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Abstract: This paper investigates the stability of new quadratic functional equations in the context of modular 

and 𝐹-spaces. By considering the behaviour of solutions under perturbations, we establish conditions for the 
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I. Introduction 
Ulam [15] presented the following stability problem in 1940, given metric groupG(⋅, ρ), number ε >

0 and mapping f ∶ G → G that fulfils the condition ρ(f(x ⋅ y), f(x) ⋅ f(y)) < ε for all x, y inG , do we have an 

automorphism a of Gand constantk > 0, relying exclusively onG, such that ρ(a(x), f(x)) ≤ kεfor all xinG? We 

refer to the automorphism equation a(x ⋅ y) =  a(x) ⋅ a(y)as stable if the response is in the affirmative.  

Ulam's dilemma received a positive partial solution from Hyers [5] a year later. Rassias proved a 

generalized version of Hyers result in 1978 in [13]. Since then, a number of authors have thoroughly examined 

the stability issues of several functional equations ([3–4], [6], [8], [12], [14], [16–18], [20–22]). 

In fact, we also direct readers to the following papers: [1] for new developments on the conditional 

stability of the homomorphism equation and books; [2] for developments in Ulam's type stability; and ([7], [10]) 

for a comprehensive knowledge of stability theory. 

The theory of modular linear spaces and its supporting theory were developed in 1950 by Nakano [11], 

and they were later improved upon by Koshi, Shimogaki [9], and Yamamuro [19]. 

In 2016, Xiuzhong Yang [22] proved the stability of a quadratic functional equation in F-space. 

We recall some notions of F-space, β-normed spaces and modular space, for detailed understanding of the 

properties of the above spaces, the readers are required to read the book [14]. 

 

Definition 1.1. Let X be a linear space over 𝕂 that denotes either complex or real numbers. A non-negative 

valued function ∥⋅∥ defined on X is called F-norm (or briefly a norm) if it satisfies the following conditions: 

(N1) ∥ x ∥= 0 if and only if x = 0. 

(N2) ∥ ax ∥=∥ x ∥ for all a ∈ 𝕂, |a| = 1. 

(N3) ∥ x + y ∥≤∥ x ∥ +∥ y ∥. 

(N4) ‖anx‖ → 0 provided an → 0. 

(N5) ‖axn‖ → 0 provided xn → 0. 

(N6) ‖anxn‖ → 0 provided an → 0, xn → 0. 

A linear space equipped with F-norm is called F∗-space which will be denoted by (X, ∥⋅∥) or X. A complete F∗-

space is called F-space. 

 

Definition 1.2. Let X be a linear space over 𝕂 that denotes either complex or real numbers and 0 < β ≤ 1. A 

non-negative real valued function ∥⋅∥ defined on X is called β-norm if it satisfies the following conditions: 

(N1) ∥ x ∥= 0 if and only if x = 0. 

(N2) ∥ ax ∥= |a|β ∥ x ∥ for all a ∈ 𝕂. 

(N3) ∥ x + y ∥≤∥ x ∥ +∥ y ∥. 

A linear space equipped with β-norm is called β-normed space, which will be denoted by  

(X, ∥⋅∥) or briefly X. 
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Remark 1.3. It is clear that β-normed space is a special F∗ space, and when β = 1, β-normed space become 

normed space. Comparing with the normed space, F∗-space does not possess good metric properties, and the study 

of the stability of functional equations becomes more difficult. 

 

Definition 1.4. Let V be a vector space over 𝕂 ( C or R). A generalized functional ρ : V → [0, ∞) is called a 

modular if for arbitrary u, v ∈ V, ρ satisfies the following properties: 

(a) ρ(u) = 0 if and only if u = 0 

(b) ρ(βu) = ρ(u) for every scalar β with |β| = 1 

(c) ρ(βu + γv) ≤ ρ(u) + ρ(v), whenever β, γ ≥ 0 and β + γ = 1 

If we replace (c) by (c’) ρ(βu + γv) ≤ βρ(u) + γρ(v), whenever β, γ ≥ 0 and β + γ = 1, then, the modular ρ 

is called convex. A modular ρ defines a corresponding modular space, i.e., the vector space Vρ given by: Vρ =
{u ∈ V; ρ(cu) → 0 as c → 0}. 

 

Definition 1.5. If Vρ is a modular space and the sequence {Vn} in Vρ, then 

(i) vn → v if ρ(vn − v) → 0 as n → ∞ 

(ii) {vn} is known as ρ-Cauchy if ρ(vm − vn) → 0 as m, n → ∞ 

(iii) A subset A ⊆ Vρ is known as ρ-complete if and only if every ρ - Cauchy sequence 

is ρ convergent in A. 

There are many forms of the quadratic functional equation among them of great interest to us is the following: 

 f(x + y − 2z) + f(x − 2y + z) = f(2y − 2z) + f(x − z) + f(x − y)                                       (1) 

 

Result 1.6. Let F be a linear space and a mapping ϕ: E → F satisfies the functional equation (1), then the 

following results are hold: 

(1) 𝜙(𝑞𝑡𝑠) = 𝑞2𝑡𝜙(𝑠) foll all 𝑠 ∈ 𝐸, 𝑞 ∈ 𝑄, 𝑡 ∈ 𝑍 

(2) 𝜙(𝑠) = 𝑠𝜙(1) foll all 𝑠 ∈ 𝐸 if 𝜙 is continuous. 

The purpose of this paper is to study the stability of equations in 𝐹-space and Modular space. Section 2 is devoted 

to the study of stability of (1) in 𝐹-space and section 3 for stability of functional equation in modular space, in 

more general setting such that the target spaces are 𝐹-spaces or complete 𝛽-normed spaces and modular space. 

Throughout section 2, let 𝑋 be a real 𝛽-normed space and 𝑌 be complete 𝐹-spaces or 𝛽 normed space. Also 

ℝ, 𝕂, and ℕ stand for the set of all real numbers, real numbers, or complex numbers and natural numbers, 

respectively.  

 

II. Hyers-Ulam-Rassias Stability of (1) in 𝑭-Space 
From now on, let 𝑋 be a real vector space and let 𝑌 be 𝐹-space in which there exists 1/3 ≤ 𝑐 < 1 such that  

∥ 𝑦/3 ∥≤ 𝑐 ∥ 𝑦 ∥ for all 𝑥 ∈ 𝑌, unless we give any specific reference. 

We will investigate the Hyers-Ulam-Rassias stability problem for functional equation (1). Thus, we find the 

condition that there exists a true quadratic function near an approximately quadratic function. 

 

Theorem 2.1. Let 𝑋 be a real vector space and 𝑌 be 𝐹-space in which there exists 1/3 ≤ 𝑐 < 1 such that  

∥ 𝑦/3 ∥≤ 𝑐 ∥ 𝑦 ∥ for all 𝑥 ∈ 𝑌, and let 𝜑: 𝑋 × 𝑋 → ℝ+ be a function such that 

 ∑∞
𝑖=0 𝑐2𝑖𝜑(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧)                                                                          (2) 

converges and  

 𝑙𝑖𝑚
𝑛→∞

𝑐2𝑛𝜑(3𝑛𝑥, 3𝑛𝑦, 3𝑛𝑧) = 0,                                                                              (3) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. Suppose that 𝑓 satisfies  

‖𝑓(𝑥 + 𝑦 − 2𝑧) + 𝑓(𝑥 − 2𝑦 + 𝑧) − 𝑓(2𝑦 − 2𝑧) − 𝑓(𝑥 − 𝑧) − 𝑓(𝑥 − 𝑦)‖ ≤ 𝜑(𝑥, 𝑦, 𝑧),                    (4) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. Then, there exists unique quadratic function 𝑔: 𝑋 → 𝑌 which satisfies (4) and the inequality 

 ∥ 𝑓(𝑧) − 𝑔(𝑧) ∥≤ 𝑐2 ∑∞
𝑖=0 𝑐2𝑖𝜑(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧),                                                   (5) 

for all 𝑧 ∈ 𝑋. Function 𝑔 is given by  

 𝑔(𝑧) = 𝑙𝑖𝑚
𝑛→∞

3−2𝑛𝑓(3𝑛𝑧),                                                                           (6) 

for all 𝑧 ∈ 𝑋. 

 

Proof. Replacing (𝑥, 𝑦, 𝑧) by (𝑧, 2𝑧, 3𝑧) in (4), we have    

 ∥ 𝑓(3𝑧) − 9𝑓(𝑧) ∥≤ 𝜑(𝑧, 2𝑧, 3𝑧).                                                                  (7) 

It follows that  

 ‖𝑓(𝑧) − 9−1𝑓(3𝑧)‖ ≤ 𝑐2𝜑(𝑧, 2𝑧, 3𝑧),                                                              (8) 

for all 𝑧 ∈ 𝑋. Replacing 𝑧 by 3𝑧 in (8) and by the assumption on norm, we get  
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          ‖9−1𝑓(3𝑧) − 9−2𝑓(32𝑧)‖ ≤ 𝑐2 ⋅ 𝑐2𝜑(3𝑧, 2.3𝑧, 3.3𝑧).                                      (9) 

Hence,  

          ‖𝑓(𝑧) − 9−2𝑓(32𝑥)‖ ≤ 𝑐2[𝜑(𝑧, 2𝑧, 3𝑧) + 𝑐2𝜑(3. 𝑧, 3.2𝑧, 3.3𝑧)]                          (10) 

for all 𝑧 ∈ 𝑋. Using the induction on positive integer 𝑛, we obtain that  

 ‖𝑓(𝑧) − 9−𝑛𝑓(3𝑛𝑧)‖ ≤ 𝑐2 ∑𝑛−1
𝑖=0 𝑐2𝑖𝜑(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧),                                            (11) 

for all 𝑧 ∈ 𝑋 . In order to prove convergence of sequence {9−𝑛𝑓(3𝑛𝑥)}, replace 𝑥  by 3𝑚𝑥  to find that, for 

𝑛, 𝑚 > 0, 

‖9−(𝑛+𝑚)𝑓(3𝑛+𝑚𝑧) − 9−𝑚𝑓(3𝑚𝑧)‖ = ‖9−𝑚[9−𝑛𝑓(3𝑛+𝑚𝑥) − 𝑓(3𝑚𝑥)]‖ 

                                                 ≤ 𝑐2𝑐2 ∑𝑛
𝑖=0 𝑐2(𝑚+𝑖)𝜑(3𝑚+𝑖𝑧, 3𝑚+𝑖2𝑧, 3𝑚+𝑖3𝑧) 

                                                 = 𝑐2𝑐2 ∑𝑛
𝑖=𝑚 𝑐2𝑖𝜑(3𝑚+𝑖𝑧, 3𝑚+𝑖2𝑧, 3𝑚+𝑖3𝑧).       (12) 

Since the right hand side of the inequality tends to 0 as 𝑚 tends to infinity, sequence {9−𝑛𝑓(3𝑛𝑥)} is a Cauchy 

sequence. 

Therefore, we may define 𝑔(𝑧) = 𝑙𝑖𝑚𝑛→∞3−2𝑛𝑓(3𝑛𝑧) for all 𝑧 ∈ 𝑋. By letting 𝑛 → ∞ in (11), we arrive at 

formula (5). To show that 𝑇 satisfies (1), replace 𝑥, 𝑦, 𝑧 by 3𝑛𝑥, 3𝑛𝑦, 3𝑛𝑧, respectively; then, it follows tha 

∥ 9−𝑛[𝑓(3𝑛(𝑥 + 𝑦 − 2𝑧)) + 𝑓(3𝑛(𝑥 − 2𝑦 + 𝑧) − 𝑓(3𝑛(2𝑦 − 2𝑧)) 

                                       −𝑓(3𝑛(𝑥 − 𝑧)) − 𝑓(3𝑛(𝑥 − 𝑦))] ∥ 

                                                                  ≤ 𝑐2𝑛𝜑(3𝑛𝑥, 3𝑛𝑦, 3𝑛𝑧).                                  (13) 

 Taking the limit as 𝑛 → ∞, we find that 𝑔 satisfies (1) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. To prove the uniqueness of quadratic 

function 𝑇 subject to (5), let us assume that there exists quadratic function 𝑆: 𝑋 → 𝑌 which satisfies (1) and 

inequality (5). Obviously, we have 𝑆(3𝑛𝑧) = 9𝑛𝑆(𝑧) and 𝑇(3𝑛𝑧) = 9𝑛𝑇(𝑧) for all 𝑧 ∈ 𝑋 and 𝑛 ∈ 𝑁. Hence, 

it follows from (5) that  

 ∥ 𝑆(𝑧) − 𝑇(𝑧) ∥= ‖9−𝑛[𝑆(3𝑛𝑧) − 𝑇(3𝑛𝑧)]‖ ≤ 𝑐2𝑛‖𝑆(3𝑛𝑧) − 𝑓(3𝑛𝑧)‖ + ‖𝑓(3𝑛𝑧) − 𝑇(3𝑛𝑧)‖ 

                                              ≤ 𝑐2 ∑∞
𝑖=0 𝑐2(𝑛+𝑖)𝜑(3𝑖3𝑛𝑧, 3𝑖3𝑛2𝑧, 3𝑖3𝑛3𝑧),             (14) 

 for all 𝑧 ∈ 𝑋. By letting 𝑛 → ∞ in the preceding inequality, we immediately find the uniqueness of 𝑔. This 

completes the proof of the theorem. 

 

Corollary 2.2. Let 𝑋  be a real vector space and 𝑌  be a complete 𝛽 -normed space (0 < 𝛽 ≤ 1) , and let 

𝜑: 𝑋 × 𝑋 → 𝑅+be a function such that  

 ∑∞
𝑖=0 9−𝛽𝑖𝜑(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧)                                                                       (15) 

converges and  

 𝑙𝑖𝑚
𝑛→∞

9−𝛽𝑛𝜑(3𝑛𝑥, 2𝑛𝑦, 3𝑛𝑧) = 0,                                                                    (16) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. Suppose that 𝑓 satisfies  

∥ 𝑓(𝑥 + 𝑦 − 2𝑧) + 𝑓(𝑥 − 2𝑦 + 𝑧) − 𝑓(2𝑦 − 2𝑧) − 𝑓(𝑥 − 𝑧) − 𝑓(𝑥 − 𝑦) ∥≤ 𝜑(𝑥, 𝑦, 𝑧),                   (17) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. Then, there exists unique quadratic function 𝑔: 𝑋 → 𝑌 which satisfies (1) and inequality  

 ∥ 𝑓(𝑧) − 𝑔(𝑧) ∥≤ 27−𝛽 ∑∞
𝑖=0 9−𝛽𝑖𝜑(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧),                                              (18) 

for all 𝑧 ∈ 𝑋. Function 𝑔 is given by  

 𝑔(𝑧) = 𝑙𝑖𝑚
𝑛→∞

3−2𝑛𝑓(3𝑛𝑧),                                                                           (19) 

for all 𝑧 ∈ 𝑋. 

 

III. Hyers-Ulam Stability of (1) in Modular Space 
In this section, we take 𝑉 to be a real vector space and mapping 𝑊𝜌 to be complete modular space, we present 

Hyers-Ulam Stability of the functional equation (1). Let denote mapping  

𝜙 : 𝑉 → 𝑊𝜌: 
𝐷𝑓(𝑥, 𝑦, 𝑧) = 𝑓(𝑥 + 𝑦 − 2𝑧) + 𝑓(𝑥 − 2𝑦 + 𝑧) − 𝑓(2𝑦 − 2𝑧) − 𝑓(𝑥 − 𝑧) − 𝑓(𝑥 − 𝑦)                     (20) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑉. 

Theorem 3.1. Let 𝜓: 𝑉𝑛 → [0, ∞) be a function such that  

 𝑙𝑖𝑚
𝑚→∞

1

32𝑚 𝜓(3𝑚𝑥, 3𝑚𝑦, 3𝑛𝑧) = 0                                                                   (21) 

and  

 ∑∞
𝑖=0

1

32𝑖 𝜓(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧) < ∞                                                                   (22) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑉. If a mapping 𝜙: 𝑉 → 𝑊𝜌 with 𝜙(0) = 0 and such that 

 𝜌(𝐷𝜙(𝑥, 𝑦, 𝑧) ≤ 𝜓(𝑥, 𝑦, 𝑧).                                                                        (23) 

 for all 𝑥, 𝑦, 𝑧 ∈ 𝑉, then, there exists a unique quadratic mapping 𝑄2: 𝑉 → 𝑊𝜌 satisfying  

𝜌(𝑓(𝑧) − 𝑄2(𝑧)) ≤
1

32
∑∞

𝑖=0
1

32𝑖 𝜓(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧)                                                         (24) 

 for all 𝑧 ∈ 𝑉. 
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Proof:  Replace (𝑥, 𝑦, 𝑧) by (𝑧, 2𝑧, 3𝑧) in (23), we get 

 𝜌(𝑓(3𝑧) − 32𝜙(𝑧)) ≤ 𝜓(𝑧, 2𝑧, 3𝑧) 

 𝜌 (𝑓(𝑧) −
𝜙(3𝑧)

32 ) ≤
1

32 𝜓(𝑧, 2𝑧, 3𝑧) 

and then semi-convexity of 𝜌 and ∑𝑚−1
𝑖=0

1

32(𝑖+1) ≤ 1, we have  

 𝜌 (𝑓(𝑧) −
𝜙(3𝑚𝑧)

32𝑚 ) ≤ 𝜌 (∑𝑚−1
𝑖=0 (

𝑓(3𝑖𝑧)

32𝑖 −
𝑓(3𝑖+1𝑧)

32(𝑖+1) )) 

                    ≤ ∑𝑚−1
𝑖=0 𝜌 (

𝑓(3𝑖𝑧)

32𝑖 −
𝑓(3𝑖+1𝑧)

32(𝑖+1) ) 

                   ≤
1

32
∑𝑚−1

𝑖=0
1

32𝑖 𝜓(𝑧, 2𝑧, 3𝑧)                                                       (25) 

for all 𝑧 in V. So,  

 𝜌 (
𝜙(3𝑚𝑧)

32𝑚 −
𝜙(3𝑡𝑧)

32𝑡 ) =
1

32𝑡 𝜌 (
𝜙(3𝑚−𝑡3𝑡𝑧)

32(𝑚−𝑡) − 𝑓(3𝑡𝑧)) 

                     ≤
1

32
∑𝑚−𝑡−1

𝑖=0
1

32𝑖 𝜓(3𝑖3𝑡𝑧, 3𝑖3𝑡2𝑧, 3𝑖3𝑡3𝑧)   

                     ≤
1

32
∑𝑚−1

𝑖=𝑡
1

32𝑖 𝜓(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧)                                               (26) 

for all 𝑧 in 𝑉 and all non negative integers 𝑚, 𝑡 with 𝑚 > 𝑡. Thus {
𝜙(3𝑚𝑧)

32 𝑚 } is a Cauchy sequence in complete 

modular space 𝑊𝜌, so there exists a 𝑄2: 𝑉 → 𝑊𝜌 as  

 𝑙𝑖𝑚
𝑚→∞

𝜙(3𝑚𝑧)

3𝑚 = 𝑄2(𝑧)                                                                               (27) 

for all 𝑧 in 𝑉. Now 

𝜌 (
32𝑄2(𝑧) − 𝑄2(3𝑧)

92
) = 𝜌 (

1

92
(

𝑓(3𝑚+1𝑧)

32𝑚
− 𝑄2(3𝑧)) +

1

32
(𝑄2(𝑧) −

𝑓(3𝑚+1𝑧)

32(𝑚+1)
)) 

                              ≤
1

92 𝜌 (
𝑓(3𝑚+1𝑧)

32𝑚 − 𝑄2(3𝑧)) +
1

32 𝜌 (𝑄2(𝑧) −
𝑓(2𝑚+1𝑧)

32(𝑚+1) )                (28) 

for all 𝑧 in 𝑉, then by (27), right hand side of (28) tends to 0 as 𝑚 → ∞. Thus  

 𝑄2(3𝑧) = 32𝑄2(𝑧)                                                                                (29) 

Now,  

𝜌(𝑓(𝑧) − 𝑄2(𝑧)) ≤ 𝜌( ∑

𝑚−1

𝑖=0

(
𝑓(3𝑖𝑧)

32𝑖
−

𝑓(3𝑖+1𝑧)

32(𝑖+1)
+

𝑓(3𝑚𝑧)

32𝑚
−

𝑄2(3𝑧)

32
) 

                                ≤
1

32
∑𝑚−1

𝑖=0
1

32𝑖 𝜓(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧) +
1

32 𝜌 (
𝑓(3𝑚−13𝑧)

32(𝑚−1) − 𝑄2(3𝑧))   

                                ≤
1

32
∑∞

𝑖=0
1

32𝑖 𝜓(3𝑖𝑧, 3𝑖2𝑧, 3𝑖𝑧) +
1

32 𝜌 (
𝑓(3𝑚−13𝑣)

32(𝑚−1) − 𝑄2(3𝑧))        (30) 

for all integer 𝑚 > 1 and for all 𝑧 in 𝑉. Applying 𝑚 → ∞, we get the required result. 

Replacing (𝑥, 𝑦, 𝑧) by (3𝑚𝑧, 3𝑚𝑦, 3𝑚𝑧) in (23), we get  

 𝜌(𝐷𝜙(3𝑚𝑥, 3𝑚𝑦, 3𝑚𝑧)) ≤ 𝜓(2𝑚𝑥, 2𝑚𝑦, 3𝑚𝑧). 
for all 𝑥, 𝑦, 𝑧 ∈ 𝑉. 

Therefore  

 𝜌 (
1

32𝑚 𝐷𝜙(3𝑚𝑥, 3𝑚𝑦, 3𝑚𝑧)) ≤
1

32𝑚 𝜓(3𝑚𝑥, 3𝑚𝑦, 3𝑚𝑧).                                         (31) 

Taking the limit 𝑚 → ∞, we get  

 𝐷𝑄2(𝑥, 𝑦, 𝑧) = 0                                                                                (32) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑉. 

To prove the uniqueness of 𝑄2, let 𝑇2: 𝑉 → 𝑊𝜌 be another quadartic mapping satisfying (24).  

     𝜌 (
1

3
𝑄2(𝑧) −

1

3
𝑇2(𝑧)) ≤

1

3
𝜌 (

𝑄2(3𝑚𝑧)

32𝑚 −
𝑓(3𝑚𝑧)

32𝑚 ) +
1

3
𝜌 (

𝑓(3𝑚𝑧)

32𝑚 −
𝑇2(3𝑚𝑧)

32𝑚 ) 

                         ≤
1

32𝑚
∑∞

𝑖=0
1

32𝑖 𝜓(3𝑖3𝑚𝑧, 3𝑖3𝑚2𝑧, 3𝑖3𝑚3𝑧) 

                         = ∑∞
𝑖=𝑚

1

32𝑖 𝜓(3𝑖𝑧, 3𝑖2𝑧, 3𝑖3𝑧) 

By taking 𝑚 → ∞, we have 𝑄2 = 𝑇2 

Therefore, the function 𝑄2 is unique. This completes the proof. 

 

Corollary 3.2. If a mapping 𝜙: 𝑉 → 𝑊𝜌 with 𝜙(0) = 0 and such that  

 𝜌(𝐷𝜙(𝑥, 𝑦, 𝑧) ≤ (||𝑥||𝑝 + ||𝑦||𝑝 + ||𝑧||𝑝).                                                     (33) 

 for all 𝑥, 𝑦, 𝑧 ∈ 𝑉, then, there exists a unique quadratic mapping 𝑄2: 𝑉 → 𝑊𝜌 satisfying  
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 ρ(f(z) − Q2(z)) ≤
∥z∥p

32−3p                                                                           (34) 

 for all z ∈ V. 

 

Corollary 3.3. If a mapping ϕ: V → Wρ with ϕ(0) = 0 and such that  

 ||Dϕ(x, y, z)|| ≤ (||x||p + ||y||p + ||z||p)                                                          (35) 

for all x, y, z ∈ V, then there exists a unique quadratic mapping Q2: V → Wρ satisfying  

 ||Q2(z) − ϕ(z)|| ≤
||z||p

32−2p                                                                          (36) 

for all Z ∈ V.   

 

IV. Conclusion 
In this work we introduced a new quadratic functional equation of three variables and discussed about 

its Hyers-Ulam stability in two different spaces,F-space and Modular space respectively. In future reseachers can 

discuss about the stability of this functional equation in other spaces. 
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