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Abstract: The present study manifests some fixed point results focused on two type of contractive mappings in
complete b-metric spaces. One is, the class of p-contraction with relate to a family of mappings and other is,
(o, T, B)-contraction mappings. Additionally, we prove uniqueness and a few fixed point theorems for these
mentioned contractive mappings on b-metric spaces. These theorems make improvements and builds upon a
number of well acknowledged concepts in a variety of current literature. To illustrate how the findings serve as
suitable expansions of earlier results, an application is also given. A few examples from which the Banach fixed
point theorem is not applicable are provided but these examples supports our findings. Therefore, the fixed point
theorems from the existing literature are unified and generalized by our results.
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I. Introduction:
A distance function that determines the separation between each member of a set is called metric space. The fixed

point theory is one of the most significant tool in numerous fields of study, including economics, computer
science, engineering, and the advancement of non-linear analysis. The Banach Contraction Principle, which had
been confirmed by the Banach[1] in 1922, is the most famous and extensively applied theorem in fixed point
theory. This theorem states that if (X,£) is a metric space, where X is non- empty set and let f is a continuous

function with mapping f: X — X is known as the contraction if there exist 4 > 0 such that

E(fx,fy) <pf(x,y),Vxy €X.

where p is a Lipschitz constant which is less than 1 then f gives a unique fixed point. In addition to this, x, €
X be arbitrary point and the Picard sequence {f™x,} converges to the fixed point. Here, a question arises, the
Banach Contraction Principle can be obtained by either weaken the continuity or non contraction. Many
mathematicians worked on this. Then, Kannan[14] in 1968, extended the theorem Banach contraction theorem by

weaken the condition of continuity i.e., f: X — X be a mapping such that

E(fx,fy) <u(E(x, fx) + £, fy),

whereOSMS%and x,y € X.

After that Chatterjea[7], Riech[17-18], Ciric[8] and many researchers extend this work by defining some other

mappings. In continuation with Bernide[3] introduced a very interesting class of mappings which was class of
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almost contractions which includes Kannan’s mapping and other classes of mapping. Khojasteh et al.[16] proved
fixed point theorem with class of contractions having simulation function. Olaru and Branga[6] obtained fixed
point results for generalized contractions in spaces. Recently, Pacurar and Popescu[17] invented a new class of

generalized Chattergea-type mapping. Many authors have been contributed to fixed point theory.

Firstly, in 1989 the b-metric space idea was mentioned by the Bakhtin [2], that ends up into the generalization of
metric space. First of all, the b-metric space appeared with in the work of Bakhtin[2] and Czerwik[9]. In b-metric
space, we take a real no. which is greater than or equal to one, with in the triangular inequality condition. Normally,

the generalization of usual metric space is the b-metric space.

Huang and Samet[13] introduced two new classes self mappings on a metric space. One is, the class of p-
contraction with relate to a family of mappings and other is, (¢, I, f)-contraction on metric space and gave some
fixed point results on complete metric space by using these contractions. Also, proved theorems for fixed points

by weaken the continuity in complete metric space for these mapping.

Motived by their work, we have a tendency to extend these mappings on b-metric space and the existence &
uniqueness of fixed point for p-contraction and (¢, I, §)-contraction mapping proved by taking Picard sequence
on complete b-metric spaces. Several illustation also given to support our results and some of examples in which
Banach theorem is invalid. Since then, many authors have proved several fixed point results in complete metric
spaces and b-metric spaces see [4-5], [8-11], [14,20]. Here, we will also prove some new fixed point results

p-contractions and (¢, I, §)-contraction in complete b-metric spaces.
II.  Preliminaries:

In conjunction with introducing new notions and notations that are significant to fixed point theorems for p-
contraction and (¢, I, §)-contraction mappings within b-metric spaces, we must go through some fundamental

definitions below.

Definition 2.1. In 1989, Bakhtin [2] introduced the concept of b-metric space.

Let X is a non-empty set and t = 1 be a given real number. Let £ : X X Y — [0, ) be a function satisfying the
following conditions for each u,v,w € X.

(B1) £(u,v) = 0 ifand only ifu = v;

(B2) £(u,v) = £(v,u);

(B3) £(u, w) < t(E(u,v) + £(v,w)).

Then £ is called b-metric and (X, £) is called b-metric space.

It should be noted that, the class of b-metric spaces is effectively larger than that of metric spaces. Every metric
is a b-metric with t = 1.

Definition 2.2.[5] Let (X,£) be a b-metric space. Then any sequence (u,) € X is said to be convergent to ‘u’
if £E(uy,u) > 0 as n - .

Definition 2.3.[5] Let (X;,£,) and (X,,£,) be two b-metric spaces. Let f : (X1,£;) — (X5, £;)is called
continuous function at a point u, € X if for every € > 0 there exists § > 0 such that £,(fx, fuy) < € whenever

£.(x,uy) <.
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Definition 2.4.[5] Let (X,Y, £) be a b-metric space.
(1) A sequence {u,} on (X,£) is said to be Cauchy sequence, if for each € > 0 there exists a positive
integer N € N such that £(u,, u,,) < € foralln,m = N.
(i1) A b-metric space is said to be complete if every Cauchy sequence is convergent in this space.
The lemma of Jensen Inequality [ 11], further it will be used in some fixed point theorems.
Lemma 2.5. Assuming that J:[0, ) — (—o0,00) be a convex function. Then, for every n € N and {x;},

{a;} € [0,0),1 <i < n,with Y, a; > 0, we have
=1

J [Z?:l aixl] < 2iz1 ad (x;)

n n
i=1 Qi i=1 Qi

II. Results:

In this research paper, the category of p-contraction related to a family of mappings and (¢, T, 5)-
contraction mappings in b-metric spaces will be explored. Furthermore, we will demonstrate the uniqueness of
fixed point and a few fixed point theorems corresponding to these mappings in the broader setting with complete
b-metric spaces. Some of the examples are included solely to emphasize on how the findings satisfy the existing

results.

Definition 3.1. Consider (X,£) be a b-metric space and f : X — X be a given mapping then f is called a
contraction for all p > 1 such that
£P(fx, f2x) + £P(f%x, fy) < uP[EP(x, fx) + £P(fx,y), V x,y € X.
ie,
EP(fx, f2x) + EP(f %%, fy) < up[EP (x, fx) + £°(fx, )], 3.1
Where u? = u, € [0,1).

Definition 3.2. Consider (X, £) be a b-metric space, k € N,p > 1 and a mapping f : X — X is said to be p-
contraction with respect to {Mj}le a family of mappings M; : X X X — X, j € N if there exist u € [0,1) such

that
k-1

£ (F My (P, f3) + ) 8 (My(Fx, ), My (3, £9)) + EP M (%, £9), £)
j=1

< [E7Ge My Go ) + 212 €7 (M0 ), Mia (6 )) + E2 (M), 9)| (32)
for every x,y € X.
Note that if we take k = 1 and M, (x,y) = fx,V x,y € X then a p-contraction with respect to {M, } is a mapping
f which satisfying (3.1).

In this paper, we take X is a non empty set. A mapping f : X — X, we denote {f"}, the sequence of
mappings f" : X — X which is defined by

f™ix = f(f"), f'x =x,Vx € Xandn € N.
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We denote Fix(F) for the fixed points of f, i.c.,
Fix(F)={x € X: fx = x}.

Similarly, by Fix(M), we mean the fixed points of M, i.e.,
Fix(M) = {x € M: M (x,x) = x}.

Definition 3.3. A mapping f : X — X is weakly Picard continuous on (X, £) whichisa  b-metric space if it

satisfied the condition:

lim £(f"x,y) =0,V x,y € X,
n—-oo

then there exist a subsequence {f ™kx} of {f"x} such that

Jim £(f(f™x), fy) = 0.

Clearly, a continuous mapping is always weakly Picard continuous but its converse need not be true. An

illustration is also given for this purpose.

Example 3.4. Let f:[0,2] — [0,2] is a mapping defined by
5, 0<x<2

fx= % x=2.

Consider (X, £) be a b-metric space with £(x,y) = |x —y| forall x,y € X =[0,2].

Clearly, we can easily say that f is discontinuous function at x = 2. Now, we prove that f is weakly Picard-

continuous.

we observe that for all n € N, we have

X

—, 0<x<2

sm’

A FORPEE

5
which yields
lim £(f™x,0) =0,x € X =[0,2].
m—oo

which proved that f is weakly Picard-continuous.

Theorem 3.5. Let (X, £) be a complete b-metric space, f: X = X be a mapping. Assuming that the following
condition are satisfied:

(i)  f is a p-contraction with respect to {Mj}f=1

(i1) f is weakly Picard continuous.
Then

L Every Picard sequence in X converges to a unique fixed point x* in X

1.  x* €Nk, Fix(M,).

Proof: Let x, € X be any point and the Picard sequence {x,} c X defined by

X, = f"x, foralln € N.
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By use of (3.2) with (x, y) = (x0, x1), we get £P(fxo, My (fxo, fx1)) +
Z?:]l £P (Mj(fxo'fxﬂ'Mj+1(fx0:fx1)) + EP (M (f x0, f 1), f%1)
<u [Ep(xo,Ml(xo,xl)) + il £P (Mj(xo,xl),MjH(xo,xl)) + £P (M (x0, X1), xl)]
ie.,
£P (g, My (1, ) + ZKE €7 (M Cty, x5) + My (20, %2)) + EP (M (1, %2),%;) <
HIEP (xo, My (%0, x1) + ZJ=1 £P(M; (X, %1), Mj41 (%0, %1))
+EP (M (x0, X1), %1)] (3.3)
Using again of (3.2) with (x,y) = (x4, x;), we have
£P (fxy, My(xq, fx3)) + Z;:f £P (Mj(fxl'fxz)v Mj+1(fx1,fx2)) + EP (M (fx1, fx2), fx2)
<u [Ep(xl,Ml(xl,xz)) + Xkl £P (Mj(xl,xz),MjH(xl,xz)) + £P (M (x4, x3), xz)]
this implies that
£P (x5, My (x2, %3)) + 25{:_11 £P (Mj (x2,x3) + Mj+1(x2'x3)) + £P (M (x2, x3), X3) <
HIEP (g, My (1, %) + D521 £P(M; (%, %2), My (1, X3))

+EP (M (x4, x2), x2) (3.4)
Making use of (3.3) in (3.4), we get

£P (x2, My (x2, x3)) + 2;211 £P (Mj(x2:x3) + Mj+1(x2:x3)) + £P (M (x2, x3), X3) <
p? [£P (x0, My (X0, x1) + 25{:_11 Ep(Mj(XO: X1), Mj+1(x0; x1))
+EP (M (x0, X1), %1)] (3.5

Continuing like this, we get this by induction
£ (i, My Gy Xn11)) + D23 £7 (M0t X1, My (i X))
+ £P (M (%) X 41)) X 41)
< W"[£EP (x0, M1 (X0, %1) + Z;‘:_% £P(M;(x, x1), Mj41(x0, X1))
+EP (M (%0, %1), %1)]

For our suitability,

k-1
£p (xn; Ml(xn' xn+1)) + Z Ep (Mj (xnr xn+1)r Mj+1(xn; xn+1))
j=1
+ £P (My (X0, Xp41), Xpg1 < 4", YN EN (3.6)

where

00 = £P (xg, My (xo, x1) + 25;11 EP(Mj(xO,xl), Mj+1(x0; x1)) + +EP (My. (%0, X1), X1)-

Now, from the triangle inequality property
E(xn' xn+1) < t[ﬁ(xn' Ml(xn' xn+1)) + E(Ml (xn' xn+1): M, (xn' xn+1)) + o
+£(Mk—1(xn' xn+1)' Mk (xn' xn+1)) + E(Mk (xn: xn+1): xn+1))],

which gives
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£P (X, Xpi1) < tp[f(xn' Ml(xnvxn+1)) + £E(M; (X, Xpg1)s My (X, Xy yq)) + 0 +
+EMy—1 Ccny Xng 1), My Oy Xn41)) + EMi (X, Xp11), X0 )P (3.7)
Meanwhile, x +— x? is a convex function and by using lemma 2.5, we get
tP [£(xn, My (X, X 41)) + EMy (i, Xng1) + -+ EMq (X, X41)s Mic (X, X41))
+ E(My (O Xp41), X41)) P = ¢P (k + 1)P

P
ECty My (%, Xpsq) 2=t £ (Mj(xnvxn+1)' M; 14 (xp, xn+1)) E(My (X, Xp41)» Xnt1))
+
k+1 k+1 k+1
£7 (k + 1)? =
= W £P (xn' M, (xp, xn+1) + Z £P (Mj(xn: xn+1)' Mj+1(xn'xn+1)) + Ep(Mk (X, xn+1)' Xn+1))
=1

1e.,
k-1 p
£ty My (X, Xnsq) 2j=1 E (M,-(xn, Xn+1)s Mjq Cen, xn+1)) E(My, (%, Xpi1)s Xnir))
+ +
k+1 k+1 k+1
k-1
<tf(k+ 1)p_1 E£P (Xn, My (Xp, Xpg1) + Z £P (Mj(xn'xn+1)x Mj+1(xn: xn+1)) + £P (M (%, Xp41)) Xns1))
j=1

So, (3.7) becomes
k-1

EP (Xp) Xpy1) < tP(k+ 1)1)—1 £P (%, My (X, Xny1) + z £P (M]'(xn:xn+1):Mj+1(xn'xn+1))
j=1

+ Ep(Mk(xnr xn+1)r xn+1))

1
e, EQn, Xng1) < tk+1)P

[Ep(xn' Ml (xnrxn+1) + Z;(:_ll £P (Mj(xn» xn+1)» Mj+1(xnr xn+1)) +

1
EP (Mye (s X1, Xnsn )] - (3.8)
It is derived from (3.6) and (3.8) that
L1
EQt Xne1) <tk + 1) PooPu," (3.9
where
1
0S,u,,=,u5<1 (3.10)

Now, follow up (3.9),(3.10) and using triangle inequality property for all n,m € N, £(x,, Xp4m) <

t1[£(xn' xn+1) + £(xn+1'xn+2) + et £(xn+m—1'xn+m)]' t; = 1
1

1
< tty(k + 1) 7PQoP [y ™ o+ g1y
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up™(1-pp™)
[A]

=tt1(k+1) pgz’ iy

101 n
< tt;(k+ 1)1_5905[%] > 0asn - oo,
“Fp
which shows that {x,,} is a Cauchy sequence and (X, £) is a complete b-metric space. So, there exist x* € X such

that
lim £(x,,, x*) = 11m£(f"x0,x )=0, (3.11)

n—-oo

Given that f is a weakly Picard continuous mapping. So, there exist a subsequence {f"*1x} of {f"x} such that

Jim £(F(f"x), fx) = £ (ny 0o f27) = 0. (3.12)

Hence, by seeing (3.11) and (3.12), we obtain that fx* = x* i.e., x™ is the fixed point of f.
The uniqueness of fixed point:-
Let us assume, if possible, x* and x** are two distinct fixed point of f.

By use of (3.2) with (x,y) = (x*,x™), we get
EP(fx", My (", fx™)) + SK2L €7 (My(fx", ), My (F2°, ™)) + EP (M, (fx", fx™), fx™)
<u [Ep(x M;(x*,x™)) + Zk 1 gp (Mj(x*,x**),M]-H(x*,x**)) + Ep(Mk(x*,x**),x**)]
this implies that
£P(x*, My (x*, x™)) +Zk 1 gp (Mj(x*,x**), Mj+1(x*,x**)) + EP (M (x*, x™), x™)

<u [£1’ (x*, My (x*, x™)) + Z;‘ 1 £P (M (" x™), Mj 1 (x7, x**)) + £P (M (x™, x™), x**)]
This holds only if
£(x*,M1(x*,x**) = E(Ml(x*,x**),Mz(x*,x**)) == E(Mk_l(x*,x**), Mk(x*,x**))
= E(Mp(x",x™),x™)=0and 0 < u <1,
which gives x* = x™*. Hence f has a unique fixed point x* € X. So, part (I) of the theorem is proved.
Now, we will prove the part (IT) of the theorem i.e., x* €;_*NFix((M;).
We have already proved that x*is the unique fixed point of fin X.
Making the use of in place of (x,y) = (x*,x*) in (3.2) then we get

EP(fx", My (", fx7)) + ZKE €7 (M(fx, f2), My (FX", f)) + EP (M (fx", fx7), fx)
< pu[EP (e My (e, x)) + ZHIE £8P (M, x7), My (67, 07)) + £P (M (", 1), )|

this implies that

£P (e, My (x", x7)) + ZH2E £7 (M, x0), Mjy (3", x7) ) + EP (M (7, X7), ™)

< ,u[ET’(x M, (x*,x%)) + XK1 £P (M (x*,x*), Mj1 (x*, x )) + £P (M (x*, x*), x )]
This holds only if
£(x", My(x",x") = E(My(x*, x*), My (x*, x)) =+ = E(My_1 (X", ™), Mi(x*, x)) = E(My(x",x*),x*) =0
and0<pu<1,
So, in this manner we obtain that
x*=M(x",x*) = My(x",x*) = = Mp(x",x"),
Hence, x* € N, Fix(M;).So, the proof of part (IT) of the theorem is completed.
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Here we discuss some particular cases of above theorem.
Corollary 3.6. Let (X, £) be a complete b-metric space,p = 1,k = 1and M; : X X X — X be a mapping. Consider
f:X — X is a function which satisfied the following condition :
(i)  f is weakly Picard continuous
(i1) There exist a constant u € [0,1) such that
EP(fx, My (fx, fy)) + EP (M1 (fx, fy), fy) < ulEP (x, My (x,¥)) + £P(My(x,¥),¥),Vx,y € X.
(3.13)
Then
L. Every Picard sequence in X converges to a unique fixed point x* in X.

IL. x* € Fix(My).

By taking M;(x,y) = fx, V x,y € X. We reach the following result from the corollary.
Corollary 3.7. Let (X, £) be a complete b-metric space, p = 1. Consider f: X — X is a function which satisfied
the following condition :

(1)  f is weakly Picard continuous

(1)  There exist a constant u € [0,1) such that
EP(fx, f2x) + £P(f2x, fy) S wP[EP (x, f2) + EP(fx, ). VX, y €X.  (3.14)

Using k = 2 in theorem 3.5., we deduce the following result.
Corollary 3.8. Let (X, £) be a complete b-metric space, p = 1, and My, M, : X X X — X be a mapping. Consider
f:X — X is a function which satisfied the following condition :

(1) f is weakly Picard continuous

(i)  There exist a constant u € [0,1) such that

EP(fx, My(fx, f¥)) + £P (My (Fx, £), Mz (fx, f3)) + £P (Mo (fx, £3), ¥)
< pIEP (e, My (x, ) + £P (My (x, y), Mz (x,¥)) + £P (M2 (%, ¥), )],V X,y € X. (3.15)
Then
L Every Picard sequence in X converges to a unique fixed point x* in X.

. x*Fix(My) N Fix(M,).

If we use continuity in place of weakly Picard continuous then we obtain the following statement from the
theorem 3.5.
Corollary 3.9. Let (X, £) be a complete b-metric space, f: X = X be a mapping. Assuming that the following
condition are satisfied:

(i)  f is a p-contraction with respect to {Mj}f=1

(i)  f is continuous.
Then

L Every Picard sequence in X converges to a unique fixed point x* in X

1.  x* €Nk, Fix(M,).
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Corollary 3.10. Let (X, £) be a complete b-metric space, f: X — X be a mapping. Assuming that there exist 4 €
[0,1) such that
E(fx,fy) Suf(x,y),vxyeX. (3.16)
Then Picard sequence in X converges to a unique fixed point x* in X.
Proof: Takingp = k = 1 and M;: X X X — X be a mapping such that M, (x,y) = x.
So, (3.1) becomes
E(fx, fx) + £(fx, fy) < ulE(x, x) + £(x, ¥)]
ie.,
E(fx, fy) S puf(x,y),vVx,y€X.
Hence, f satisfied the above Banach contraction condition and f is continuous mapping. By Corollary 2.9., we

got our result.

Next here a few examples that highlight the results, we achieve through our efforts.
Example 3.11. Consider X = {x,x,, x5, } and f: X — X is a mapping defined by
fx1 = %3, X3 = %3, fx3 = X3

(X, £) be a discrete b-metric space. i.e.,
0, i=j,
E(xi'xf)z{l, i#j.

Note that

E(fxufxs) _ E(xzxa) _
£(x1,x3) £(x1,x3)

5

which gives that there does not such ¢ € [0,1). So, Banach contraction principle is not valid in the example.
Now, we define a mapping M; : X X X — X be a mapping such that

My (g, x) = x, My (%, %) = My (x5,x;), i) € {1,2,3}
and

My (x4, %5) = x3, My (x5, x3) = My (x1,%3) = x3.

We claim that
£ (fxi,M1 (fxi,ij)) + E(M1 (fxi,fx]-),fx]-) < 2 [E (xi,M1 (xi,xj)) + E(M1 (xi,x]-),xj)] for every x;,x; €
X. 3.17)
i.e., f provides (3.13) with u = 2 andp = 1.
Firstly, we take i = j,

£(fx My (fxi, fx)) + EMy (Fxi, fx,), ;)

= £(fx;, fx) + £(fx;, fx) = 0,

which yield into (3.17).
Then, by symmetry, we have proved that (3.17) is satisfied for (i,j) € { (1,2), (2,3),(1,3)}.
Case 1:- (i,j) = (1,2). Here, we have

£ (fxi, M, (fxi,ij)) + £(M1 (fxi,ij),ij)

£ (xi, My (x;, xj)) +£(My (x1,%;), x;)
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_ E(fxp M, (fxl'fxz)) + E£E(M; (fx1, fx2), fx3)
B E(xlv M, (xl'xz)) + £(M; (x4, x2), x2)

_ E(x3,M1 (x3,x2)) + £(M; (x3, %), X2)
£(x1,M1 (xpxz)) + E£(M; (x4, x2),X2)
_ £(x3,x3) + £(x3,x3)
£(x1,x3) + £(x3,%3)
1 2

2 3

which obtained (3.17).
Case 2:- (i,j) = (2,3), we get
£ (fxl-, Ml (fxi,ij)) + £(M1 (fxi,ij),ij)
£ (xi,Ml (xi,xj)) + £(M1 (xl-,xj),x]-)
_ E(fxz, My (f x5, f%3)) + E(My (fxa, fx3), fx3)
£(x2,M1 (xz,x3)) + £(M; (x2, x3), x3)

_ E(xz:M1 (erxz)) + £E(M; (x3,x3), x3)
E(xz:M1 (erxs)) + £(M; (x3,x3), x3)
_ £(x2, X2) + £(x2, %2)
£(xz,%2) + £(x2, x3)
=0

which result in (3.17) is satisfied.
Case 3:- If (i,j) = (1,3) then we have

£ (fxo My (Fxi ;) + E(My (Fxi, £27), f3;)
£ (xi, M1 (xi, xj)) + £(M1 (.X'l', x]’), x])

_ E(fx1: M, (fxpfxs)) + £(M; (fxy, fx3), fx3)
B E(x1: M, (xl,x3)) + £(M; (x4, x3),X3)

_ £(753’M1 (x3,x2)) + £(M; (x3,x2), ;)
£(x1, M; (xl,x3)) + £(M; (x4, x3),X3)
_ £(x3,x7) + £(x2, x;)
£(x1, x3) + £(x3,x3)
1 2

2 3

which satisfied (3.17).
After analysing all the above cases, we conclude that (3.17) is true for every (i,j) = {1,2,3}.
As f is continuous function then it is weakly Picard continuous on (X,£) complete b-metric space. As a
consequence, Corollary 3.6. is applicable.
Fix(f) = {x,} and M (x3,x3) = x,
which supports corollary 3.6.

Example 3.12. Consider ([0,1], £) be a b-metric space with £(x,y) = |x — y| for all x,y €1[0,1]
and f:[0,1] - [0,1] is a mapping defined by
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0, 0<x<1
fx:{ 1

g, x=1.

We claim that
£(fx, f?x) + £(f%x, fy) < E[E(x,fx) + E£(fx,y)]. ¥ x,y € [0,1]. (3.18)
i.e., f provides (3.14) with u = g andp = 1.
Clearly, we can easily say that f is discontinuous function at x = 1. So, f is not a contraction. As a result of which
Banach theorem is not applicable.

We will prove that f is weakly Picard-continuous.

Now,

0, 0<x<1
P

CR

lim £(f™x,0) = 0, x € [0,1].
m—oo

which yields into

which provided that f is weakly Picard-continuous.

Condition (i) of Corollary 3.7. is hold.
Here, we discuss following case to achieve condition (ii) of Corollary 3.7 with yu = % andp = 1.

Case 1:- x = y = 1, then we have

E(fx, f?x) + £(f*x, fy)
£(x, fx) + £(fx,y)

_E(fLPD) +E(F?L f1)
T E(LfD) + £(FL1)

_£G9)+£(03)

e(13)+£G)

<2
3

N| =

which gives as a result of (3.18).
Case 2:- 0 < x,y < 1 then we get
E(fx, f20) + £(f*x, fy)
= £(0,f0) + £(f0,0) =0
which yields (3.18).
Case 3:- 0 < x < 1,y =1 then we have
E(fx, f2x) + £(f*x, fy)
£(x, fx) + £(fx,y)

_ £(0,f0) + £(f0, f1)
T £(x,0)+ £(0,1)

£(0,0) + £ (0, %)
~ E(x,0) + £(0,)
1

T30+ 1)
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<

w| N

which satisfied (3.18).

Case 4:- 0 <y <1, x = 1. Here, we have

E(fx, f2x) + £(f*x, f)
£(x, fx) + £(fx,y)
_E(f1,£21) + £(£21,0)

£ELfD+ £(fLy)

£ (% 0) +£(0,0)

£(1.3)+ £(3.7)

1
S 3(y—1D

<

w| N

which obtained (3.18).

After examining all the above cases, we conclude that (3.18) is holds or every x,y € [0,1].
As result of which f holds (3.14) with yu = 2 and p = 1 and we had already proved that f is weakly Picard

continuous on ([0,1], £) complete b-metric space. As a consequence, Corollary 3.7 hold. Hence, 0 is the unique

fixed point of f on [0,1].

Application for fixed point
The following theorem is an application of Theorem 3.5 in which we got the sufficient condition of a mapping to

get unique fixed point.

Theorem 3.13. Let (X,£) be usual b-metric space and g : X = X is a function which satisfy the condition
39@+9+1 _ g(a) — g(b) < y(3**P*! —a —b), (3.19)

forall a,b € X = N with g(a) # g(b) and 0 <y < 1. Then g give a unique fixed point.

Proof: Firstly, we define a mapping M; : N X N = N such that

(3%t g %)
Ml(a’b)_{a, a=bh.
We claim that
£(ga, My (ga, gb)) + £(M; (ga, gb), gb) < y(£(a, M, (a, b)) + £(M; (a,b), b)
1e.,

lga — My (ga, gb)| + | M; (ga, gb) — gb| < y(la — M, (a,b)| +|IM, (a,b) — b])  (3.20)
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There are two possible cases discuss.
Case 1:- In this case, we take ga = gb then we have
lga — M, (ga, gb)| + | M, (ga, gb) — gb|
= lga— M, (ga,ga)| + | M, (ga,ga) — gal

= |ga - gal +|ga - gal

=0
which satisfies (3.20).
Case 2:- Take ga # gb then we get

lga — M, (ga, gb)| + | M, (ga, gb) — gb|

= |ga — 399+9b | | 39a+9b _ gp|

= 39a+9b _ gq 4 399+9b _ g}

= 390+9b+1 _ gq _ g
Making the use of (3.19), then we obtain

lga — M, (ga, gb)| + | M, (ga, gb) — gb| < y(3****' —a —b) <y(3**" —a + 3%*? —b)
<y(I3**" —a| +[3%*" — b|)
<vy(la— M, (a,b)| +IM; (a,b) — b])

which is the result of (3.20).
Since g is defined on N. So, g is continuous function on (X, £) and g fulfils (3.13) with p = k = 1. Hence, g
satisfied both the conditions of Corollary 3.6. which yields that g gives a unique fixed point. This completes the
proof.

Now, we give an example which supports our theorem 3.13.
Example 3.14. Let us define a mapping g : N — N such that

a_{a—Z,a23
92=11, a=1.2.

And (N, £) be a usual b-metric space.
We claim that

39@+g(d)+1 _ g(a) — g(b) < %(3a+b+1 —a—-b) (3.21)
We note that
a—gl a—3
a—oo a— a—oo (q — 1

Which gives that there does not exist any 0 <y < 1. So, g is not a contraction. Hence, Banach theorem is not
applicable here.
Without neglecting the generality, due to symmetry of (3.19), there may be possibility of two case which are
discuss as follows as:
Case 1:- In this case, a = 1, b = 3 then we get
39@HDH — g(a) - g(b)
3a+b+l _ 5 _ p

39WHI0I — (1) — g(b)
31+b+1 -1 - b
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_ 3"—b+1
S 3bv2_p—1
30+2 _9p 49
T 32(30*2 —p — 1)
1
9

<

Which yields (3.21).

Similarly, this is hold fora = 2, b > 3.

Case 2:- In this case, a > b > 2 then we get

30+ — g(a) - g(b)
3a+b+1 —a — b
30+b-3 _ g _ph 44
3a+b+1 —a— b
3¢+b=1 _9(a+ b — 4)

32(3a+b+1 —a— b)

<

O|

which is result of (3.21).
Hence, g fulfils (3.19) withy = %. So, Theorem 3.13 is applicable. Though, 1 is the fixed point of g with satisfying

above theorem.

Before defining a new type of contractions, we recall some important properties of Euler Gamma Function,

The Euler Gamma function is defined by

I'(z) = [, x* e~ dx, z>0. (3.22)

An integration by parts, we get
'z+1)=2zT(2), z>0, (3.23)
When z is a natural number then we have

rz+1) =2z
Gamma function is In-convex i.e.,
TBz+ (A —-B)x) < TB@) T Fx),zt>0>and0 < B < 1. (3.24)
We denote ® be the set of functions ¢ : [0, ) — [0, %) such that
o(x) = ax?, a,b > 0. (3.25)
Clearly, we can see that

o(x)>0, x>0. (3.26)

Definition 3.15. Let (X, £) be a b-metric space and a mapping f : X — X is said to be (¢, T, §)-contraction if
there exist 5, ¢ € (0,1) and ¢ € ® with the condition
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C(E(fx,fy)+1) [(E(x,y)+1)
EVAIVT ) < BRI
¢ (r(fs(fx,fy)w)) =<9 (r<£<x,y)+ﬁ)) (3.27)

forallx,y € X.

Theorem 3.16. Consider (X,£) be a complete b-metric space, f: X - X is a mapping. Assuming that the
following condition are hold:

i) fisa (¢,T, B)-contraction

(i)  f is weakly Picard continuous.
Then every Picard sequence in X converges to a unique fixed point x* in X.
Proof: Let x, € X be any point and the Picard sequence {x,} C X defined as

X, = f"x, foralln € N.

By use of (3.27) with (x,y) = (x¢,x;), we have

T(E(fxo,fx1)+1) ['(£(x0,x1)+1)
VAo T ) ot T )
(r(f(fxo,fxgw)) =%¢ (F(E(XO.X1)+E))

ie.,

[(£(xq,x2)+1) ['(£(xg,x1)+1)
¢ (F(E(XLXZ)‘*'.B)) =<¢ (F(E(Xo'xﬂ‘*‘ﬁ)) (3.28)

Further, using in place of (x,y) = (x4, x,) in (3.27), we get
(F(£(fx1f,x2)+1)) < ¢ ¢(F(£(x1,x2)+1))

T(E(fx1.fx2)+B) [(E(x1,x2)+B)
ie.,
[(£(x2,x3)+1) [(£(xq1,x2)+1)
B2 ) < Sl Ve Pl
@ (F(E(Xz.X3)+B)) =S¢ (r(f(xl.xz>+ﬁ)) (3.29)

Also, it follows from (3.28) and (3.29) that

[(E(xz,x3)+1) 2 I'(E(xg,x1)+1)
B2 3T ) « eSS s DA
(F(E(Xz.X3)+B)) s (r(f(xo.x1)+ﬁ))'

Using the same approach, by induction method we have

T(E(xnxn+1)+1) n [(E(xgx1)+1)
EnAnt/T ) ) Sk U SR}
¢ (F(E(xn.xn+1)+ﬁ>) <¢te (r(fs(xo,xow))’ neN. (3.30)
However, from (3.25), we get
T(E(XnXns1)+1) M(EGnan+)+D))?
>
(F(E(xn.xn+1)+ﬁ>) =a (r(f(xn.xn+1>+ﬁ>) (3:31)

Combining (3.30) and (3.31) implies that
(r(rs(xn,xn+1)+1>)” < gn g (R D)

T(E@xnxn+1)+8) T(£(x0,x1)+B)
ie.,
1
T(E(en Xn+1)+1) =1 T(E(xox)+1)\]p
< &= 3.32
C(ECxn+1)+B) — ¢ [0- ¢ (F(E(xo,x1)+ﬁ)>] ( )

However, Gamma is In-convex function.so, from (3.24), we have
P(EQtn, Xp41) + B) = T((1 = BIE(Kn, Xn11) + B(E(Xn, Xni1) + 1))
< TP (EQ, Xn41)) TP (EGtn) Xna0) + 1) (3.33)
By the result of Gamma function (3.23), we get
(£, Xns1) + 1) = £Qn Xy DT (EC, Xn11)
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which gives

MP(E Xpen) + 1) = £0, X0e) P TP (ECr, X44))
which implies that

TP (E(Xn, Xns1)) = £, X 1) P TP (£, Xn41))
So, from (3.33), we evaluate that
F(ECtn Xna1) + B) < EQ Xnaa )P TP (EQ, Xn41)) TP (ECtn, Xnpn) + 1)
= £(tn, Xn+1)P T (EC, Xn41) + 1)

ie.,

1-B T(E(xnxn+1)+1)
ECo xnan) ™ S TR (3.34)

Seeing both (3.32) and (3.34), we have

1
_ nri T'(E(xpx1)+1)\ 12
£(tn, x”“)l f < &b [E 4 (F(E(xz,xi)+ﬁ))] , nEN

ie.,

1
—_n __[1 T(E(x, x1) + 1)\ |p-B)
R G AL
w ) = SO 2\ PG ) + B
which is written as
£(Xn, Xn41) < 0", n EN (3.35)

where

1
o = £GP € (0,1)

and

1 F(E(xg, %) + 1) b(+—ﬁ)
%=k GW%%H%M
Now, follow up (3.35) and using triangle inequality property for all n,m € N, we have
E(Xn, Xpim) < GIEG Xn41) + EXny1, Xni2) + o+ EQim-1, Xnem)] 61 2 1
S t1(Qn + Qn+1 + Qn+2 4+ 4 Qn+m—1)(p0

_, o"(1-e™
—f171_9 Po

Qn
< t1§<l’0 - 0asn — oo,
which proves that {x,,} is a Cauchy sequence and (X, £) is a complete b-metric space. So, there exist x* € X such

that
lim £(x,, x*) = limE£(f"xy, x*) = 0, (3.36)
n—-oo

n—oo

Given that f is a weakly Picard continuous mapping. So, there exist a subsequence {f™*1x} of {f"x} such that

Jim £(F(FMax), fx') = £ (nyy s f27) = 0. (3.37)

Hence, by seeing both (3.36) and (3.37), we obtain that fx* = x* i.e., x* is the fixed point of f in (X, £).
To prove the uniqueness of fixed point of f, let, if possible, x* and y* are two distinct fixed point of f (i.e.,

£(x*,y") > 0).
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By use of (3.27) with (x,y) = (x*,y*), we get

<F(£(fx*.fy*) + 1)) 3 (r(fcx*.y*) + 1))
TEG, fy)+8) = ° P\TEC,y) +B)

ie.,

I(EGe" y™)+1) P(EGE y)+1)
X YT < XY T
¢ (r<£<x*,y*)+ﬁ>) =<¢¢ (F(E(X*.y*)+ﬁ)) (3.38)

Furthermore,
FEx"y)+1
( (x* y*) ) >0
F(EGSy*) +P)

So, by (3.26), we get

<F(£(X*.y*) + 1)) >0
T(ECx*y) +B)
Hence, from (3.38), we obtain a contradiction with & € (0,1).

Thus, x* is the unique fixed point of f. This completes the proof.

If we use continuity in place of weakly Picard continuous then we obtain the following Corollary of the
Theorem 3.16.
Corollary 3.17. Consider (X,£) be a complete b-metric space, f: X — X is a mapping. Assuming that the
following condition are hold:

)] fisa (¢, T, B)-contraction

(i1) f is continuous.

Then every Picard sequence in X converges to a unique fixed point x* in X.

We provide below an illustration to achieve our result in theorem 3.16.
Example 3.18. Assume X = {x;,x,, X3, } and f: X = X is a mapping defined by
fxy =%, fx3 =1, fx3 = x;.
Let£: X X X = [0, o) be a function such that
£(x;, %) = £(x;,x;), £0x;, %) = 0, i, € {1,2,3}
and
E£(xy,%5) = 1, £(x5,x3) = 2, £(x1,x3) = 3.
(B1) and (B2) property of b-metric are hold.
To check (B3) for b-metric:-
E(xy,x,) =1< 5= £(xq,x3) + £(x3,x3),
E(xy,x3) =2 < 4= £(x3,x1) + £(x1,x3),
Hence, (B3) is also hold with t = 1.

As a result, we obtain that (X, £) is b-metric space.

DOI: 10.35629/0743-11083149 www.questjournals.org 47 | Page



Mappings with p-contraction, (@, I, §)-contraction on b-metric spaces and fixed point theorems

Now, we consider a mapping ¢ : [0,0) — [0, ) defined by

f1+\/ﬁx0
2 4’

o= Y™ 2

2 \m Vr
15vVmx 3 4
\ 732 "% N~

It is easy to notice that

vVrx
o) = T,x >0,

Which obtain that ¢ € ® by satisfying (3.25) with a = g and b = 1.
Furthermore, by (3.27), the definition of ¢ and the symmetry ,we get
Firstly, (x,y) = (x1,x2)

FEFx, fxn) + 1) It

1) 2
FE(fxy, fx2) + %) _ ( % _ ¢ (ﬁ> _ 1
= TT74a\ 2
MEC )+ (r2) ¢ )
I'(E(xy, %) + %) F%

We take (x,y) = (x3,x3) in (3.27), we get

D(E(f s f23) + )

T(E(xy,x3) + 1)
[(ECe x3) +)

T(E(fxy, fx3) + 1) (p(
16 8
( o (5v5)

)o@
|

v |'—,| — |'—J
N Ul W [N w N

Using (x,y) = (x4, x3) in (3.27), we have

T(E(fxy, fx3) + }) 0 F_23 4
FEGxfx)+))  \I'z) (p<\/_ﬁ> 1
- - 32 9
T(E(xy,x3) + 1) 0 T4 ¢ (m)
[(£(xy, x3) + %) F%

Form the above calculations and the symmetric property of £, we obtained that
T(E(fx;, fx) + 1) - T(E(x;, ;) + 1)
1, |~ 1
FE(fxi fx) +5) F(E(xi %) +5)

for all (i, ) € {1,2,3} and§ < <1

As a consequence, (3.27) is hold with § = %and % < &<
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On the other hand, X is finite set then f is continuous function. So, Corollary 3.17 is valid for this example. As
we know that every continuous function is weakly Picard continuous. Hence,
Theorem 3.16 is also applicable and the unique fixed point of f is x; in X.

IV. Conclusion:-

Banach Contraction Principle is one of famous result in non-linear analysis. It has vital applications in
fixed point theory. Meanwhile, this principle is invalid when the mapping is not contraction. Inspired by this, we
are introduced two new class of non-contraction self mappings on complete b-metric space (X, £). Firstly, we
defined the class of p-contraction with relate to a family of mappings and secondly,(¢, I, #)-contraction mappings
on complete b- metric spaces. We had been given fixed point theorem for p-contraction with respect to {MJ-}?:1 a
family of mappings M; : X X X — X and weakly Picard continuous mappings on a complete b-metric space (X, £)
possesses a unique fixed point. Furthermore, the Picard sequence {f™x,}
converges to this unique fixed point. Additionally, we also proved another fixed point theorem with (¢, T, §)-
contraction mapping and weakly Picard continuous mappings on a complete b-metric space (X,£) gives the
unique fixed point. Some of examples are also given in which Banach contraction principle is invalid but supports

our results.
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