Quest Journals
Journal of Research in Applied Mathematics
Volume 12 ~ Issue 2 (February 2026) pp: 141-155

ISSN (Online): 2394-0743 ISSN (Print): 2394-0735
www.questjournals.org

Research Paper

Estimates of Jump Inequalities by Real and Variation
Interpolation Spaces
Mutasim Abdalmonim (V) and Shawgy Hussein®

@ Sudan University of Science and Technology, Sudan.
@ Sudan University of Science and Technology, College of Science, Department of Mathematics, Sudan.

Received 15 Feb., 2026; Revised 26 Feb., 2026, Accepted 28 Feb., 2026 © The author(s) 2026.
Published with open access at www.questjournals.org

Abstract
Following the pioneers of [MSZ19] we show that the jump inequalities are the ¢ = 0 endpoint of
Lépingle’s inequality for (2 + €)-variation of martingales. Extending earlier work by [PX88] they interpret
these inequalities in terms of Banach spaces which are real interpolation spaces. This interpretation is used
to prove endpoint jump estimates for vector valued martingales and doubly stochastic operators as well as
to pass by sampling from R*€ to Z*€ for jump estimates for Fourier multipliers.
Keywords: Lépingle's inequality, Lorentz spaces, Rota's dilation. Marcinkiewicz interpolation theorem,
Jump inequality.

1. Introduction

Lépingle's inequality [Lép76] is a refinement of Doob's martingale maximal inequality in which the
supremumn over the time parameter is replaced by the stronger (2 + €)-variation noim, € > 0. Since a
sequence with bounded (2 + ¢)-variation norm is necessarily a Cauchy sequence, Lépingle's inequality is
also a quantitative form of the martingale convergence theorem.
We are interested in the ¢ = 0 endpoint that had been first stated by [PX88] on L? and in a different
formulation by [Bou89, inequality (3.5)] on L**€,0 < € < o0. We begin with Bourgain's formulation.
For B denotes a Banach space and I is a totally ordered set. We consider only finite totally ordered sets I.
This will ensure measurability of all functions that we define. All our estimates do not depend on the
cardinality of [ and the passage to the limiting case of infinite index sets I will be permitted by the monotone
convergence theorem.
For any € > 0 the (1 + €)-jump counting function of a function f,: I — B is defined by

N1+E(fcc) = N1+E(fa(t): te ]D

= sup{/ EN | Htﬂ“'"{tf:lrn»iglulz /() —fa(tj_l)HB =1+¢€p. (1.1)
]
(4

The quantity Ny, .(f,(t):t € I) is monotonically increasing in I and does not change upon replacing f,(t)

%y fo(t) + b for any fixed b € B. ) ] _ _ ) ]
or a measure space (X, B, m) we consider the family of jump quasi-seminorms on functions f: X X I —

B defined by

Lrelazepy = JlEELR2€ (£ x ) T o B): = RN ((f (L ) et X — B) .
i= Sup |(1 + Ny e (fa (5 0): t € DY rcine o
ex—1
for 0 < e < oo, where [1+&1%2€(X) denotes Lorentz spaces, see e.g. [Gral4, Section 1.4]. The quantity
17e1%2¢€ s monotonically decreasing in (1 + 2¢) and in (1 + €). As for Lebesgue spaces L'*€(X) =
LMe1%E(X) we omit the index (1 + 2¢) if € = 0.

The jump quasi-seminorms /3¢ are dominated by norms of (2 + €)-variations (which are recalled in

(2.1)) in view of (2.3). On the other hand. [**€ bounds for (2 + ¢)-variations can be deduced from
estimates for /7S, only when e > 0, using Lemma 2.12 and interpolation. Since in many situations one
does not have (2 + ¢€)-variational control for € = 0, having jump control for € = 1 is then an end-point
refinement.

L1+E
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We now show the main results (see [MSZ19]).

(1) We prove that the quantities ]ij::’”ze are in fact equivalent to Banach space norms which arise by real

interpolation.

(2) We obtain the end-point versions (for e = 1) of Lépingle's inequality, in the vector-valued setting.

(3) We show that the end-point € = 1 results hold for J1{¢ for doubly stochastic operators (hence for
symmetric diffusion semi-groups). while previously these results were known only for € > 1.

(4) We also have an extension of the sampling technique. that allows us to deduce jump inequalities in the
discrete case from the continuous case. for appropriate Fourier multipliers. The original sampling theorem
(in [MSW02]) was limited to L**€(B), while the jump quantities are not equivalent to Banach spaces of
this type.

The results sketched above are applied in companion see [MSZ18a; MSZ18b].

In more detail, one of our main results is the endpoint Lépingle inequality for vector-valued martingales.
Theorem 1.3 (see [MSZ19]). Let 0 < € < oo and let B be a Banach space with martingale cotype 0 < € <
oo, Then for every o-finite measure space (X, B, m), every finite totally ordered set [, and every martingale

fa = ((fa)t)ter: X — B indexed by 1 with values in B we have
1+e

24 (i X X1 = B) S14c24ep Stgyll(fa)tll,}ﬁ(x;g,, (1.4)
where the implicit constant does not depend on the martingale f,.

The notion of cotype for Banach spaces is recalled in Section 3, where a more precise version of Theorem
1.3, namely Theorem 3.3, is stated and proved. Hilbert spaces. and in particular the scalar field B = C, have
martingale cotype 2.

In the above formulation. the scalar case B = C of Theorem 1.3 is due to [Boug89, inequality (3.5)]. In the
vector-valued case Theorem 1.3 is an endpoint of the (2 + €)-variation, € = 0, estimate in [PX88, Theorem
4.2]. The basic argument that deduces the (2 + €)-variation from (1 + €)-jump estimates appears in
[JSWO8, Lemma 2.1]. We record a refined version of that argument in Lemma 2.12.

Prior to [Bou89] an endpoint Lépingle inequality in the case € = 1, B = C, formulated in terms of an
estimate in a real interpolation space. appeared in an article by Pisier and Xu [PX88. Lemma 2.2]. Our
Lemma 2.7 shows that the jump quasiseminorms (1.2) are equivalent to the (quasi-)norms on certain real
interpolation spaces which include those used by Pisier and Xu. In particular this shows that the endpoint
Lépingle inequalities of Bourgain and of Pisier and Xu are equivalent.

While the formulation in terms of the jump quasi-seminorm is convenient for some purposes (e.g. in the
proof of Lemma 2.12), the real interpolation point of view. further explained in Section 2, turns out to be
crucial in the proofs of Theorem 1.5 and Theorem 1.7 below.

By Rota's dilation theorem estimates for martingales can be transferred to doubly stochastic operators. In
the case of jump inequalities an additional complication arises. Namely, the quasi-seminorm (1.2) does not
seem to define a vector-valued Lorentz space. so it appears unclear whether conditional expectation
operators are bounded with respect to it. This obstacle will be overcome by Lemma 2.7 and the

Marcinkiewicz interpolation theorem. This allows us to deduce the following result (see [MSZ191).
Theorem 1.5. Let (X, B, m) be a o-finite measure space and let Q be a doubly stochastic operator on

L*(X) + L (X), that is,

M Xe Qfe liin= Za |l fa g forall £, € LX),

@)1 2o Qfa o= Xa |l fa lluex) forall fo € LF(X),

B)fa=0=Qfa =0,

H) Q1ly = Q"1 = 1.

Let B be a Banach space with martingale cotype 0 = € < oo. Then for every 0 < € < oo and every
measurable function f,: X — B we have

;Ig ((Q*)RQRZ fa) X = B Z1te2+eB Z I fa ”L"*E(X:B)' (1'6)
@ nemM «

Here we identify Q and Q" with the unique contractive extensions of the tensor products @ & idg and Q* &®
idg to L1*€(X; B), respectively.

Theorem 1.5 is new even in the case B = C providing the endpoint to [JRO1. Proposition 3.1(1)]. In the
vector-valued case Theorem 1.5 is an endpoint of [HM17. Theorem 5.2] (with m = 0) and [HM17.
Corollary 6.2]. In [HM17] the non-endpoint result was formulated for Banach spaces that are interpolation
spaces between a Hilbert space and a uniformly convex space. It was recently extended to general Banach
spaces with finite cotype in [Xulg&].

Applying Theorem 1.5 with B = C and € = 1 one can obtain endpoint jump inequalities in a number of
situations. e.g. for averages associated to convex bodies (see [BMSW18]: we give a simplified proof in
[MSZ18a]) or to spheres in the free group (using Bufetov's proof [Buf02: BK12] of the result from [NS94]
and its extensions).

Our last result concerns periodic Fourier multipliers for functions on Z'*€. From [MSWO02, Section 2] we
know how sampling can be used to pass from R*€ to Z1*€ in Bochner space multiplier estimates, see also
Proposition 4.6 (a Bochner space is a vector-valued space L'*¢(B), where B is a Banach space). These
results do not apply to the spaces defined by (1.2) because they are not Bochner spaces. In Proposition 4.7
we extend this sampling technique to real interpolation spaces between Bochner spaces (that are in general
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not Bochner spaces, see [Cwi74] for counterexamples). This leads to the following result on jump spaces
(see [MSZ19]).

Theorem 1.7. Tet 0 < € < oo. Let (1 + 2¢) € Z be a positive integer, I a countable ordered set, and
m:R*€ - ¢! a bounded sequence-valued measurable function supported on ﬁ [-1/2,1/2]**€ X L. Let
T be the sequence-valued Fourier multiplier operator corresponding to m. Define a periodic multiplier by

mlz2€(§): = z m(f— ! ) (1.8)

(e 1+ 2¢

and denote the associated Fourier multiplier operator over Z'*¢ by Tj2€. Then

‘|T&i-;26"€'1+E(z“e)—»jﬂ'ge(z“exl_)c) f5-1+5,1+2511+f|| T ”Ll"'e(]RHE)H]llIge(RHExIIanC)'
Several multipliers to which Theorem 1.7 applies can be found in [JSW08]. Using Theorem 1.7 instead of
[MSWO02, Corollary 2.1] one can obtain the € = 0 jump endpoint of the variational estimates in [MST17].
Details of this argument appear in [MSZ18b].
We follow the convention that x < y(x = y) means that x = Cy(x = Cy) for some absolute constant C >
0. If x = y and x = y hold simultaneously then we will write x =~ y. The dependence of the implicit
constants on some parameters is indicated by a subscript to the symbols =, = and =,
The set of non-negative integers will be denoted by N: = {0,1,2, ... }.
2. Jump Inequalities: Abstract Theory
2.1. (1 + e)-variation. The (1 + €)-variation (quasi-)seminorm of a function f,: I — B is defined by
VRE(f) = V(e D)

1/i+e

J-1
. 1+ -
supsupt, < <t j Z Z Ife(tis1) —fa(tj)ﬁs : , 0=e<w _
) en el \ o (2.1)
suto <ty > Ifult) = fultol, €=,
f]EI -

where the former supremum is taken over all finite increasing sequences in L

The quantity V1*€(f,(t):t € I) is monotonically increasing in I and monotonically decreasing in (1 + €).
Maorenver

Moreover,
1
1+€

vrf@iten <2y (D IAMIET|  frose<m  (22)
a jel
The quantity V1T€(f,) vanishes if and only if the function f,: T — B is constant. For the purpose of using
interpolation theory it is convenient to factor out the constant functions. The space of sequences f,: I — B
with bounded (1 + €)-variation modulo the constant functions is denoted by
Vit ={fu:1 > B | V**¢(f,) < »}/B.

Forevery € = 0 and 0 = € < oo we have

1

(1 + )Ny (Ja(D):t € DIve < VIFE(fp(0):t € D). (2.3)

Indeed. for any increasing sequence t, < -+ < t; in Il with },, ||fa(tj) — fa(tj_l)HB Z1l+eforall 0 <
j = J as in the definition (1.1) of N, .(f,) we have

]

_ 1+€
<> D () ~ gl
a j=1

1/1+€ 1/1+€

J
(1 4 E)Jrl/lJrE — (1 T E):HE
2

< Z Vite(f (t):t €.

(14
2.2. Real interpolation. We recall the definition of Peetre's K method of real interpolation. For the classical
reference see [BL76].
Avpair A, , = (Ay 1, Ay) of quasinormed vector spaces is called compatible if they are both contained in
some ambient topological vector space and the intersection A,_; N A, is dense bothin A,_; and in 4. For
any a € Ay, + A, and t € [0, o0) the K-functional is defined by

Ktaidgp)i=  inf (llaol,,_, +tlall, )
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The function t = K(t,a;A,_,) is non-negative and non-decreasing on [0, o). It is concave if the
quasinorms on 4, ; and A4, are subadditive (that is, actual norms).
Also. for s € (0,00) and ¢ € [0, o) we have

t
K(t,a; Ay, Ay) < max (1, —) K(s,a; Aq_y, Ag)- (2.4)
s

The real interpolation space [Agq_1, Agli—c1+e f0or 0 < € < 1and 0 = € < oo is defined by the quasi-norm
1

' . e 1te
Mars Adds-ease(@:= | D (2709K(2), a5 Ae2)) @5)
jJEL
with the natural modification
[Ao:—h Au]l—e,co(a): = sup (Z_j(l_E)K(ZjJ a; Aa—z)) (2'6)
jez

in the case € = oo, If quasinorms on both spaces Ay 1, A¢ are in fact norms and 0 < € < oo, then (2.5)
defines a norm on [Ay_y, Aqli—e 1 +¢- From monotonicity of £1*€ norms it is easy to see that

[Aa—l:Au]l—£,1+e c [Aa—l:Aa]1—£,1+2E: whenever 0 < € < oo,
Note that

K(t,a; Ag_1,Aq) = tK(r_l: a; Aq—1,Ad),

S0 [Aﬂ—lJAd]l—E,l-l—E = [AHJ'AG(—I]E,1+E'
2.3. Jump inequalities as an interpolation space. The following observation seems to be new and allows
us to use standard real interpolation tools to deal with jump inequalities.
Lemma 2.7 (see [MSZ19]). For every 0 < e < oo, and 0 < ¢ < 1 there exists a constant 0 < C =
Cliei+ze1+e1—e < o such that the following holds. Let (X, B, m) be a measure space. II a finite totally
ordered set, B a Banach space. and f,: X X I — B a measurable function. Then

_ _ _ _ g2
¢t 11::,1+25(fa) < [Lm(X; [GO:B)JL(]. €?),11 E)(1+26)(X; Vlig ]1—E,oo(fa)

< CLye T (fo)- (2.8)
So we consider finite totally ordered sets I. This ensures measurability of all functions that we define and
allows us to use stopping time arguments. All our estimates do not depend on the cardinality of I and
therefore the passage to the limitine case of infinite index sets J will be permitted.

Proof. We begin with the first inequality in (2.8) and normalize
I:LOO(X; VL), (1-€2).a-e)a+2¢) (X; V:SB_EZ))]
By definition of real interpolation spaces this is equivalent to

N —2
K ((1 +e)YI7E for L (X Vip), LO-€)a-a+2e) (X; [/;1(:36 ))) =l+e (29)

m(frr) =1

1-€

forall e > 0.
For a fixed € > 0 we apply (2.9) with (1 + €) replaced by ¢(1 + €) with some small ¢ = ¢(1 + €).
By definition of the K-functional there exists a splitting f, = f2 + f with

VOOZ (fﬂ°(~,t):teﬂ)‘ <1J;
a %)
V(HZJZ (FL(,0):t €T) < (1+ et

L(l—EZ].{1—€](1+26)(X)
Now, any (1 + €)-jump of f,, corresponds to a (1 + €)/2-jump of f;} in the sense that for every x € X and
any increasing sequence to < - < t; in I as in (1.1) we have

DR Ry =) b))~ by Dl - ) IR0 )~ 22l

=1+c¢ —Z Ve(fO(x t):t €l

= (1+ e)/za.

Therefore by (2.3) we get
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N ) (at:t €D <Nuwop ) (FAno)iteD

= (1+¢e) (=9 Z VO (flix,t):t e 1077,

It follows that

A+ ONIE ) Gl et €D

LiTELH2E () )

_ —e2 —€ _

= (1 + E)EZ ”V(1 € )(fal ('! t): te H)||L(1—ez),(1—e)(1+25)(x) = L
a

This proves the first inequality in (2.8).
We now prove the second inequality in (2.8). Normalizing

A+ (falot)it €

sup
€x>—1

L1+€.1+ZE(X)
we have to show (2.9). Fix € > 0 and construct stopping times (measurable functions) tg, t1,...: X = TU
{+oo} starting with o (x): = minl. Given tp(x), let try1(X):=min({t € I | t > tp(x) and ||fz(x, ) —
fa G te G, = 1+ €} U {+00}),
with the convention that +oo is greater than every element of I. For t € I let

k(x,t):= max{k € N | t(x) < t}.
With this stopping time we split f, = f2 + f1, where

R0 = fo (%t () £200D:= £ ) = ful(X, g ().

By construction of the stopping time we have ||f¢ (x, )], < 1+ ¢ forall x € X and t € [, so that

Z Ve(f(,t):tel <2(1+e).
@ L(x)
On the other hand. f (x, t) is constant for t;(x) < t < t;,,(x), so while estimating its variation norm we

can restrict the supremuim in (2.1) to sequences taking values
in the sequence of stopping times (tx (X)) ken. With @p = @o(1 + €, 1+ 2¢,1 + €) > 1 to be chosen later

we split the jumps according to their size and obtain

v(l O)(f2(x,te()): k € N)7)
1-€2)
= sup Z ”fa X, t, (x)) fa (x Ly 1(X))||

ko<<k;

{i

< sup ((ﬂo(l—l—g))(l_fz)

ko<-<k;

A+ <) | (@) - (v, @) =@ +ey

) @ra a

n=o0

FnC-fie N (1 € < Ze [ (500 00) — 2 (1ot , )| = mme)\D

< (ao(1 + )t 32 Nielfalt it €D+ ) 3 (@ 1+ ) Ng 1 (falr st €D
n=0 a

(1+6)(1 ‘ )ZZ 2 N n(l+£](fa(x- t):t €D).

n=0 a
Hence
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VED Y (A t()ik € W)

L(l—ez)‘(l—f)(l+25)(x}

1/((1-€2))
<146 (z > g1+ O r)-ren))
~ 0 (ro a ’ -
nz0 a L(l—ez).(l.—e)(uze)(x)
1/((1—€%))
=(1+ E)s,fs—l Z Z a(;n(e)(lJre](ag(l 4 E)Ncrg(1+e)(fa('1 t:te ]I)].,f1+e)1+e

n=0 «a (*)

L1.1+25;1+E(X)

By the hypothesis the L**2+2¢(X) norm of the highlighted function (*) is at most 1, so the L12+2¢/1+€(x)
norm of'its (1 + €) — th power is also = 1. The series can be sumumed provided that «, is sufficiently large
in terms of the quasimetric constant of the scalar-valued Lorentz space LY1+2¢/1+€(X), Hence the splitting
fo = [2 + fL witnesses the inequality (2.9) for the K-functional.

Corollary 2.11 (see [MSZ19]). For every 0 < € < oo, there exists a constant 0 < C < co such that for
every measure space (X, B, m), finite totally ordered set [, and Banach space B there exists a (subadditive)

p : . . 14+€,1+42 p
seminorm | |-[I| equivalent to the quasi-seminorm on J;, < “(-) in the sense that

CIH‘Z || =7e Y Gexx1-By=c) M fll
a a

a
for all measurable functions f,: X X I — B.

1 1 1 . 1-¢€?
Proof. Let max(m'mfm3 <1 — ¢ < 1. Then the quasinorm H&BE )

is a norm, and the vector-valued

—e2)(1— 1-€2 . . . .
Lorentz space L(l e).(1-e)(1+2¢) (X ; Vl( BE )) admits an equivalent norm (with equivalence constants

5
depending only on (1 — €?) and (1 — €)(1 + 2¢). Hence the interpolation quasinorm in (2.8) is actually a
norm.

2.4. From jump inequalities to (1 + 2¢)-variation. It has been known since [Bou89] that variational
estimates can be deduced from jump inequalities. And this is accomplished for averaging operators by
interpolation with an L” estimate. More in general. [JSWO08, Lemma 2.1] showed that L**¢ jump
inequalities with different values of (1 + ¢) can be interpolated to yield variation norm estimates. Our next
result is that a weak type jump inequality implies a weak type estimate for the variation seminorm for a
fixed (1 +€).

Lemma 2.12 (see [MSZ19]). For every 0 < € < o there exists 0 < Cj4¢ 14 < o0 such that the following
holds. Let (X, B, m) be a g-finite measure space, I a finite fotally ordered set, B a Banach space, and 0 <
€ =< oo. Then for every measurable function

fa: X X 1 — B we have the estimates

1+ 2ey1+z2e - ;.
(=) r g ife <0,
1
1+ 2¢ 1+ 2e\\1#2e "
c (1 +log ) Jiis7(f) ife=+=0and
€
" fa IlL1+E'm(5'ivllj§)<c1+s.1+s 1 (2]_3)
1+ 2e\1+¢ »
(=) ife 20,
1
]' + ZE 1+e 1+e€,00 s
(=) e ife > 0.

The previous result [JSWO08, Lemma 2.1] can be recovered by scalar-valued real interpolation. Moreover,
Lemma 2.12 reduces Lépingle's inequality at the endpoint € = 0 to the jump inequality (3.6).
In the case € = 0 we will use log-convexity of L¥®. More precisely. let (X, B, m) be a measure space. I a

countable set, and gj:X — R measurable functions with Hgf” < aj for every j €1, where

LY (X)
(af) o (0, w0) are positive numbers.
j

Then from [SW69, Lemma 2.3] we know

DN

Jjel «a

EZZ ‘ Z ajf (lcg((qa)flz } ajﬂﬁ)+2). (2.14)
T Jel o JEl

The same argument shows that the spaces L'*5® are (1 — €)-convex for 0 < € < 1.
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Lemma 2.15 (see [MISZ19]). Given a measure space (X, B,m), let 0 < € < 1,1 be a countable set, and let

g5+ X — [0, 0) be measurable functions in L% (X) for every j € I. Then

1-¢
1-€
N DI U . 216)

jel o« L1-€%0(x) jer a
Proof. By scaling it suffices to show that if m({x € X | gf (x) > s}) < s~ forall s > 0 and j € I and
¢; = 0 are numbers such that )’ ¢, le_f < 1, then

m|{x€X| Z Z GgF(x) >s¢ | s1-e s€Y forall s > 0.
JeI «
Without loss of generality we may assume ¢; > 0 forall j € I. Let

w; = (gf —5/2) Yeexigteysie) b = min(gf,s/2), m; = gf —w; — 1.

Then
1
1-¢
s s i s
2,030,953\ 0,47 ) =3
Jel Jel Jel
S\
m U suppu; | < ZZ m ({x € X‘gf(x} > CED = Z (—) = 5(5*132 le—f < gle),
JEl jel « ] Jer Ci e
and
s/cj
f Z ¢jm; (x)dm(x) = Z cjf m({x € X | m;j(x) > y})dy
X Ser jEI s/2
= 1 s\ °s€
s
Y offrra-1y of2) <
ier 0 iel J
so that
m{<x €X| Z Z cigi(x) >s =sED tmlixex| Z cmy(x) > s/2
jer « jer
2
< s(ED +—J Z ¢ym; (x)dm(x)
S Jx el

[

2 :
(1 + —) s,
€
We will deduce Lemma 2.12 from a more general result for sequences that is also useful in the context of

paraproducts [DMT12: KZ18] where variation and jump seminorms are defined differently. For 0 < € <
oo, and a measurable function F: X X N — [0, o0) we write

1
T P (F) = sup [|(L+ )V LEE
>0

1+e

» Mise(0):= [{n | R0rn) 21+ €}l

L1+€'1+26(X:)

Lemma 2.17 (see [MSZ19]). Forevery 0 < € = oo there exists 0 < Cy42¢,142¢ < © such that the following
holds. Let 0 < € < oo. Then for every ¢ — finite measure space (X, B, m) and every measurable function
Fy: X X N — [0, o) we have the estimates

1

1+ 3e\1+2
() e ife <0,
€
1
1+3e 1+3ey\1+2e . o )
(1 + log ) JiazeT(F,) ife=0and
€ €

(2.18)

Il Fa ”LHE'DO{X:é‘1+25]«?c1+€,1+5

Jiae (D) ife =0,

Ji2e=(F) ife > 0.
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Proof of Lemuima 2.12 assuming Lemma 2.17. Since I is finite. for every x the supremum in the definition
(2.1) of (1 + e)-variation is assumed for some increasing sequence (tx‘ f)j' We may assume that this

sequence depends measurably on x. Let F,(%,/):= |Xq fa(% tyje1) — Xa fa(xte;)l, and continue
this sequence by 0 for those j for which ¢,. ;. ; is not defined. Then || f, lp2+em(xpire) =Nl Fy Il 1+eoo(x,p1+e)

and Ji &R < T ().
Proof of Lemma 2.17. By monotonicity of #1¥2€ norms it suffices to consider 0 < e < 1 +e.
By scaling we may replace the (1 + €) — th power of the left-hand side of (2.13) by
m({x e X |l F;(x,) llpa+2e> 1}).
Let

_ ql+e, _ 1/1+€
Aa'f?.: - J1+EEOO(FQ) = sup ”(1 + E)‘}\q+f ||L1+E.00(X]*
ex—1

Note that
m(x € X M EeGo) lem= 1) = m(fx € X | M) = 1))
1 ,1+€
1- Nm < A1+E.
1 L1+E,DO(X)

<

Therefore, it remains to estimate the measure of the set
X'i={x e X |l Fp(x,) llpreze> 1 >|| FE(x,) llge}-
For x € X' we have

I Fur) IS ) 20400420 3, x)

j<o0

mX) <m ({x €X| Z 2129y, (x) > 22(““})
j=o0

1
Z 2j(l+2£j sz
Jj<0 LY (x)

We distinguish three cases to estimate (2.19). Suppose first € > 0. Then. since L“*(X) admits an
equivalent subadditive norm. we get

which yields

(2.19)

T(1+e),(1+€)

1+Z2e
ite
(219)  Srvzense | ) POy soze,,
= L1+ (X)
1+2¢
1 1+€ 1+e
= z 2i(e) szF
j<0 2 L1+ZE.DO(X)
1+2¢
ite
< Altze Z 2}(6)
j=0
1+2¢
— Al+2£(l _ 2_(6))_(F).
Suppose now € > 0. Then by (2.16) we have
1+e
(219)  =ite1+2e 27436 v, || 428
= LT+ze% (x)
. . 1+e
=) powanneaiay i
j=0
E:AH—EZ 2j(£)(1+f)/1+2£
j=0

_ A1+£(1 _ 2—(5)(1+e)/1+2e)—1.
In the case € = 0 we have
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-2 j(1+2€)H2_}'N1/1+26" < 27)1'(1+2£)Al+6J

”N?.j”l_l.ou(x) Li+e 0 x)

and using (2.14) with af" = 4'*€27/(¥) we obtain

(2.19) SZZ Z af | log (a“);-lz ai | +2
j=0 a

j'=0
_ 2A1+62 2J() log 2*}'(612 27’ 42
j=0 j'=0
< AHEZ 21© (—j(€) — log(e) +2)
j=0

= AYe(e)71(1 — log(e)).
Alternatively. still in the case e = 0, we can estimate

Z 2j(l+2€)j\[‘2j

<o

(219) =

LA(x)

1/1+e)1%€

z 27O 27N, T e
<0

! 1+e

1+ e)NHf

1+€

< (€) tsup

€0

L1+E[X]

3. Endpoint Lépingle Inequality for Martingales
For (X,B,m) be a o-finite measure space and I a totally ordered set. A,_» sequence of sub- g-algebras
(G¢)rer of B is called a filtration if it is increasing and the measure m is g-finite on each G,. Let B be a
Banach space. 4 B-valued martingale adapted to a filtration (G.).e is a family of functions f, =
((f)e)rex € Li,. (X, B, m; B) such that (f,)p = E((fy); | G,r) for every t',t € T with " < ¢, where E(:|

G) denotes the condmonal expectation with respect to a sub — o-algebra G € B,
We recall from |P1s16. Lheorem 10.59] that a Banach space B has maltmeale cotype U = € < oo 1t and

only if for any B-valued martingale f, = ((fz)n)new the " (1 + €) — square function”

1/2+€
Speia): = (Z NEE (fa)n_lug“)

n=0 a

D Sarele

a

satisfies the estimates

Siae ) Madllsreggy 0 < € < o0, (3.1)
L1+E(X) o
where (fg).(%): = suppen l(fa)n (2, is the martingale maximal function and the implicit constant does
not depend on f,. By Doob's inequality, see e.g. [Pis16. Corollary 1.28]. we know that

1+e¢
10 Tpsvegry < (=)0 D WGdnlseguy 0 <€ <0 (32)
®) P R (x;B)
a

A Banach space has martingale cotype (2 + ¢) for some 0 < € < oo if and only if it is uniformly convex,
see [Pis16, Chapter 10].

Now we are in a position to formulate the quantitative version of the endpoint Lépingle inequality for
martingales.

Theorem 3.3 (see [MSZ19]). Given 0 < e <o and 0<¢e < oo, let B be a Banach space and
(X, B, m) a o-finite measure space. Suppose that the inequality

Sase z Ja = Ate2+e55UP z |I(T(Z)II||L1+E(X;B) (34)
nem p

[44

L1+E (X)
holds for arbitrary martingales ((f3)n)nen With values in B. Then for every finite totally ordered set T and
every martingale f, = ((fo)¢)ter: X — B indexed by ]I \\ ith values in B we have

D = [ vz, VD], D ()

2
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= 3414e2+685WPter Z‘ "(fa')t”LHE(X;B)- (3.5)

[r4
Theorem 1.3 follows from Theorem 3.3 since for a Banach space B with martingale cotype (2 + €) the
estimate (3.4) holds with some finite constant A; .15 < © in view of (3.1) and (3.2).
Our proof of Theorem 3.3 is even simpler than the one presented in [PX88. Lemma 2.2] for € = 1. At the
endpoint € = 0, assuming the weak type analogue of (3 4), it yields the weak type estimate

B = [ vz vy, Y ()
aesuptenz IEell e m (3.6)

Proof. By homogeneity we may assume supger || (fo)¢ll =1. Ler € > 0 and construct stopping

L1+E(X B)
times tg, t;, ..: X = I U {+oo} associated to (1 + €)-jumps as in (2.10) (note that they are indeed stopping

times in the stochastic sense). Split (f): = (fo)? + (f2) with

A= D Y g0, (O a0 (0.
k=0 «a
Then by construction ||(f,)2 ()| z = 1+eforallt € Tand x € X. On the other hand.

PR ED = ) (aw® (@,
kalmkfﬂ:kao a =1+€ )
<A 0 D ) e - e @I
k*iaudtk(x)(+oo «
= (L+ ) 9(s,, (f) ",
where
(Fa) e, 2y (X) if tp(x) < +o0,

(fadie(2): = {

is the stopped martingale. Thus

(()i:teD

Fadmaxiti () 1 K" €N, (x) < o0} if tye(x) = +00

. _ ~ 2
SR RanD I (CIN0S) i T,
Ll+€f2+6(x) a
2+€

=(1+4e)"+e) y ||SZ+ET||L1+E(‘X]

< (1 +e)9a%is, .. Billp Z‘ ||(f:1)"”L“E(X:BJ
a

- —(1+€) 42+
<(1+e)C E)Al+gJ2+E,B’
so that

1+e
K((1+E)2+EA;£1;?€,B,Z fai L (X Vi25), L2He(X; V;ia))
a
Z [ R— J+(1+e>2+ff11£ig?fﬁz Il e =3(1+6).

LZre(xvitg)

Since € > 0 was arbitrary we obtain
1+e
K{1+e Z foi L7 (4 ViZp), L27€ (X Vikip) | < 3Arsensen(l + €)Y/

forall 0 < e < oo. The conclusion (3.5) follows by definition of real interpolation spaces.
3.1. Doubly stochastic operators. We prove Theorem 1.5. By the monotone convergence theorem it
suffices to consider n in a finite subset I € N. By Rota's dilation theorem (proved in [Rot62] on probability
spaces and [Sta66] on ¢ — finite measure spaces) there exists a measure space (£,B,1M),a sub — o-
algebra G € B, a measure space isomorphism

1:(Q, G, M) = (X,B,m),
and a decreasing sequence of sub — g-algebras
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B2 Go=2G1 =2

such that for every f, € L}(X) + L*(X) and every n € N we have

(@)"Q"f, = S(E(fy o 1 Gy)), (3.7)
where the operator S: L**€(Q2) — L**€(X) is characterized by §f, ot = E(f, | G). The operators on both
sides of (3.7) are positive contractions on all spaces L1*€(X) for 0 < € < oo, and therefore their algebraic
tensor products with idg extend uniquely to contractions on the Bochner spaces L**€(X; B) forall0 < e <
oo by [Pis16. Proposition 1.6]. that also have to coincide.
Let B be a Banach space with martingale cotype 0 < € << oo and 0 < € < oo, By Theorem 3.3 for every
function f;, in the Bochner space L'*€(X; B) we have the inequality

S ((BUa o t160), 22— B) Srrezresl fa Iy
By Lemma 2.7 with (1 — €) = max(1/1 + ¢, 1/2 + ¢€) the left-hand side of this estimate is equivalent to

= @bt (s ] (ather16.), )

The operator S: L'*€(Q) — L'**(X) is a contraction for every 0 < e < oo, Since the operator S is positive,
by [Pis16, Proposition 1.6] for every Banach space B the algebraic tensor product operator S & idg extends
to a confraction
L**(Q; B) = L**¢(X; B)

that will be again denoted by S. Applying this with B = V%, and B = I/ﬁ(_fs_ ) and using the Marcinkiewicz
interpolation theorem [BL76, Theorem 3.1.2] we see that the operafor S extends to a contraction

|12 (@ v325), L) (0,79 )]1 = |1 ve), 1075 (x; Vl(j;f)(“")]l .

—€,00 —€,00
By Lemma 2.7 the norm on the interpolation space on the right-hand side is equivalent to J37E(f,: X x I —
B), and the conclusion follows from (3.7).
4. Sampling for Fourier Multipliers

4.1. Interpolation between Bochner spaces. In Section 4.3 we will have to assemble estimates in
interpolation spaces on congruence classes modulo (1 + 2¢) into estimates on all of Z1*€, The following
result will allow us to do this in an abstract setting.
Lemma 4.1 (see [MSZ19]). For pvery 0 < € < o0 and 0 < € < 1 such that 1 < (1 — €2) there exists a
constant 0 < Cj,.q_. < o such that the following holds. Let (X,B,m) be a o-finite measure space.
(Ag_1,A) a compatible couple of Banach spaces, f,:X — A,_; + Aya measurable function, and X =
U, X: a countable measurable partition. Then

[L7(X; A ), L G AD] L (f)

1—€,00

1+€ 1/1+€

. 2
<Cierel Y Y (PG A DD (:40)] (f

- 1-¢,00

JEI «
In the case A,_, = A, = A,_, Lemma 4.1 follows readily from the fact that

(L2 (A, LA, = 17" (Aa-2)
and the description of the Lorentz space L1*¢®(A4,_,) in terms of superlevel sets. For general Banach
spaces we will use an explicit description of the K -functional between Bochner spaces going back to [Pis93,
Theorem 5] in the following form.
Theorem 4.2 ([Pis16, Remark 8.61]) (see [MSZ19]). For every 0 < € < oo there exists a constant 0 <
Ci1e < o such that the following holds. Let (X,B,m) be a o-finite measure space and (Ag_q1,44) @
compartible couple of Banach spaces. Then for every function f,, € L**€(X; A,_,) + L”(X; A,) and every

t = 0 we have
1+e
Cl_+le K(LZ fa;L1+E(X; Au—l)-Lm(:X: Ao(:})

< swp fz K0, fu(0); Aguy, A dm(x) (43)
X o

Y0Pl 1ty =t

1+e
= G K (fz far I4(X; Ao(—l)vLm(X:Ao()>
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where the supremum is taken over all strictly positive measurable and (1 + €)-integrable functions y: X —
(0, o).

In [Pis16, Remark 8.61] this result is formulated with a supremum over non-negative functions i such that
[RVA L1+E(X)S t, however it is easily seen that

L) ==  sup f Z K@), fo (00 Ay, Ac)*edm(x)

P=0:]] l1f)|u_1+ ex)=t/x

= o Z KOO, fo (0 Agey, A 40000 = RO,

Y=0:Yll 1+ 5y <t
Indeed. it suffices to show that R(f,) = L( fa) Let & > 0 and consider a measurable function i: X — [0, o0)
such that || ¢ [ 1+exy< t and

R(f,) <e -l—f Z K (), fo (20); A1, A T Tedm(x).
x

@
Now we take a positive measurable function ¢: X — (0,0) such that || ¢ lliveyy=t and ¢(x) =
W(x)/(1 + ¢) for every x € X. By (2.4) and monotonicity of the K functional we obtain

RUD) <et | D7 KOO0l Aar A dm(x)
e+ (1+ E)“Ef Z K@)/ (1 + ¢), f(x); Ag_1, A )t edm(x)
et (L+M | N KOO faldidey A M)

<e+(1+ s)“fz L(f).

(14
This proves R(fy) < L(fy), since & is arbitrary.
Proof of Lemma 4.1. By (4.3) with € = 1 we have

[LOO(XI;AC(—I)’ L(l_EZ)(X}';Aa)]l—e,ooZ (fc:)“—f = [L(I_EZ)(X};AG)'Lm(Xj;Au—l)]EJooZ (fa)1+f

1+e

= | sup t‘fz K(t,fa; L(l—fz)()(};Aa),L°°(X}-;Aa,1))

t=>0 =
€ 1/1—€
=4e Sup (jw(x)(l € )dm(x)) (J Z K06 fo () Agy Aqe) 7 )dm(ﬂ)
X _e? 1/1-€
@0 = suplye- T2 (516 ,)

We may assume that each X; has 11011 Zero measure. By Hoélder's inequality with exponent 1/1 — € we
obtain the estimate

=
1oy (1<% (1-€)(e) - 2)—e) e
) Sup (Z ”w E )"L[L_é ) (Z ”#J[l_e - ~)(x;) ||%i' < ’”;,lt -=)(x;) ” "’”&1 “)(x; ])

el

_ 2 z 1/1-¢
- (1-¢%) (1-¢ ) ( (1-#¢ )
g (w2 T (0

21+ (LK Aens), LW()g;Au)]L_‘.m(f,,})m. (44)

JEI @

where we have used (4.4) on each X; in the last line.

4.2. Sampling and continuation of band limited functions. Let B be a finite-dimensional Banach space.
Consider the extension operator £ (see [MSWO02, formula (2.2)]) that maps a vector-valued sequence
fu: ZF€ — B to the vector-valued function on R*€ defined by

11—

Sill(ﬁxi))z

mX;

LG0:= Y ) fuln¥x—m), where ¥(x) = H(

neLl+e a i=1
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Note that Efy(n)=f,(n) for all n ez since Wx)=0 for all xeZ™\ {0}
Consider also the restriction operator that maps a vector-valued function F,: R**¢ — B to the vector-valued
sequence on Z'*¢ defined by

R1+E

RE,(n): = Z F ()@ —y)dy,

where @ is a Schwartz function such that

o (1, if|éle =1,

o =, if [¢]o > 2,
where - denotes the Fourier transform on R*€.
It was proved in [MSWO02, Lemma 2.1] that RE = id and there exists an absolute constant 0 < €}, < o0
(independent of the finite-dimensional Banach space) such that for every 0 < € < oo the norms of the
operators

8:_£Jl+e(zl+e; B) N Ll+E(IRl+EJ. B), R: L1+E(]R1+E;B) - _El+e(zl+£; B) (45)

are bounded by Cj .. This was used to deduce the following result for periodic Fourier multipliers.
Proposition 4.6 ([MSWO02, Corollary 2.1]). There exists an absolute constant 0 < € < co such that the
following holds. Let 0 < € < o, (1 + 2¢) € N be a positive integer. and let B;, B, be finite-dimensional
Banach spaces. Let m:R'*€ — L(B,,B,) be a bounded operator-valued function supported on
[—1/2,1/2]**¢/1 + 2¢ and denote the associated Fourier multiplier operator over R**€ by T. Let mps©

be as in (1.8) and denote the associated Fourier multiplier operator over Z!*€ by T3;52¢. Then
1+2
"Tdi: E||£1+E(El+s;ﬂl)_)31+E(Z1+E;BZ) =C " T ||L1+E(RHE;BI)_,LHE(RHE;BQ)"
4.3. Sampling in interpolation spaces. Proposition 4.6 cannot be applied to the jump space (1.2) because
it is not a Bochner space. However, by (2.8) it coincides with an interpolation space between Bochner
spaces. Therefore, a version of Proposition 4.6 that involves interpolation spaces will be proved.
Proposition 4.7 (see [MISZ19]). Forevery e = 0,0 < e < wand 0 < € < 1suchthat 1 < (1 — €?) there
exists a constant 0 < Cy4eq-¢14e < o such that the following holds. Let (1 + 2¢) € N be a positive
integer. let A,_,, A, B be finite-dimensional Banach spaces and assume that (4,_,,A4,) is a compatible
pair. Let m: R**€ — L(B, A, ; + A,) be a bounded operator-valued function supported on [—1/2,1/
2]**€/1 + 2¢ and denote the associated Fourier multiplier operator by T. Define the discrete multiplier
operator T.;-2€ as in Proposition 4.6.
Then
1+2
[gnead

31+e(zl+e;5)_,[euo (Zl+€;Aa_1).£(l_Ez] (ZI+E;A¢X)] e

= Cl+e,1—e,1+£ ” T "LHE(MHEJB)_,[Loo(lmnemu_l)’L(Lez)(RHe;Aaﬂ (4'8)
1-€,00

Proof of Proposition 4.7. Let 7, g% (x) = g (x + 1 + €) and 6, 5. g%(x) = g“((l + 26))() denote the
translation and the dilation operator. respectively. Partitioning Z'*¢ into congruence classes modulo
(1 + 2€) and using Lemma 4.1 we obtain

(622276 Aq), 6025 4], Z (Thef)™

Sa+e)a-9) Z Z ([{?m (1+20)Z + 1+ € 4, 1), ) (1 + 26)2* + 1

(+e)enits, @

reddl_ (TR)) 49)

where N, ,.:={1,...,1+ 2¢}. Let K(x):= F~1(m)(x) for every x € R*¢, where F~! is the inverse

Fourier transform on R**€. Recall from [MSWO02] that the kernel of T3;*%€ is given by the formula

1+ 26)"*¢K(x), x € (14 2e)Z*F,
T_l(”llljgff)(X) — {( E) (X) X (l E) .
0, x € ZYE N\ (1 + 2e)Zr*e,
Let Tl+26: L1+€(]Rl+6: B) N [LOO (R1+E; A(:(—l)! L[lfez)(]P&l+E; Aﬂ)]l_E
the multiplier m(&/1 + 2¢€), which is supported in [—1/2,1/2]'*€. The kernel of is

(1 +2e)" K ((1 + 2e)x) for x € R**€. Let us define. as in [MSWO02]. the discrete counterpart of T**2¢
by setting

., be the operator corresponding to
Tl+2€

[T142€] yio fo () = Z Z fulx = Y)(1 + 26)Y K ((1 + 2€)y).

YELI*E g

DOI: 10.35629/0743-1202141155 www.questjournals.org 153 | Page



Estimates of Jump Inequalities by Real and Variation Interpolation Spaces

Zl+€

Then for every x € we have

Tgsf (1 +26)x) = Z Z Ja (L + 26)x — YIF (&) (v)

yezl+e a

= > D rneulr - DA 29K(A 2600 = ) [T ) (Branefe)0)  (410)

yEEl+E a
Let T1*2¢ be the Fourier multiplier operator whose multiplier is

m(/1+ 2¢) = Z m((&+0/1+ 2¢).

[ERIFE: [y =<1
Then by our assumptions

[ (REe; 4, ) LRI 4] (F2e(ry)
@ (4.11)
< 3l+e Z nr |\LHE(RHE;B)_,[LDO(RHE;AE_1)_L(1—52)(mue;Aa)]l_Em|| fa ||el+e(zl+e;3)
Moreover, by [MSW%Z. formula (2.5)] we have
) (M Nas()() = ). TH(Ef) (), for x € R,

a a
Thus. in view of RE = id, we get

D, M) () = ) REWHER))E), for x € 71

o a
Also, by (4.5) and the Marcinkiewicz interpolation theorem [BL76, Theorem 3.1.2] we have
R: [L7 (RIS Aq_p), LA (RIS 4]

1—€,00
- [e= (Z“E:Au_l),-f(l—fz)(z“f;Aa)]l_fm (4.13)
with a bound which does not depend on A,_4, Aq.
Now we can estimate the right-hand side of (4.9) by
. X 1+e i
@)= > D [rm@ e @A) (T Nai(Buvaeivefi) by (4:10)

(1+e)eNits, «

1+e
= D D @A), 00N @ Ay (Tiﬁea(mustmsfa))) by (4.12)
1—g,0

(1+e)eNitE, «a

= > [ @A), @ Ay (T“Zfa(amcnﬂfa))) by (4.12)
(1+e)eNITE, a tree

1+e
= > [LW(Z“E;AG_Q,Lﬂl—fz)(Z“f;Au)]l_m(T1+ZE£(61+ZE(rl+efa))) by (4.13)

(1+e)eNTiS, @

s > [EGrsze el I ve(grves by (4.11)
(1+e)enits, « J

= Z Z ||(:61+25(T1+6fﬂ!))||i:—ff(zl+fj5) by (45)
(1+e)entis, «

— 1+
- ”fa‘ Lle{Zl+£;3).

a
The proof is completed.
Proof of Theorem 1.7. By the monotone convergence theorem it suffices to consider finite sets I. Let (1 —
=) =min(1/1 +€,1/1 + 2¢) and represent the jump space as an interpolation space using Lemma 2.7.

2

Apply Proposition 4.7 with Aq_; = Vjo¢, Ag = I{I(_fﬂ_e ), and B = C.
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