rn
umENE  venk’ m

- -U ) Z e2mi8-om((L129xy)] . ((1+ 2€)x,y)dx dy
R+ m

= 27110.0m ((1+26)um.v) )
Z Z J; +(0,1]%" J;H,((] 1] Z (e HBN((l + 26)Upm, L)
me ' m

r I’
um€eNk venk
1

= i6.Qm e ,
= z Z f y f " Z (EZHI om((1+26)u U)I[BN((:I_ + 26Uy, 1/)
Uy +(0,1] v+(0,1] poes

! '
umenNf venk

— ezmifom((+20xy)y . (1 + 2E)x,y)) dx dy

< Z Z jJ(o - Z |€2ni9.Qm((l+ZE:}um,v) _ ezrri&Qm((1+26:}um+[1+26]x,v+y}‘HEN((]_ + 26)11m,1?)dx dy
g m

r "
temEN}g veENK

+ Z Z f |1g,, (1 + 261t v) — L, (1 + 26) (y + X, v + y)|dx dy,
k
ek venr 04

which is again bounded by (1 + 2¢)N¥~L. Therefore,

D BT GE™ =) G+ )/ +26)

m

BIN*®y (™ — (1 +€)/(1+2e)]

<= (1 4+ €)N*Lexp(—(1 + 2¢€),/log N).

In particular, taking £™ = 0,e = —1 and L = 1, we obtain

5 (N) = |BIN* (1 + 0(exp(—(1 + 2¢),/TogN))). (4.10)
This completes the proof.
Lemma 3 (see [27]). For each « > 0 there is € = 0 such that for all N € N, and {™ € T satisfying
em (1+e€),

Y1426

where 1 <1+2e <L, (1+€) €A peand 1 = L < exp((1+ 2¢),/logN)(log N)~%, we have

<N W forally €T, (411)
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D (™) = 6((1+ /(1 + 2By Y (€™ = (1+€)/(1+26))] < (1 +€)(logN) ™.
m
Proof. Given a > 0, let 8’ = df8,, where S, is the value determined in Theorem 2 .

Suppose that (4.11) holds for some (logN)ﬁJ <1+2e=<Land (1+¢€)€EA;,,. Foreachy €T, by

Dirichlet's principle there are coprime integers (1 +¢)), and (1+ 2€); such that 1 = (1+¢€)), =

(1 + 2¢), = N1 (log N)~#'/4, and satisfying

e (1+E);,|_
(1+26)] ~ (1+2e),

Assume that for some y € T, (log N)A'/4 < (1 + 26), < NWI[~1(log N)=#'/4, Then, by Theorem 2, we

have

NI (log N)B'/a,

|(1110)N(f!m)| < (1+¢€)(logN)™™.

If for all y €T, 1< (1+2¢), < (logN)B/4, then we set (1+2¢)” =lem((1+ 2¢)}:y €T) and
(1+e)y =(1+e)(1+26)"/(1+2¢), getting 1 < (1+ 2¢)" < (logN)ﬁ" and (1 +€)" € Ao
with
em_ AHO | o (¥

Y20 Y (20"
Since (1 + €)' /(1 + 2¢)" = (1 +€)/(1+ 2¢),

- <|(1+E) _(:1+E)y|
1+ 25)!*(1 +26) " |(L+2e)" 1+2e|

B}
< N‘“’L(l + (1ogN)a),

S!
< N W L(logN)T.

em  (LFE)y

(1+e)y
¥ T 1+ 2e)

1+ 2¢

(logN)~ BI-1 +[&m—

which is possible only for finite number of N 's.
Finally, in the case when 1 < 1 + 2¢ < (log N)# ', by Proposition 4.1, we obtain

() (E™) = 6 (15) @ (67 —72-) + 0(og M) ),

1+ 2e

which concludes the proof.
Lemma 4 (see [27]). Forall 0 < € < o, N;, N, € N,N; < N,, and any f;,, € £27€(Z%),

No—1
Z Z |Mn+1fm - Mnfml = Cl+eN1_k(‘-93(Nz) - ﬁB(Nl))Z I fm ”31“'
n=N; m ] pl+e m

Proof. Let us denote by m,, the convolution kernel corresponding to (M,, ),,. Consider (x, y) € NK' x Pk,

If (x,y) € By, then

- ) . K

My, (x,y) —m x"'l:( B )HIO "
Z n+l( y) n( }) ﬁB(Nl) 'BB(NZ) F_ gy}
n=N; i

If (x,¥) € By, \ By, then by setting
ne = min{n € N:x € B,},

we have
Ny—1 Ny—1 k"

1 1 1
VY) — , = ——— + — 1 7.
Z 1 (6 ) = mn (2,2 55 (o) Z 55(n) Oa(nt 1) H 8]
n=N; n=ng j=1
k”
oo w1
=l——— ogy;.
6501 B3N,/ 1 18
Therefore.
Ny—1
N | = Grory 5os) v 0a(N2) -~ 0 (NY)
& l‘"(ﬁatwl)ﬁmz)) R0 + i 3 )~ 30,
= '3

and hence. by Young's inequality.
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No—1 Np—1
Z Z |Mn+1}ﬁn - Mnfml = Z |m-n+1 - ?”nl Z l fm Il pee
n=N;y m pl+e n=Ny gm

— Up(N;) — ﬁB(Nl)Z T

T o) "

which finishes the proof since 95 (N;) ~ NF.

4.2. Truncated discrete singular operators. We investigate the asymptotic of Fourier multipliers
corresponding to the truncated discrete singular operators Hy with a kernel K, satistyving (1.2) and
(1.3) (see [27]).

For by, be the Fourier multiplier corresponding to Hy, that is for a finitely supported function f,: Z¢ — C,

Hme = j:_l(be;n)J

where
k”
WE™ =) ) Y e emnitog (1,1 + g, 1+ 0| | [ logly|
nez¥ (1+e)erpy’ m =1

We also define

WE = p J]- 2 eszm.am(x}y)Km(xJy)dx dy.

By T
In view of a multi-dimensional version of van der Corput's lemma (see [22, Proposition 2.1]), for < N' =

2N,
Z ‘PN({"‘)—Z (M| = minz {1,|N“‘€m|m‘li}.
‘Z PNE™) = ) W™ S min ) {LINAT),

D WEM =Y Wy Em| < min ) {|NA5"=|W|NAEm|;}. (4.12)

We start with a proposition analogous to Proposition 4.1.
Proposition 4.2 (see [27]). For each ' > 0 there € = 0 such that for all N < N’ < 2N, and ™ € T¢
satisfying
m _ ¥y N for
|{y ey < N~ WYL, for a{l Yy ET,
where 1 < 1+ 2e < (logN)? ,(1+€) EA,, ., and 1 = L < exp((1 + 2¢),/log N), we have
D b ™ = ba(E™ = G+ /(1 + 2)(Fwr(E™ — (1 + €)/(1 + 26)) = @™ = (L + /(1 + 26))|
" = (1 + &Lexp(—(1 + 26),/logN).
Proof. For a prime number 1+ ¢€,(1 +€) | (1 + 2¢) if and only if ((1 + €)mod(1 + 2¢),1 + 2¢) = 1.
Therefore, by (1.1), (1.2), and the prime number theorem, for any s € {1, ..., k"'},

Moreover, by (1.3),

Hence,

k”
Z Z Z Z 271 O (n, 1+G}K (”mrl + E) :H'B ,\BN(”?W 1+ E) Hlogpj
umeNK’ r”ENifrze (1+e)epk” i

(ri'1+2¢)>1 (1+e)=r""mod (1+2¢)

s Nt Z log(1+ €) = N~tlog(1 + 2¢).
(1+€)|(1+2€)
To simplify the notations. for (x,y) € R¥ \ {0}, we set
En(x,y) = e?M0mENK, (x,y),
where 8 = &M — (1 + ¢€)/(1 + 2¢). For any (w,,, 1 +€) € N*' x P*" such that Uy, = 1r'mod(1 + 2e),
and (1 + €) = r"mod(1 + 2¢), we have
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rm, v y (1+E)y Y ey v v
&y U P =TT2c @YY +0,upyp’ (modl),
thus

k”

Z Z Z el mumi+al g (y 1+ €) ﬂBNf/BN(“m’ 1+6) HIOgP

ument’ (1+e)epr’ m i=1

_ Z Z Z e2mi((1+e)/1+2e)gm(r' ") Z Z Z E (U, l+e)£5 By (Um, 1 +¢€) (ﬁlogp})

umeNt (14e)ept’ M Umen®’ (te)ers” =t
Um=r' mod (1+2€) (1+e)=r'""mod (1+2¢)

+0(N 'loglog N).
Fix u,, € N¥,p € PX"~1and 1}" € A,,,.. Then
{v EN: (u.m: v,p) € Byr \ By} = (VQ +1,..., %),
forsome 1 <V, <V, < N’ < 2N. Let V, = max{N/2,V,} and V; = max{N%/2,V, }. We have

Y Fatmpe®logpi = > ) ol pyB)logpy + ONEH),
PPy \Pyy m P1EPG \Py, m
pi=r{ mod (1+2¢) pi=r mod (1+2€)
By the partial summation
D Ealimpup)logp= ) Z ity V1, D)1 (1) log v,
PIEPVI\P% m V0<v1 )
p1= ”1 mod (1+2€) V= 1'1 mod (1+2€)

—Z (V1 + 26,1 )P (i, Vi, D) — 8 (Vo; 1 + 26,17 )F oot Voo ) — J Z B(t; 1+ 2e,17") rF,,:(um,t,ﬁ)dt.

Analo Erously we have

Z Z E, (U, vy, P) = Z Vi (t, V1, 0) — Z VoF(n, Vo, B) — J‘ Z @ —F, (U, t, P)de + O(N—k+2/2),

Vp<y=V; m

Hence. bv (4.9) and (1.2), we obtain

Z Fou(Um, p1, P) logp, — Z m Z Fo (U, 01, P)

P1EPy, \Pr, m Vo<vp=Vy
py=r]’ mod (1+2¢)

< N~k+1/2 L [9(V1+ 2 Z N7k
(v &ri’) = (1+2e)

N~%+

(Vo3 1+ 26,17") — Zsom(1+2€)

3
g, |N~k-1+lvl 4 y—k-1 J |19t1+2 i _—‘
Z' vl Z ( en’) = T 20

yer

< N *"exp(—(1+ 2¢)y/logN) + LN ** J’ . texp(—(1+ 2¢)y/logt) dt.
NZ

Therefore,

" Fulitm, v ) logp,
PEPy \Py, m
py=ry' mod (1+2¢€)
T 2
= _ Fo (U, v, ) + O(N 1L exp(— (1 + 26),/log N
L i3 v 9) 0 (~(1+ 26)/Tog )

Vo<vy =V
By similar reasonings applied to the sums over ps, ..., P, one can show that
k”

Z Z Z F,(u,, 1+ €)lg ,\BN(um, 1+¢) l_[logp}

umenk’ (1+e)epr’’
n=r' mod (1+2¢€) (1+e)=r'"mod (1+2¢)
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1 . , i .
= Z m Z , Z } F,((1+2e)u,, +1r',v) ﬂsN;\BN((.l +26)u, +1',v)
m umeNk  (14e)ePK
+ 0(Lexp(—(1 + 2¢€),/logN)).
Since for each (x,y) € [0,1]% and ((1 + 2€)u,, + (1 + 26)x,v + y) € By \ By, we have

Z 0 Q,((1+28)u, + (1 +2e)x,v+y) —Z g Qn((1+26)u,,v)

5(1+2@2§|6JNW“1§(1+ZQN‘%.
yerl’

and

|K,, (1 +20)u,, + (1 +26)x, v+ y) — K, (1 + 26)u,,, v)| = (1 + 26)NF1,
thus by the mean value theorem. we obtain

|En (1 + 26) Uy, + (1 + 26)x, 0+ ¥) — Fp (1 + 26) Uy, v)| = (1 + 26)N 1L
Moreover, in view of [12, Proposition 3.1], the number of lattice points in By, of distance < (1 + 2¢) from
the boundary of By is O((1 + 2e)N*~1), Therefore,

k!l
> D D Fulum 1+ sy um 1+ | [ [1ogn,
upenk (1+e)epk’’ m j=1

n=r' mod (1+2€) (1+€)=r'"mod (1+2¢)

1
) z m Z Z Fu((1 + 26)tm, ) ][BNa\BN((l + 26)uy, + 17, 1)
m

i..:mEl\If,“J vepk'’
+ 0(Lexp(—(1 + 2¢€),/logN))
1
= Z m Z Z Fro((1 4+ 26)up, v) ﬂBN,\BN((l + 26)um, v) + O(L exp(f(l + 2¢e),/logN I)
m m

e e

Lastly, we can replace the sums by the corresponding integrals because
YD D A+ 20U sy 200 Um) = [ D Fnl(1 4 260538, (1 + 200Dy |

Upekl’ vent” m B

= Z Z J' . Z 1E(CL + 26)Upm,v) —Z En((L+ 260U + (1 + 260,04 )15 5y (1 + 26) U, v)aix dy
A 53 =

UpeNE venk'

+ Z Z jm L]kz [Enl(L + 260U + (1 + 26)2,0 + 1) (Layay (L + 26)Unm, v) = Ty gy (1 + 260U + (1 + 26)x,v +3) ) ax ay,

Wy enk vent”

which is bounded by (1 + 2¢)N L.
Analogously to Lemma 3, we can prove the following statement.

Lemma 5 [27]. For each @ > 0 there is € = 0 such that for all N < N’ < 2N, and ™ € T satisfying
em (1+ E)},
Y142

where 1l <14+ 2e<L,(1+€)EA o, and1 <L < exp((1+ 2¢)y/logN)(log N)™%,
Z by (&™) =ba(E™) = G((1+ €)/(1+2e) Wy (§™ = (L +€)/(1+26) = ¥y (§™ = (L +&)/(L + 26))| = (1 + €)(logN) ™™

<N WL forally eT,

Lemma 6 (see [27]). For all 0 < € < o, N;, N, € N,N; < N,, and any f;, € £1+¢(z9),
Np—1

DD Hussfon — Hufol

n=N; m

< CoreNT*(95(N,) — 05(ND) Dl f o
£1+E m
Proof. Let h;, denote the convolution kernel corresponding to H,. Observe that for (x,y) € Z k% (ﬂP’)k”,
if (x,y) € By, \ By, then

Ny—-1 k'
D (o) = haCe )| = Kol | | Togly .
n=N; j=1
otherwise the sum equals zero. Thus, by (1.2), we obtain
Np—1
D s =Bl 5 NT*(90) = 35 (),
n=N; o1
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hence. by Young's inequality,

No—1 Np—1
Y Husfu—Hafull =Y s —hal| D e
n=N, m pl+e n=N, prm

< N7 (95 (N2) = 05(N)) D 1l fn lesse,

which completes the proof.
5. Variational Estimates
Following [27] we present the estimates for £2*¢(Z%) norm of the (2 + €)-variational seminorm for the
averaging operators (My: N € N) and the truncated discrete singular operators (Hy: N € N). In order to
give a unified approach, we set (Yy:N € N) to be any of them. By (py:N € N) we denote the
corresponding discrete Fourier multipliers and by (Yy: N € N) its continuous counterparts. We start by
listing properties that are sufficient to obtain (2 + ¢€)-variational estimates. Let p € (0,1) and set N,, =
2],
Property 1. In view of [11] (see also [9]) for each 0 < € < oo there is €y, > 0 such that forall 0 < € <
o and any function f,,, € L**¢(R%) n L2(RY),
2+e€
< Coem D Il fn v

HZ V2+E(T_1(YN:Ffm):N € N)

[1+e m
and
1/2
2
(Z z Vo(F 2 (YyFfn): N € [27,271)) ) < CHEZ I i llase.
n=0 m Li+e m
Property 2. By (4.3) and (4.12), for each n € N,
D o = Yl < miny. {Iten o e 1), (5.1

m m
where A is the matrix defined in (2.8).

Property 3. By Lemma 4 and Lemma 6 we deduce that for each 0 < € < oo and any f,, € £17€(Z9),

Np+1—-1
Z Z |YN+1fm Ymel = Cl+e,pnp_lz ” fm ”é‘“EJ (52)
N=Np m FLtE m

because by (4.10),
N (83 (N ) — 5 (Np)) = 26HDPH0P g 4 g Lr20m”® o,
In particular,
I¥npss = Yol rse yrve < (1 + €). (5.3)
Property 4. By Theorem 2 and partial summation for each & > 0, there is §, > 0 so that for any § > f3,,

and n € N, if there is y, € I, such that
1+¢ 1

|€Yo o = 2’

1+2el (1+2¢)
for some coprime numbers (1 + €) and (1 + 2¢€) suchthat1 < 1 + e < 1+ 2¢,and (logN,)f < 1 + 2e <
N,!Y"I(log N,)~£, then

Z [Ny, (E™) — 0y, (§™)] = (1 + €)(log N,) ™

Property 5. By Proposition 4 1 and Proposition 4.2, for each ' > 0 there is € = 0 such that foralln € N,
and &™ € T, satisfying

(1+e),
¥ T2
where 1 <1+ 2e = (logNn)B', (1+e)eA,,and1 =L = exp((l + 2¢),/log N,, ), we have

1+e 1+e 1+ :
Uy, (E™) — iy, (€ )_F(1+25)(YNR+1 (.;'m—l_i_ze)—‘i}un(-fm 1+2E))+O(Le‘4p( (1+ 26),/logn, ))- (5.4)
Property 6. By Lemma 3 and Lemma 5, for each & > 0,all n € N, and {™ € T4, satisfying

< N7, forally €T,

DOI: 10.35629/0743-12044783 www.questjournals.org 70 | Page



Application on Variational Estimates for Discrete Operators Modeled ..

(1+e€)y
& 1+ 2¢
where 1 <1+2e<L,(1+€) €Ay, and1 < L < exp((1 + 2¢),/logN,,)(log N,,)~%, we have

rm rmy — 1+e ._m_l‘l‘f _ m_1+E o
6 =0, (6 = 6 (752 (YN,,H e R e 26)) +0((ogh,)). (55)

Before we embark on proving variational estimates. we show the following auxiliary result.
Proposition 5.1 [27]. For each 0 < € < oo there is € = 0, such that
For every jy, j» € N, j; < j, such that

. n<n <
Wy <28 =m <y,

< N7, forally €T,

n+1
<2 = nj2+l"

we estimate

Z Z |- ( wy = Yo, 1)ffm) _:Z Vo(F LYy Ff): N € [27,27+1))7,

j=j1+1 m m
Hence, for some increasing sequence of integers ((mo) ] E N) we have

Z Z ‘f ( My m‘)ffm)‘ = Z Z 2( (T fn):N € [211'2]'71))2

j=1 m j=1 m

+Z Z |’Jj_l ((Yz(’"ﬂh - thm‘ﬂjﬂ)'ffm)
m

The conclusion now follows by [5] and Property 1.
We prove the following theorem.
Theorem 4. For each 0 < € < oo there is € = 0 such that for any finitely supported function f,: Z¢ — C

€
Z V2+E(YN}Cm:N S N) Z Il fm [l pr+e.
m m

We split a variational seminorm into two parts long variations V-, ., and short variations V3, ., where
L . - .
Vire(Wufm: N € N) = Vo o(Vy, frnin € No),

2

2+
=(1+e¢)

_el+€

and
L
2+€ e
2 V2+E(Yme Ne N) = (Z Z V2+E(Yan1, N e [NnJNn+1}) ) ’
n=0 m
respectively. LThen
Z VaseUfoni N € N) = Z Vhve(Vafy: N € N) + Ve (Vi fy: N € ), (5.6)

We first estlmate £1*€_norm of long vauatlons (see [27]).
5.1. Long variations. Let § € N which value will be determined later. Take p € (0,1) and 0 < y <

f—omin{l,l + 2¢e} where (1 + 2¢€) is the constant from Lemma 3. For each n € N, we define the multiplier

zhem) = Z Z M(E™—(1+¢€)/(1+ 2¢)),

1+€ B
Trze¥me

where the sefs U jare given by (2.9) and

NGOEDICE )

m

We write

Z If2+€(Yanm:n € F\\]) = Z Vaye (Z F1 ((HN; — qu_l)fm) ne N)
m pLte m j=1 pite
= Z V,.. (Z F-i ((nN,- — [)er) Eff”m) ine I\\I) (5.7)
m j=1 pLte
. -1 _ _=ByE .
+ Z Vare (Z F ((I)Nj IJN}._J) (l g }fm) ‘n € N)
m j=1 pite
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We now separately estimate each term on the right-hand side of (5.7). We notice that in view of (5.3) and

(2.10), we have
DRI CREERICEEINTS I W T W A I
e (5.8)

< log(n + 1) Z I fm ||31+e.

In fact, for € = 1, we can gain some decay in n. Given a > 0, we select 3, to be determined by Property
4.
Let f > df,. Take any &™ € T% By Dirichlet's principle, for each y €T, there are coprime integers
(1+¢€), and (1 + 2¢),, suchthat 1 < (1 +¢€), < (1+ 2¢), < N (ogN,) /4, and
m (1+ E)}, 1
Y1+ 2e),| T (1+2e),
Suppose that 1 < (1 + 2¢), < (log N,,)#/4, forall y € T. We set (1 + 2¢)’ = lem((1 + 2€),:y € T) and
(1+e€), =1 +e€),(1+2¢6)/(1+ 2€),.Observe that for all y € I, we have
(1+e), (1+e)y - 1

m_ - )| e |l =N ¥l loe N )F/d <= — N vl 2X\{103N:1'

Y (1+20), & T zey| =M (oglw) 324"
provided that

N, M(log N, )/,

32d(log N, )F/d < 2xV108Nn,
which excludes only a finite number of n's depending on f and p. In particular. n,(&™ —
(1+€)/(1+26))=1. Since 1= (1+2¢) < (logN,)F,(1+¢€) € A(142cy, We conclude that
E,.:(§™) =1. Hence. the condition Eﬁﬂ(f’“) <1 implies that (logN,)#/? < (1+ 2¢), <

NYl(log N,))~8/4 for some y € T'. Now. by Property 4, we obtain

Dpsy €™ — 9w, (E™)] = (log Ny 7%,
which entails that

Z Ft (( MNpey — I]er)(l n+1 fm)

m

Z (log N~ Il fon llg2- (5.9)

Interpolation between (5.8) and (5.9), shows that f01 eat.h 0 <e<ooand a > 0thereis fyieq > 0 such
that for all # > ;.. and n € N, we have

Z F ((nNnﬂ - nNn)(l - E£+1)f;1)

m
Taking B > B, p-1, We get

l’;“z ("ril ((‘hvj - Thvj_,) (1- Ef}fm) n € N)

< C,(log Nn)_“z I fon llpuse.
m

_gl+€

ZZ |77 (O =) (1 = 22,0
(Z )Z fnllsee. (5.10)

n=1
We now turn to bounding the first term on the right-hand side of (5.7). Foreachn € Nand s € {0, ...,n —

1} let us define the multiplier

SEEM = ) m(E - (1 + /(1 +26),

pLHE
pLE

1+e R'B
P P l+2£
where R, = U (s+1)8] \ U,’ls oy By the triangle inequality we can write
n -
V. — T’gf neN
2+€ Uv; =W, ) =jsim )
m :1 s=0
e (5.11)
o
- ﬁ S
EZ UN;_UN; 1) ~j’sf;n):s<n
s=0 m j= s+1 pL+E

Thus, the aim is to show that foreach f € N,0 < € < 00,5 € N,,,
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n
Z Vore Z F1 ((an - nN}_l) Efsf;n):s <n = (s+ 1)‘22 I fon lprve.
m j=s+1 m

€1+E
We split the variational seminorm into two parts: s << n < 2% and 2% < n, where

ks = 20d(|p (s + 1)P/*° + 1).
Webegin with e = 1and s < n < 2%,
Theorem 5 (see [27]). For eat.h [ € N there is € = 0 such that for all s € Ny, 0 < € < oo and any finitely
supported function f,,,: Z% — C, we have

Vase (Z 2 ( YN; — ON; )Efsﬁn):s <n< Z(Km]S)

m  j=s+1

< (1+e)(s+ 1)*“’“22 I £ llpe,

32 m

where & is determined in Theorem 3.

Proof. First, let us see that for each mg > s, supports of functions 7, (- —(1 + €)/(1 + 2¢)) are disjoint

while (1 + €)/(1 + 2¢) varies over Rf . Indeed. otherwise there would be (1 +€)/(1+ 2¢€),(1+ €)'/

(1+2¢) € J[f, (1+6)/(1+2€) # (1 +€)/(1+2¢) and &™ € TY, such that 1, (™ — (1+¢€)/

(1+2€)) > 0and 1, , (§™ — (1 +€)'/(1 + €)") > 0. Hence,

o2t 1)Ph 1 |1+e (L+e) | | m  LtE
*(1+25)(1+25)’*|1+25 (1+25)’|* 1+ 2¢

which is impossible.

Next, we consider the following multiplier

Ans(E™) = z Z (11: 21) (Y”“ (fm B 11++ 266) ~ Yo (‘fm B 11++ ZEE)) I ('fm B 11++ 265)'

1+6 13 m

i}
2*mmﬂzxmi

(1+ E)y
(1+2e)

+ &7 —

1+26
Let us see that AJﬁ is sufficiently close to (1)N — Dy, 1) .Foreach (1+¢)/(1+ 2¢) € R we have

1+2< exp( JIOUN,I) thus by (5.5), on the support of 17, (—(1 + €) /(1 + 2€)) we can write

(v, €™ — nNn_l(a’“)) = G((1+e)/(A+2e)(Yy, (™ — (A +e)/(L+26)) =Yy _ (™ —(1+6)/(1+26))
+O((logNn)_'°_1_'85).

Therefore,

<(1+ E)n._l_ﬁapz I fim lle2,

£2 m

+( i n—i—ﬁap)z I fn Np2. (5,12)

n=s+1 m

> (((om ~ w2 2) )

m

and hence,
n

z V.o Z ?—1(Aﬁ5ﬁn):s<n52f<s

m j=s5+1

IVasell <

‘?2
Therefore, our task is reduced to showing boundedness of the first term on the right-hand side of (5.12).
Observe that for n > 5,1, = 1,1, thus we can write

Aisjilzzeﬁ

where
BB ({m) Z z Y, ({m 1+E) Y (fm 1+E) (fm l+€)
= I _ 7 _ i
s Nn 1+ 2¢ Nn_1 1+ 2¢ In 1+ 2¢
1+€ RB m
1+2€
and
s 1+e 1+e€
E my = Z G (—) ( m ) m
TII(g ) l+2€ T}S { l+2 fm({ )
1+€ 8
T+2e-hs
Now, in view of Lemma 1,
n
Z Vote Z :F_l(@fsﬁn):s < n < 2(Em)s
m j=s5+1

£2
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(Km)s 2ks—1_q

sﬁ; Z

1
2\ 2

2 2,7 (ohstin)

j=0 muef’+5+1 m

where If = {j2¢,j2" + 1, ...,

(j+1)2f - 1}. Let us consider a fixed i € {0, ..., &,

(5.13)

}. To bound the norm of

the square function on the right-hand side of (5.13), we first study its continuous counterpart, that is

2%l

22 2T

Jj=0 moel +5+1 M

If 1, (™) < 1 then
*|V| 2 X [log Nm,

|€;’n| 32d T”-O
thus by Property 2,

, forsomey €T,

2, 1/2

( YN,“ YNmo_l) Mmyg fm)

X ||10§Nm0

Z [¥igg (E™) = Yy, (E™)] = Z A e T < 2T

Therefore,

2ks1-1

2 27

Jj=0 mgel +s+1 m

< S

mg=s m

X IOSng

Z 2

my= m

Now., by Proposition 5.1, we have

2ks—1_q
=0 m.OEI ts+1 M

thus, in view of (2.10), we conclude that

( YNm Yng—l) (nmo - 1):Ff;n)

12

Yiy-1) O = DFfon |

12

I fm Il 2.

5. 1/2

Vi) o) < Wl

m
12

o 1/2
2Ks—l_g
B
> Z > Fi(6k, ) <10g(s+2) ) Iyl
j=0 M€l +s+1 M m

Therefore, by (5.13), we arrive at the

MO

m

Finally, by Plancherel's theorem

2
| By 2=
1+e B m
1+2e %
and hence. by Theorem 3,

1(8f5f;1): s<n< 2(!\’m)s)

£2

sk log(s + Z)Z Il By gz
m

£2

(5.14)

Z 1G((1+€)/(1+2e))? Ld Ns(§™ = (1 +€)/(1+ 26))| fnE™)I* dg™,

Il B llpzs (s + 1)_35"2 Il fn g2,

m
which together with (5.14) and (5.12) concludes the proof.
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Theorem 6 (see [27]). Foreach f € Nand 0 < € < oo thereis € = 0, such that forall s € Ny, 0 < € < oo,
and any finitely supported function f,,: Z¢ — €, we have

n
V2+EZ ( Z F1 (( an—lle_JEfs]‘:n):s{nS 2"5)

m j=s+1

< (1+€)(s + 1) log(s +2) Z I £y llpuee.

31+E
Proof. For the proof, let us consider the following multiplier

I (™) = Z (YN“ (-fm _1lre ) — Yy (5”1 _L1re )) ne(E™ — (1 + €)/(1 + 26)).

1+ 2e 1+ 2¢
l+EeRﬁ m

1+2e 5

. . ~3x |logN, . . R .
Fix s < ny < np < min{2"+,2n,}. Let J,, = N, 2 ™ We claim the following holds true.

Claim 2. Foreach § € Nand 0 < € < oo thereis € = 0, such that foralln, = n < n, = 2n,,

s (((nmn ~ . )Zhs — (mg),, 1A, f:n) <A+ M fllgwe, (5.15)

m pl+e m
The constant (1 + €) is independent of ny and n,.
Let us first observe that. by (5.3), we can write

1 5 (O ) (00 L) ) e
m
= Z ||:]:'71 ((I]Nn o T]er—l Egvsﬁn)lfvre + Z ”:F71 ( (nlo)jnlng,sf;n)l
m m

= el D ()]
thus, by (2.10), " N

Z Ft (((‘]Nn - ]]Nn_l)Eﬁ,s - (H]U)jnlnﬁ.s) f:n)

1(_;1+E

< log(n+ 1)2 I fin llgrse, (5.16)
m

m 16_11+E
We can improve the estimate for e = 1. Namely, we are going to show that foreacha > 0,andn; = n =
n, < 2n4,

Z F (((I]Nn - ']Nn_l)Eﬁ,s - (HIO)}M Hs.s) f;n)
m

Given a > 0, let (1 + 2¢) be the minimal value among those determined in Lemma 3 and Lemma 5 . Then
for each == ¢ Rf,
1+2¢
(10, () = 1, (™)) (5™ = 1+ €71+ 2¢)
—my,, (6™ (Y, (™ — 1+ €/1+ 26) — Yy, (6™ — 1+ €/1+26) ) (5™ — 1+ €/1+ 2¢)
=G(1l+¢/1+26) (‘an(jfm —14€/142) Yy (Em—1+€/1+ 25)) (1
—@, " -14€/1+2)m (" -1+ €/1+2€)
+(mg), (E™) (Y‘,\,n(f’“ —14e/1+20) Y, (E"—1+¢/1+ 2e)) M(Em—1+€/1+2€)
—1,(" -1+ €/1+2€)
+0((log )™ )ns(§™ — 1+ €/1 + 2e).
(™ —1+€/1+2¢) —n, (™ —1+¢€/1+2¢) #0, then

somey €T,
thus, by Property 2,

< nor Z I fn g2 (5.17)
£2 m

_ (+e)y
1+2€

- 1 —
= — N, |}’|2;vc,f'logf\.rnJ for

&

1
l+eyld
Z Yy (E™—1+€/1+26)— Yy (™M —1+€/1+2¢)| = z N2 (gm — )‘
" ne 1+ 26/,
m m
_Xy/logNn
< a .
Moreover, it 7, (™ — 1+ €/1 + 2¢€) > 0 then
(1+e), 1 —l¥l,—X [logNn,
Z em - < NV xlog Ny = M2 , forally €T,
- 1+ 2e l6d

hence, by (4.2), we obtain
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Z ‘1f®jn1(gm,1+e/1+7_e)|5z frlel(fm* 1+E)| _ Z_XM-

1+ 2¢
m m

Therefore,
(M0y ® = My, G™)) 10 (™ — 1+ €/1 4+ 26)
— (mg)y, (&™) (Y‘Nn(f’" —1+e/m+2e) -1y (m-1+€/1+ 25)) ns(Em =1+ €/1+2¢)
+0((log N,)) ™ )Ins(EMm — 1+ €/1 + 2¢). (5.18)
Since the functions n;(—1 + €/1 + 2¢) have disjoint supports provided that (1 +¢) € Ajpcand 1 = 1 +

2e = e(””p'{m, by (5.18) and Plancherel's theorem we conclude (5.17). Now, by interpolation between
(5.17) and (5.16) we arrive at (5.15).
With a help of Claim 2, we obtain

n
Voye Z Z F1 (((ﬂ”; — I]Nj_l)Efs — (1110)]nll'lfs) f;n) My EnEn,

j=ny m

nz
= Z Z ||"F_:L (((TIN", o ']Nn_l)Ef;,s - (Hlo)jnlnfs)f;n)
n=n; m
~(Z n-Z)Z ol ree.
n m

=1

_gl-I-E

gl-l-E

Hence,
n

Z Vare Z Ft ((VIN; - T}Nj,l) Efsfm) M =EN=Mn

m j=ny

€ lfn et Y.
m

m

el+€

(5.19)

n

Vore Z FL ((mO)Jnl l'[fsfm) my <n <2y
j=n pl+e

with an implied constant independent of n;. We next claim that the following holds true.

Claim 3. For each § € N and 0 < € < oo there is € = 0, such that for all s € N,. we have

’

n

Z Vaore Z T‘l(l'lfsf;n);[) < n < 2Em)s

m j=0

< (1 + e)K, log(s + Z)Z Il fn Nprve.  (5.20)
m

£1+E
Let us see that ( 5.20 ) suffices to finish the proof of the theorem. Indeed. (5.19) together with (5.20) imply
that
n
e =B £ . :
Z Vore Z F-1 ((T?N}- — an_l) ij,sfm) My SN =N, < K log(s + Z)Z | frn llprse.
m Jj=ni piee m
Therefore, by (2.2) and Minkowski's inequality
n
V. Ft —1 =f f )i =n<=n
2+€ Ny =Ny ) Sysm )i = =1
m j=ny pl+e
24€ 1/2+€
liﬁ n )
< KkZ2*€ Z Voye z Fl ((nNJ1 - TfNj—l) Efsfm) 12M0 < o< 2Motl
log, s=mo=kg || m J=ny pl+e
n
P -1 — T?B 3 .
= s<nln<1‘r?§{<2n1 Z Voye Z F ((T}Nj r;Nj_l) _.j’sfm).nl =SN=n,
n,=2ks m j=ny Flee

= kZlog(s + Z)Z I fon e
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It remains to prove Claim 3. By Lemma 1, we can write

Z Vaoie (Z}Lojj_l(ﬂfsf;l): 0=<n< Z(Km)s)

m

< \/_E(Km)s

£1+E

1/2
> (2 B R (A N T | )

m gL+E

where I} = {j2%,j2" + 1,...,(j + 1)2° — 1}. Letus fix i € {0,1, ... k;}. In view of Proposition 5.1,

(5.21)

’

_ 5. 1/2
2Ks—1_q
-1 3
DN DIESICRYS) I I A
Jj=0 m  |maert m
] L1+E
where the implied constant is independent of i. Hence. by (2.10), we obtain
1/2
ZKS 1 -1 z

Z 2|2 (s~ 1)) :elogcsu)Z T

m  |mgert
I Fl+€

which together with (5.21) implies (5.20).
We now turn to studying the part of the variational seminorm where 2m)s < n, For s € N, we set

(Qm)s = (le(s+1)9»"1"l) !

Theorem 7 (see [27]). For each § € N there is € > 0, such that for all 0 < € < 00,5 € N, and any finitely
supported function f;,: Z% — C, we have

n
Z Vaye Z F ((‘JN, _I?Nf—x)sfsf;n):Z“s < n)

m j=2ksy1

<(1+E)

82

Ss+1) ‘““’Z I o Il

where & 1s determined in Theorem 3 .
Proof. Let us define

0f — Z Z((lJre) . (”n1_1+6)_y (_Vm'_l‘FE) (Sm_lJre)
ns ATz &7 T3 2e) T e 8 T 120 ) 1+ 2¢)

where

0s(E™) = n((QLE™).
Our first goal is to show that the multipliers ﬂﬁ,s approximate (n Ny, — D Nn_l)aﬁ,s well.
Claim 4. For each f € N there is € = 0, such that for all s € Ny, and n > 2Em)s,

O (O = 1w )20~ 985) fn) g(1+f)-z—@z I fon llen. (522)

m 2 m
Since n > 2%s, for each (1 +€)/(1 + 2¢) € ’Rf we have 1 + 2e = log N,,. Therefore. by (5.4), we obtain
(0™ =vie  E™nE" = L+ €714 20— (L + €71+ 20) (v "= 1+ €714 200 =¥, " - L+ E/1+20)) 0.6 - 1 +€/1 + 26)
= el+en+2e(vcm-1+61+26 -7, ¢"-1+61+26)(nem-1+61+26-0,6m-1+6/1+26)
+0 (exp (tlogz-1+ ZE)\.@)).
Next, if g ({™ — 1+ €/1+ 2€) — 0, (E™ — 1+ €/1 + 2€) # 0, then

|'fy Exy) > 2 — N, "12x/1gMn - for some y €T,
1+2¢ | = 32d
and thus, by (5.1), we have
1
1+ey| @ _xyloghy,
D G =14/l 26) — Yy, G — 1+ e/1+20)| 5 ) [N (em - n zf) s2od

m m
Hence,

(0 E™ = E™)nE™ = L+ €71+ 260 = 6(L + €71+ 20) (V6™ - 1 + €71+ 26) — Y, 6" - 1 + €71+ 29)) 0™ - 1+ €/1 4 26)
+0 [g—xﬁﬁfﬁ) .
Since the functions 1ns(- —(1 + €)/(1 + 2¢)) have disjoint supports while 1 + €/1 + 2€ varies over ‘Rf ,
by Plancherel's theorem we obtain (5.22).
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Now, by applying Claim 4,

n
- =8 £
Z Vare Z F ((I)Nj - IJN},I):-j_sfm) 128 <
m j=2ks+1 2
= _xy/loghp
< (s+ 1)*6@2 Z 27 2d |l fon Nl
m n=2Ks+1
thus
Z V2+€ ( Z Ft ((UN}- - 'UN_;‘—L) Ejﬂsf:n) . ZcKm)s < Tl)
m j=2ks41 e
= (s+ 1)*‘”"2 I fon Mgt Z V( Z FA(Of f,): 20ms < n)
m m j=2ks 41 2
Our next task is to show that there is € = 0 such that
n
Z V,.. Z FHQf fo):2®ms < || < (1+e)(s+ 1)*6&92 I fn N2 (5.23)
m j=2K5+1 m

eZ
For the proof, let us define

1x,y) = V2+e( Z Z 6(1 4 €/1 + 2e)etmitlFe/+2ex Z F1 ((YNJ. Yy )efuC+1+E/1+ 25))) (y): 20m)s < n),

14e/142eerf ™ =41
and

JCoy) = Z Z G(11:;)e—zm(%)"‘f‘l(@sﬁn(~+ 11:266)) ).

1+€ B m
Tize-bs

By Plancherel's theorem, for any u,, € N?@m)s and1+¢€/1+2e€ Rf , We have

Z F-1 ((Ynj - Yn,f—l) O0sfn("+1+6€/1+ 26)) (x +w,y)

m

- z F-1 ((Ynj - YHH) O0fmn(*+14+€/1+ 25)) (x)

m

()

= | = emzmemem) (v, ® - Y,lj,1<-ffn)) 05(E™) fn(E™ + 1+ €/1+ 26€)

L2(dg™)
_ Z N7 ] - [losC-+ 1+ €/1+ 26) f .
m

because in view of (5.1), for each &™ € T,

D ™ - Yy, G

—-1/dyym d-1/d _ ,,—1/d
S DN s N
m

Therefore,
1100 x + ) | 11(6,) | |-—-Z| | i N Z ( l+€)a
I (x,x um) |{’2(x) | (x,x) I{’Z(x) ~ Up ‘ j Os 1+ 2¢ f;n .2
m j=2Emls41 1+e ER'B
1+2e 5

(d+1)(s+1)P/10

Since the set Rf has at most e elements. and

p p £ log2
(d + 1)(s + 1)10 + (s + 1)T0e S+ _%wm)s < —(s+ 1),
we obtain

I 10, x) 2= Z 110k x + ) g2y + 2—(S+1)PZ I fn llg2e
m m

Hence.
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V2+5( Zn: Z F(0f )2 < n)

j=2%s+1 m

Z O Do NG0x4 W) B b 2756 N L1 (524)

UmENG ), m
Let us observe that the functions x + [ (x,y) and x v J(x,y) are (Qn)sZ%-periodic. Therefore, by
repeated change of variables, we get

Z Z 01 x + Uny) Wy = Z Z Z 10—ty )% = Z Z Z ity 5)? = Z Z 1 1t ) W e
UmENgm)s UmEN@s

m xezd upenfy oM xe2 upenty oM o ™

By [12, Proposition 4.1] (see also [15, Proposition 3.2]), Property 1 entails that for each u,, € Nf’om)s, we

have
= v,,. Z Z ( v, — Y, )](um,S)):Z("m)S«-{n

j=2%5+1 m

GZ I J Qs X)) Nl g2 -
Z 2 1m0 W= z D MIGox + ) gy

UmEN(Gm)s UmEN{g s ™
Since by Theorem 3 and disjointness of supports of p,(+ —1 + €/1 + 2¢) while 1 + €/1 + 2¢ varies over

II I(um, x) ”{:2@,_.)

£2(x)

2+
=(1+e)

Observe that

Rf , We get

e+l = [ D0 D o(frae) O g, (en 15

1+E 4B M
A

l+2€
ey
G+1) Wl
m

Z NG+ ) By (o ) (s+1) zwz @) I fo 122,

umEN(Qm)s m
which together with (5.24) implies (5.23) and the proof of theorem is completed.
Theorem 8 (see [27]). Foreach f € N and 0 < ¢ < oo there is € = 0, such that for all s € N, 0 < € < oo,

and any finitely supported function f;,: Z% — C,

n
Vz+e( Z Z :F*l((I]N}_—nN)_l)EJfSﬁ:n);z(Km)s < n)

j=2kst1 m

2

) |fon(E™)|*dE™

we obtain

<1+ 62 Clog(s + z)z I fon live.

fl+E
Proof. First, we are going to refine Claim 4.
Claim 5. For each f € Nand 0 < € < o there is ¢;4, > 0 such that for all s € Ny, and n > 2%s,

Z F1 (((an — Dy, )Ehs — hs) fln) < (1+¢)- 27 %< [Tog N, Z I fon llpive.  (5.25)
m

m
We notice the following trivial bound

1{gB ¢ d+1)(s+1)i0
D ()| = eI o ases (ogNa) Dl fn llesse
m

m fL+E m

thus, by (5.3) and (2.10), we also have

Z F (((Umu - IJNH__L)EﬁS _ nﬁs)f;)

m

4}1+E

_1 ((I)Nn - I)Nn 1)Egsfm T, sfm
gite pLte

Z og, }Z Ve (5.26)

Now, interpolation between (5.26) and (5.22) leads to (5.25}.
Next, using Claim 5, we obtain
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n
Z Vate Z F ((’?NJ- —Nn,, )Eﬁ QB fm) 2% < n)
m j—z(xmjs+1 ive
Z || ( rr'Nj 7”N;—1)E£,s us)fm)
n=2ks+1 m pLHE
= ( Z Z ZXCHEV'logNn) Il fir llpr+e.
n=2¥s+1 m
Hence,
V. - :'B fh . Z(Km)s <N
2+4€ nNI an ZisIm |: n
J st m gl.-l-E
mo =24 pl+e

and the proof'is 1'educed to showing the following claim.
Claim 6. Foreach f e Nand 0 < € < oo thereis € = O such that forall 0 < € < o0, and s € Ny,

Vaie Z Z ) 2% < n

m  j=2Kmls4q

<(1+E)

log(s + Z)Z Il fn llgr+e.

{;14—6

Forany 1+ €/1+ 2e € ‘Hf,x € Z¥ andmy € I\\];(‘Qm)s, we have
(Y, C 1+ €/1426) — Yy, (-~ 1+ €/1+26))05( 1+ €/1+ 26)f, ) (Qum)s + o)

(Y, — Yy JosfinC 1+ €/1+26) ) (@) + mg)e2iCte/ 1520y,

Therefore,

1l+e
n

Vore Z Z F1 (Qfgf;n) 2 < n)

j=2ks+1 m

£1+E

1+e
z Z ( Z 7 (Y = Yo, ) 065 (510 ) (@)t +1mg): 2% < n) :
moENK (@m)s j=2ks+1 RI+E(x)
where
E, (6™ my) = Z Z G(L+€/1+26)f (™ + 1 + /1 + 26)e-2niCi+e/1+2eymg,

1+e/142ecrf ™M

By [12, Proposition 4.2] (see also [15, Proposition 3.2]), we can write

Z Z I Vose Z af-l(((rﬂj—rﬂj_l)esw-;mg)) ((Q)sx +mg): 2% < n) 1%

mo€Nfy, j=2ks+1
1+e

Z Z G(1+e/1+26)F (os(- 1+ €/1+ 26)fm)

1+e/1+2¢eRf M ite
Therefore, the problem is reduced to showing

- ((1 + E)E(Z + E))l+E

Z Z G(L+€e/1+26)F o,(- =1+ €/1 + 26)fyy)

l+E[1+25&Rf m

For the proof, let N = le(”l)p’{mJ + 1and ] = 2. We write

< (1+6)log(s + 2)2 I fon lise.  (5.27)

pLie

G(l+E,ﬁl+2ﬂJ’"(g‘( -1 +EL+260f ) 1pe <

:F‘*{{(mn:.‘—a(l +e/1+26)e -1 +e1+ Ze)ﬁ“)
l4eit2eesf ™ "

14e1+2eeaf

1o

I #4 ((ma)y st _1+Ef1+2EJﬁ-nJI
m |14/ 1+ 2eesf

o
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In view of (2.10), we have

Z Z FH((mo)yes (- =1 + €/1+26)fn)

1+e/1+2eeRE ™M

F oo —1+€/1+26)fn)

1+Ejl+25€Rf

< log(s + 2)2 | fon Hpte.
m

3

m

plte (5.28)

pite

Next, we have the following trivial bound
F1(((mo); = 6(1 + €/1+26))0s(- =1 + €/1+ 26)f) llpsse < e<d+1)fs+11”“°z Il fon llprte
1+e/142cerf m m (5.29)

< (1ogj_)d+1z I i llpuie.

We want to improve the above estimate for e = 1. We have

2
P (A
1+2e- p
Z [ Z (mg)y — G (11:;E)|2 % (E 11:25) RGO (5.30)

1+ZE

Since each ﬁacnou 1+ ¢/1 4+ 2¢ belonging to Rf has its denominator (1 + 2¢) = ps+DPIM < logJ, by

(me™ -6l +e1+20))ecm -1+ e/1+26)= 6(l+e/i+29) (o™ -1+ €/1+26)—1)o. (™ -1+ €/1+ 2¢) G531
+0(exp(—(1 + 2€)/10g))).
Proposition 4.1,
Ifps(8™ — 1+ €/1+ 2¢) > 0 then

1+

em (1+e€)y

1+2€

3dlyl < J72 forally €T,

1+e
m — J-1
(f ZE)LO <)
Hence, (5.31) takes the following form

((mo)J(fm)—G(1+E))95(5m ) = 0(esp(—(1 + 26)To8)).

1+ 2e
Therefore, by (5.30), we get

< (@m)s+1

thus. by (4.2), we get
| ;™ —1+€e/1+26)— 1] =

Z Z (mo), G(l+e/1+26))o.( —1+€/1+ 2E)fm)
1+E,‘1+2€€R m

Now, interpolating (5.29) with (5.32), we obtain

< e_(1+2e).,"@z I i Ny (5.32)

2

Y D FH(, 6+ e/t 20)0¢ 1+ e/1420f)| =D W lloe

1+E/1+2€ER’8 m plve

which together with (5.28) implies (5.27), and the proof of the theorem is completed.
Theorem 9 (see [27]). For each 0 < € < o and p € (0,1), there is € = 0 such that for all 0 < € < o and

any finitely supported function f,,: Z¢ — C,
) 2+e€
= (1 + E) Z || fm ||gl+e,

(Yanm: ne NO)
€1+E m

where N,, = [2”pJ.
Proof. In view of (5.7),(5.10) and (5.11), we have
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n
Z Vaore Z F1 ((UNJ- - ?i'Nj_l)f;n) meN

m j=1

el+€
oo n
< cwﬁz I £ ||€1+E+Z Z V,,. Z j—"*l((rmj ~ ., Efsfm):s <n ,
m s=0 m j=s+1

_{;l+€
provided f > B, 5,-1. Next. we split the index set

2 Vare (E}l:sj:_l ((UN‘,- - TJNJ-_I) Efsf;n) 15 < ?1)
m
= Z [Vase (Sfosia 7 ((fm}- ~y,,) EESJ‘";;) 15 <n = 2%)
m
- =B £
0 o (S (1w ) )2 <)
m
By interpolation between Theorem 5 and Theorem 6, and between Theorem 7 and Theorem 8, for
sufficiently larger we get

el+€

_{:1+E

el+E

n

Z V2+E Z :F_l (( r]Nj - rle_1) Efsf;n):s <n= Z(Km]s = Cl+£(s + 1)_22 " f;n ”é‘“’e'

m j=s5+1 plte m
and

C 2+
- €
Z Vate Z Ft ((nN}- 7”1\’;_1) Efsfm) :2Ems < = CH—ET(S + 1)_2 Z Il fin lprve,
m j=2Kms+1 m

€1+E
and the theorem follows.

5.2. Short variations.

Theorem 10 (see [27]). Foreach 0 < ¢ < oo there are p € (0,1) and € = 0 such that for all 0 < ¢ < oo and
any finitely supported function f,,: Z¢ — C, we have

e 1/2+€
DD Vo (= Y, fn N € [N, M) <A+ N llore
m  \n=0 pLl+e m

Proof. Let u,, = min{2,1 + €}. By monotonicity and Minkowski's inequality. we get

1

= Nps1—1 Mm\
2+e
2+e -
(Z Z V2+E(Yme:N € anJN?Hl)) ) = Z Z Z IYN+1fm - YNﬁn‘
n=0 m 11€ n=0 N=N, m
£ pL+e
1
Np+1—1 Ym N\ Up
(DD D Wassf =Vl :
n=0 N=N, m p1HE
which together with (5.2) gives
1 1
2e)C um
Z Z V2+e(nym:N € [NnJNn+l)) = Z n—um(l—p) Z ” fm "1?1‘*6'
n=0 m plte nz1 m
which is bounded whenever 0 < p < u:—_l
m
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