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Abstract: This paper investigates the stability of new quadratic functional equations in the context of modular
and F-spaces. By considering the behaviour of solutions under perturbations, we establish conditions for the
existence and uniqueness of stable solutions. The study extends previous results on stability theory to encompass
the specific framework of quadratic functionals in modular and F-spaces, providing insights into the robustness
of solutions within these mathematical structures.
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I.  Introduction

Ulam [15] presented the following stability problem in 1940, given metric groupG(-, p), number & >
Oand mapping f: G - Gthat fulfils the condition p(f(x - y),f(x) - f(y)) < efor all x,yinG, do we have an
automorphism a of Gand constantk > 0, relying exclusively onG, such that p(a(x), f(x)) < kefor all xinG? We
refer to the automorphism equation a(x -y) = a(x) - a(y)as stable if the response is in the affirmative.

Ulam's dilemma received a positive partial solution from Hyers [5] a year later. Rassias proved a
generalized version of Hyers result in 1978 in [13]. Since then, a number of authors have thoroughly examined
the stability issues of several functional equations ([3—4], [6], [8], [12], [14], [16—18], [20-22]).

In fact, we also direct readers to the following papers: [1] for new developments on the conditional
stability of the homomorphism equation and books; [2] for developments in Ulam's type stability; and ([7], [10])
for a comprehensive knowledge of stability theory.

The theory of modular linear spaces and its supporting theory were developed in 1950 by Nakano [11],
and they were later improved upon by Koshi, Shimogaki [9], and Yamamuro [19].

In 2016, Xiuzhong Yang [22] proved the stability of a quadratic functional equation in F-space.

We recall some notions of F-space, B-normed spaces and modular space, for detailed understanding of the
properties of the above spaces, the readers are required to read the book [14].

Definition 1.1. Let X be a linear space over K that denotes either complex or real numbers. A non-negative
valued function ||-|l defined on X is called F-norm (or briefly a norm) if it satisfies the following conditions:
(Ny) I x lI= 0 if and only if x = 0.

(Ny) lax I=ll x || forall a € K, |a] = 1.

N3) Ix+ylslixll+lyl.

(N,) llapx|| = 0 provided a, — 0.

(Ng) llaxy]| = 0 provided x, — 0.

(Ne) llapxyll = 0 provided a, — 0,x, — 0.

A linear space equipped with F-norm is called F*-space which will be denoted by (X, |I-Il) or X. A complete F*-
space is called F-space.

Definition 1.2. Let X be a linear space over K that denotes either complex or real numbersand 0 < < 1. A
non-negative real valued function ||-|| defined on X is called B-norm if it satisfies the following conditions:
(Ny) I xlI= 0 ifand only if x = 0.

(Ny) llax I=|a|® I x Il forall a € K.

N3) Ix+ylslixll+lyl.

A linear space equipped with -norm is called B-normed space, which will be denoted by

(X, 1IN or briefly X.
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Remark 1.3. It is clear that B-normed space is a special F* space, and when = 1, B-normed space become
normed space. Comparing with the normed space, F*-space does not possess good metric properties, and the study
of the stability of functional equations becomes more difficult.

Definition 1.4. Let V be a vector space over K ( C or R). A generalized functional p : V = [0, ) is called a
modular if for arbitrary u,v € V, p satisfies the following properties:

(a) p(u) =0 ifandonly if u =0

(b) p(Bu) = p(u) for every scalar § with || =1

(¢) p(Bu+yv) < p(u) + p(v), whenever B,y =0 and f+y=1

If we replace (c) by (¢’) p(Bu + yv) < Bp(u) + yp(v), whenever 3,y = 0 and B + y = 1, then, the modular p
is called convex. A modular p defines a corresponding modular space, i.e., the vector space Vp given by: Vp =
{ueV;p(cu) » 0 as c = 0}.

Definition 1.5. If Vp is a modular space and the sequence {V,} in Vp, then

) vp—-vifp(vy—v) 2 0asn-ow

(ii) {vp} is known as p-Cauchy if p(vy, —v,) = 0 as m,n - o

(iii) A subset A € Vp is known as p-complete if and only if every p - Cauchy sequence

is p convergent in A.

There are many forms of the quadratic functional equation among them of great interest to us is the following:
fx+y—2z)+f(x—2y+z) =fQRy—2z) +f(x —z) +f(x —y) (D

Result 1.6. Let F be a linear space and a mapping ¢: E — F satisfies the functional equation (1), then the
following results are hold:

(1) ¢(gts) = q**¢(s) follall sEE,qE Q,t EZ

(2) ¢(s) =s¢p(1) follall s € E if ¢ is continuous.

The purpose of this paper is to study the stability of equations in F-space and Modular space. Section 2 is devoted
to the study of stability of (1) in F-space and section 3 for stability of functional equation in modular space, in
more general setting such that the target spaces are F-spaces or complete f-normed spaces and modular space.
Throughout section 2, let X be a real f-normed space and Y be complete F-spaces or S normed space. Also
R, K, and N stand for the set of all real numbers, real numbers, or complex numbers and natural numbers,
respectively.

II.  Hyers-Ulam-Rassias Stability of (1) in F-Space
From now on, let X be a real vector space and let Y be F-space in which there exists 1/3 < ¢ < 1 such that
ly/31<cllyl forall x €Y, unless we give any specific reference.
We will investigate the Hyers-Ulam-Rassias stability problem for functional equation (1). Thus, we find the
condition that there exists a true quadratic function near an approximately quadratic function.

Theorem 2.1. Let X be a real vector space and Y be F-space in which there exists 1/3 < ¢ < 1 such that
ly/3I<cllyll forall x €Y, andlet g:X X X - R* be a function such that

®o c¥p(3iz,3122,3'32) )

converges and

rlli_mocz"<p(3"x, 3%y,3"z) = 0, 3)
for all x,y,z € X. Suppose that f satisfies
If(x+y—=22)+f(x=2y+2) - fQRy —22) = f(x —2) = f(x =Y S 9 (x,y,2), (4)
for all x,y,z € X. Then, there exists unique quadratic function g: X — Y which satisfies (4) and the inequality

| f(2) — g(2) I< 232, c*p(3iz,3'22,3'32), (5)
for all z € X. Function g is given by

9(z) = im37*"f(3"2), (6)
forall z € X.

Proof. Replacing (x,y,z) by (z,2z,32) in (4), we have

Il f(32) = 9f(2) I< ¢(z,22,32). @)
It follows that

If(2) =97 f B2l < c?9(z,22,32), ®)
for all z € X. Replacing z by 3z in (8) and by the assumption on norm, we get
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1971 f(32) — 972 (3%2)|| < ¢?* - c*¢(3z,2.32,3.32). )
Hence,
If (2) = 972f(3%x)|| < c?[9(z,22,32) + c?¢(3.2,3.22,3.32)] (10)
for all z € X. Using the induction on positive integer n, we obtain that
If(2) =97 f3 "2l < ¢ X5 ¢ (3'2,3'22,3'32), an

for all z € X. In order to prove convergence of sequence {97"f(3"x)}, replace x by 3™x to find that, for
nm>0,
|97 £ (3™ m2) — 9 f (3™ )| = 1197 [9TF (3™ ) — FB™ ]|
< C2C2 Z?:O C2(m+i)(p(3m+iz’ 3m+i2Z, 3m+i3z)
=c2c?2 YN, c?p(3Mmtiz, 3mFi2z,3mF3y), (12)
Since the right hand side of the inequality tends to 0 as m tends to infinity, sequence {97"f(3"x)} is a Cauchy
sequence.
Therefore, we may define g(z) = lim,_,372"f(3"z) for all z € X. By letting n — oo in (11), we arrive at
formula (5). To show that T satisfies (1), replace x,y,z by 3™x, 3™y, 3"z, respectively; then, it follows tha
97 "[f(3™(x +y — 22)) + fF(3™(x — 2y + 2) — f(3"(2y — 22))
—f(3"(x = 2)) = B (x =] I
< c?"p(3"x, 3"y, 3"2). (13)
Taking the limit as n — oo, we find that g satisfies (1) for all x,y,z € X. To prove the uniqueness of quadratic
function T subject to (5), let us assume that there exists quadratic function S: X — Y which satisfies (1) and
inequality (5). Obviously, we have S(3"z) = 9™"S(z) and T(3"z) = 9"T(z) for all z € X and n € N. Hence,
it follows from (5) that
I1S(2) = T(2) I=1197"[S(3"2) —=T@"2)]ll < c**[IS3"2) — fFB"2)|| + |If (3"2) — T(3"2)||
< c2YyR, 2D (313nz,313"27,313"37), (14)
for all z € X. By letting n — oo in the preceding inequality, we immediately find the uniqueness of g. This
completes the proof of the theorem.

Corollary 2.2. Let X be a real vector space and Y be a complete f-normed space (0 < f < 1), and let
@:X X X > R*be a function such that

Y20 97Plp(3iz,322,332) (15)
converges and

iij& 9-Fnp(3mx,2™y,3"z) = 0, (16)
for all x,y,z € X. Suppose that f satisfies
Il fx+y—=22)+f(x=2y+2) - f2y —22) - f(x—2) = f(x = y) IS 9 (x, ¥, 2), (17)
for all x,y,z € X. Then, there exists unique quadratic function g: X — Y which satisfies (1) and inequality

Il f(2) — g(2) 1< 277 F X2, 97Flp(3'z,322,33z2), (18)
for all z € X. Function g is given by

9(2) = im37"f(3"2), (19)
forall z € X.

III.  Hyers-Ulam Stability of (1) in Modular Space
In this section, we take V' to be a real vector space and mapping Wp to be complete modular space, we present
Hyers-Ulam Stability of the functional equation (1). Let denote mapping
¢V ->Wp:
Df(x,y,2) =f(x+y—-22)+ f(x =2y +2) - f2y —22) = f(x —2) = f(x —¥) (20)
forall x,y,z€ V.
Theorem 3.1. Let 1: V™ — [0, 00) be a function such that

lim ——1(3™x,3™y,3"z) = 0 Q1)
m-oo 3
and
20 77 ¥(32,3122,3137) < 0 22)
forall x,y,z € V. If a mapping ¢:V - Wp with ¢(0) = 0 and such that
p(Dd(x,y,2) < Y(x,y,2). (23)
for all x,y,z € V, then, there exists a unique quadratic mapping Q,:V — Wp satisfying
P(f(2) — Q2(2)) < 5520 P (3'2,3122,3'32) (24)
forall z€e V.
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Proof: Replace (x,y,z) by (z,2z,32) in (23), we get
p(f(32) — 3*¢(2)) < (z,22,32)
p(f(2) - E2) < Lp(z,22,32)

m-—1 1
i=0 32(i+1) —

$(3™M2) -1 (f@2) ™z
p (f(Z) T Ta2m ) = p( lnio ( 320 32(i+1) ))
<ymi, (f(s"z> _ f(3”1z>)

32i 32(i+1)

1,[)(2 2z,37) (25)

and then semi-convexity of p and < 1, we have

1
= 3_2 L 0 320
for all z in V. So,

$3™z)  ¢('z) 1 ¢(3Mt3tz)
p (Yo =) = ﬁp(w—f@tz))
LI L p(313t2,313422,313132)

izzm 1 2 (3iz,3122,3132) (26)

321.
m
for all z in V and all non negative integers m,t with m > t. Thus {¢$ mz)} is a Cauchy sequence in complete

IA

I/\

modular space Wp, so there existsa Q,:V — Wp as
tim 272 = 0,(2) 27)

m-—oo

forall z in V. Now

32 —0.(3 1 3m+i 1 3™
p( 02(2)92 Qa z)) _) (& <’% -Q, (3z)) + §<QZ @) - %))

1 F(3Mm*1 1 f2m+1
<2p (T2 - 0:69) + 20 (00 - L22) (28)
for all z in V, then by (27), right hand side of (28) tends to 0 as m — oo. Thus
Q2(32) = 3°Q2(2) (29)

Now,

m-1 3i 3i+1 3m 3
(D) — 0u(2) SP(Z <f(32,-2)—f3(z<i+j)+f(32mZ)—QZ3(22)>
i=0

1 11 ; ; ; 1 f(3m-13
< LI Ly(3'2,3122,332) + 5p (% - Qz(32)>

. . . m—1
< 252, m(3i2,322,312) + 5 p (% E ch3z)> (30)

for all integer m > 1 and for all z in V. Applying m — oo, we get the required result.
Replacing (x,y,z) by (3™z,3™y,3™z) in (23), we get

p(Dp(3™x,3™y,3Mz)) < Y(2™x,2™y,3Mz).
forall x,y,z€V.

Therefore
p (5 DH(3™x,3™y,3™2)) < S (37x,3™y, 372). G1)
Taking the limit m — oo, we get
DQ,(x,y,2) =0 (32)

forall x,y,z€V.
To prove the uniqueness of Q,, let T2 V — Wp be another quadartic mapping satisfying (24).
1 23Mz)  f3M2) f3™Mz) T,(3M2)
p (20 -i1@) <t (gz—mz D) +2p (152 - B0
1

S 3z—m i= o 32;/)(3 '3Mz,313M2z,3'3™32)
= ¥(37,3127,3132)

l m 3ZL
By taking m — oo, we have Q, =T,
Therefore, the function Q, is unique. This completes the proof.

Corollary 3.2. If a mapping ¢:V = Wp with ¢(0) = 0 and such that
p(De(x,y,2) < ([IxIIP + [IyI[P + [1z]]P). (33)
for all x,y,z € V, then, there exists a unique quadratic mapping Q,:V — Wp satisfying
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llzIlP

p(f(2) — Q;(2)) < s (34)

forall z€ V.

Corollary 3.3. If a mapping ¢:V — Wp with ¢$(0) = 0 and such that

[IDGxy, 2| < ([IxII° + 1yl[P + [|2]|”) (35)
for all X,y,z € V, then there exists a unique quadratic mapping Q,:V — Wp satisfying
p
1Q:(2) - d@)|| < (36)

forall Z € V.

IV.  Conclusion
In this work we introduced a new quadratic functional equation of three variables and discussed about

its Hyers-Ulam stability in two different spaces,F-space and Modular space respectively. In future reseachers can
discuss about the stability of this functional equation in other spaces.
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