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Abstract 

Following the way of J. Ning, H. Zhang, and X. Zhou [23], we show some properties of the (2 − 𝜖)-Bergman 

kernels by applying 𝐿2−𝜖 extension theorem. We also show that for any bounded domain in ℂ𝑛, it is 

pseudoconvex if and only if its (2 − 𝜖)-Bergman kernel is an exhaustion function, for any 0 < 𝜖 < 2. As an 

application, we give a negative answer to a conjecture of Tsuji. 
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I. Introduction 

The authors in [16] proved the Ohsawa-Takegoshi𝐿2 extension theorem, which turns out to be useful in 

several complex variables and complex geometry. [2] proved the 𝐿2/𝑚 version of Ohsawa-Takegoshi theorem 

for 𝑚 ∈ ℕ. Recently, [9] obtained optimal estimate for 𝐿2−𝜖(0 ≤ 𝜖 < 2) extension as an application of their 

solution of a sharp 𝐿2 extension problem. 

Here, we study the (2 − 𝜖)-Bergman kernels for bounded domains in ℂ𝑛, and apply 𝐿2−𝜖 extension 

theorem to give some properties of (2 − 𝜖)-Bergman kernels (see [23]). 

We can introduced a(2 − 𝜖)-Bergman kernel as follows: 

Definition 1.1. For a domain Ω ⊆ ℂ𝑛 and 0 ≤ 𝜖 < 2, the (2 − 𝜖)-Bergmann kernel 𝐾Ω,2−𝜖 is denoted by 

𝐾Ω,2−𝜖(𝑧
2 − 1) = sup

𝑓𝑗∈𝐴
2−𝜖(Ω)

 ∑

𝑗

|𝑓𝑗(𝑧
2 − 1)|2−𝜖

∫  
Ω
  |𝑓𝑗|

2−𝜖
 

where 

𝐴2−𝜖(Ω) = {𝑓𝑗 ∈ 𝒪(Ω):∫  
Ω

 ∑

𝑗

|𝑓𝑗|
2−𝜖 < +∞} 

Where the integral on Lebesgue measure. 

According to the extreme property, the usual Bergman kernel is just 2-Bergman kernel for the case 𝜖 =

0 and 𝑗 = 1 in the above definition, which has been studied for years. 

Let 𝑆 be a closed complex subvariety of a domain 𝑈 ⊂ ℂ𝑛. It's known that one has the same Bergman 

kernels on 𝑈 and 𝑈 ∖ 𝑆, since for any 𝑓𝑗 ∈ 𝐴2(𝑈 ∖ 𝑆), one can holomorphically extend the sequence of 

functions𝑓𝑗 to 𝑈. That is to say, one can not distinguish 𝑈 and 𝑈 ∖ 𝑆 by the Bergman kernel. 

However, the (2 − 𝜖)-Bergman kernel may give some distinction. We will show that for a bounded 

domain, it is pseudoconvex if and only if its (2 − 𝜖)-Bergman kernel is an exhaustion function for any 0 < 𝜖 <

2. Besides, the (2 − 𝜖)-Bergman kernel is interesting per se. We'll also give estimate about the boundary 

behavior of the (2 − 𝜖)-Bergman kernel for a bounded pseudoconvex domain. Lastly, we'll answer negatively a 

conjecture of [20]. 
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II. The (𝟐 − 𝝐)-Bergman kernel 

Note that when 𝜖 = 0 and 𝑗 = 1, the (2 − 𝜖)-Bergmann kernel is just the usual Bergman kennel. For 

simplicity, we write 𝐾Ω for 𝐾Ω,2. The (2 − 𝜖)-Bergmann kernel has some properties similar to the usual 

Bergman kernel, for example, it is easy to see that 𝐾Ω1,2−𝜖(𝑧
2 − 1) ≥ 𝐾Ω2,2−𝜖(𝑧

2 − 1) for (𝑧2 − 1) ∈ Ω1 and 

two domains Ω1 ⊆ Ω2, and the (2 − 𝜖)-Bergmann kernels are plurisubharmonic. 

We will study some more properties of 𝐾Ω,2−𝜖. 

Proposition 2.1 (see [23]). Let Ω1 ⊂ ℂ𝑛 be simply connected domain and Ω2 ⊂ ℂ𝑛 be a domain. Then for any 

𝜙𝑗: Ω1 → Ω2 biholomorphism, we have 𝐾Ω1,2−𝜖(𝑧
2 − 1) = 𝐾Ω2,2−𝜖(𝜙𝑗(𝑧

2 − 1))|𝐽𝜙𝑗(𝑧
2 − 1)|2, where 𝐽𝜙𝑗 is 

the determinant of Jacobian of 𝜙𝑗. In particular, if (2 − 𝜖) =
2

𝑚
, where 𝑚 ∈ ℕ, there is no need for the condition 

that Ω1 is simply connected. 

Proof. As Ω1 is simply connected and 𝐽𝜙𝑗 is nonvanishing, we can choose a single valued holomorphic function 

of log⁡ 𝐽𝜙𝑗. 

Then 

Φ:𝐴2−𝜖(Ω2)→ 𝐴2−𝜖(Ω1)

𝑓𝑗↦ 𝑓𝑗 ∘ 𝜙𝑗𝑒
2

2−𝜖
log⁡(𝐽𝜙𝑗)

 

is isometric, since 

∫  
Ω2

∑

𝑗

|𝑓𝑗|
2−𝜖 = ∫  

Ω1

∑

𝑗

|𝑓𝑗 ∘ 𝜙𝑗|
2−𝜖|𝐽𝜙𝑗|

2 = ∫  
Ω1

∑

𝑗

|𝑓𝑗 ∘ 𝜙𝑗𝑒
2

2−𝜖
log⁡(𝐽𝜙𝑗)|

2−𝜖

. 

When (2 − 𝜖) =
2

𝑚
, 𝑚 ∈ ℕ, we take 

Φ:𝐴2−𝜖(Ω2)→ 𝐴2−𝜖(Ω1)

𝑓𝑗↦ 𝑓𝑗 ∘ 𝜙𝑗(𝐽𝜙𝑗)
𝑚,

 

in this case, the simply connected condition is not needed any more. 

By definition, 

𝐾Ω2,2−𝜖(𝜙𝑗(𝑧
2 − 1)) = sup

𝑓𝑗∈𝐴
2−𝜖(Ω2)

∑

𝑗

 
|𝑓𝑗(𝜙𝑗(𝑧

2 − 1))|2−𝜖

∫  
Ω2

  |𝑓𝑗|
2−𝜖

= sup
𝑓𝑗∈𝐴

2−𝜖(Ω2)
∑

𝑗

 
|𝑓𝑗(𝜙𝑗(𝑧

2 − 1))|2−𝜖

∫  
Ω1

  |𝑓𝑗 ∘ 𝜙𝑗|
2−𝜖|𝐽𝜙𝑗|

2

= ∑

𝑗

1

|𝐽𝜙𝑗(𝑧
2 − 1)|2

sup
𝑓𝑗∈𝐴

2−𝜖(Ω2)
 
|𝑓𝑗 ∘ 𝜙𝑗(𝑧

2 − 1)𝑒
2

2−𝜖log⁡(𝐽𝜙𝑗(𝑧
2 − 1))

|

2−𝜖

∫  
Ω1

  |𝑓𝑗 ∘ 𝜙𝑗𝑒
2

2−𝜖
log⁡(𝐽𝜙𝑗)|

2−𝜖

= ∑

𝑗

𝐾Ω1,2−𝜖(𝑧
2 − 1)

|𝐽𝜙𝑗(𝑧
2 − 1)|2

 

It's easy to see that, if 𝐽𝜙𝑗 is constant, then the above proposition is still true without the assumption that Ω1 is 

simply connected. For example, if the domain Ω is a 𝐺-invariant domain w.r.t. a linear action of a semisimple 

Lie group 𝐺, then the (2 − 𝜖)-Bergmann kernel is 𝐺-invariant. 

The condition that Ω1 is simply connected is necessary for some 0 < 𝜖 < 2 (see Remark 2.3). 

Similar to the usual Bergman kernel, the following proposition holds for the (2 − 𝜖)-Bergman kernel. 

Proposition 2.2 (see [23]). Suppose that Ω𝑗 ⊂ ℂ𝑛 are bounded domains and Ω𝑗 ⊂ Ω𝑗+1 for 𝑗 ≥ 1,∪𝑗=1
∞ Ω𝑗 = Ω, 

where Ω is a bounded domain in ℂ𝑛. Then for 0 ≤ 𝜖 < 2, 

lim
𝑗→∞

 𝐾Ω𝑗,2−𝜖(𝑧
2 − 1) = 𝐾Ω,2−𝜖(𝑧

2 − 1) 

and the convergence is uniform on compact subsets of Ω. 

Proof. As 𝐾Ω𝑗,2−𝜖(𝑧
2 − 1) is decreasing, 

lim
𝑗→∞

 𝐾Ω𝑗,2−𝜖(𝑧
2 − 1) 

exists and ≥ 𝐾Ω,2−𝜖(𝑧
2 − 1). 
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For fixed (𝑧2 − 1) ∈ Ω, we may assume (𝑧2 − 1) ∈ Ω𝑗0 . There is 𝑓𝑗0 ∈ 𝒪(Ω𝑗0) such that 

∫  
Ω𝑗

|𝑓𝑗0|
2−𝜖

= 1 

and 

|𝑓𝑗0(𝑧
2 − 1)|

2−𝜖
= 𝐾Ω𝑗,2−𝜖(𝑧

2 − 1) 

for each 𝑗 ≥ 𝑗0. 

By the Montel theorem, there is a subsequence of (𝑗0)𝑘 such that 

lim
𝑘→∞

 𝑓(𝑗0)𝑘 

is uniformly convergent to 𝑓𝑗 ∈ 𝒪(Ω). 

It is easy to check that 

∫  
Ω

∑

𝑗

|𝑓𝑗|
2−𝜖 ≤ 1 

By the definition, we have 

𝐾Ω,2−𝜖(𝑧
2 − 1) ≥∑

𝑗

|𝑓𝑗(𝑧
2 − 1)|2−𝜖 = lim

𝑗0→∞
 𝐾Ω𝑗,2−𝜖(𝑧

2 − 1) 

As 𝐾Ω,2−𝜖(𝑧
2 − 1) is continuous and 𝐾Ω𝑗,2−𝜖(𝑧

2 − 1) is decreasing, it follows that 𝐾Ω𝑗,2−𝜖(𝑧
2 − 1) converges 

uniformly to 𝐾Ω,2−𝜖(𝑧
2 − 1) on compact subsets of Ω. 

Theorem 2.3 (see [23]). Let Ω be one of the classical domains (see [11], [12], [13]): 

ℜ1: = {(𝑍2 − 1) ∈ 𝑀(𝑚, 𝑛): 𝐼(𝑚) − (𝑍2 − 1)(𝑍2 − 1)‾ ′ > 0}

ℜ2: = {(𝑍2 − 1) ∈ 𝑀(𝑛, 𝑛): 𝐼(𝑛) − (𝑍2 − 1)(𝑍2 − 1)‾ ′ > 0, (𝑍2 − 1) = (𝑍2 − 1)′},

ℜ3: = {(𝑍2 − 1) ∈ 𝑀(𝑛, 𝑛): 𝐼(𝑛) − (𝑍2 − 1)(𝑍2 − 1)‾ ′ > 0, (𝑍2 − 1) = −(𝑍2 − 1)′},

ℜ4: = {(𝑍2 − 1) ∈ 𝑀(1, 𝑛): |(𝑍2 − 1)(𝑍2 − 1)′| + 1 − 2(𝑍2 − 1)‾ (𝑍2 − 1)′ > 0, |(𝑍2 − 1)(𝑍2 − 1)′| < 1}.

 

Then 

𝐾Ω,1+𝜖(𝑍
2 − 1) = 𝐾Ω,2(𝑍

2 − 1) 

for (𝑍2 − 1) ∈ Ω for 𝜖 ≥ 0. 

Proof. For (𝑍2 − 1) ∈ Ω and |𝑡| ≤ 1, we have 𝑡(𝑍2 − 1) ∈ Ω. 

For any 𝑓𝑗 ∈ 𝒪(Ω), we have 

1

2𝜋
∫  

2𝜋

0

∑

𝑗

|𝑓𝑗 (𝑒
𝑖𝜃(𝑍2 − 1))|

1+𝜖

𝑑𝜃 ≥∑

𝑗

|𝑓𝑗(0)|
1+𝜖 

Then by the Fubini Theorem, 

∫  
Ω

  |𝑓𝑗|
1+𝜖=

1

2𝜋
∫  

2𝜋

0

 ∫  
Ω

 ∑

𝑗

|𝑓𝑗 (𝑒
𝑖𝜃(𝑍2 − 1))|

1+𝜖

𝑑𝑉(𝑍2−1)𝑑𝜃

= ∫  
Ω

 𝑑𝑉(𝑍2−1)
1

2𝜋
∫  

2𝜋

0

∑

𝑗

  |𝑓𝑗 (𝑒
𝑖𝜃(𝑍2 − 1))|

1+𝜖

𝑑𝜃 ≥∑

𝑗

|𝑓𝑗(0)|
1+𝜖Vol(Ω)

 

we have 

𝐾Ω,1+𝜖(0) =
1

Vol(Ω)
 

As Ω is homogenous, it is well known that Ω is also simply connected, combining with the above proposition, 

we have 𝐾Ω,1+𝜖(𝑍
2 − 1) = 𝐾Ω,2(𝑍

2 − 1) for (𝑍2 − 1) ∈ Ω. 

Remark 2.1. The above result is true for any complete circular and bounded homogeneous domain. It's known 

that any bounded symmetric domain is such a domain. 

For a general bounded homogenous domain Ω, we have 𝐾Ω,1+𝜖(𝑧
2 − 1) ≥ 𝐾Ω,2(𝑧

2 − 1). It is well 

known that 𝐾Ω(𝑧
2 − 1,𝑤) is zero free and Ω is simply connected, we can define a holomorphic function 

log⁡ 𝐾Ω(𝑧
2 − 1,𝑤) for (𝑧2 − 1) ∈ Ω and fixed 𝑤 ∈ Ω. Then 𝑒

2

1+𝜖
log⁡𝐾Ω(𝑧

2−1,𝑤) ∈ 𝐴1+𝜖(Ω), and it is easy to get 

𝐾Ω,1+𝜖(𝑧
2 − 1) ≥ 𝐾Ω,2(𝑧

2 − 1). 



A Step on (2 − 𝜖)-Bergman Kernel for Bounded Domains in ℂ𝑛 

DOI: 10.35629/0743-11080109                                   www.questjournals.org                                            4 | Page 

It seems to be strange that the (1 + 𝜖)-Bergmann kernel may be independent of (1 + 𝜖) for some 

domains. From the following theorem, we can deduce that, in general, 𝐾Ω,1+𝜖 is dependent on (1 + 𝜖). 

Lemma 2.4 (see [23]). For Ω ⊂ ℂ𝑛, we have 

𝐾
Ω,
2−𝜖

𝑚

(𝑧2 − 1) ≥ 𝐾Ω,2−𝜖(𝑧
2 − 1) 

for any 0 < 𝜖 < 2 and 𝑚 ∈ ℕ. 

Proof. If 𝑓𝑗 ∈ 𝐴2−𝜖(Ω), then 

𝑓j
𝑚 ∈ 𝐴

2−𝜖

𝑚 (Ω) 

and 

∫  
Ω

∑

𝑗

|𝑓𝑗|
2−𝜖 = ∫  

Ω

∑

𝑗

|𝑓𝑗
𝑚|

2−𝜖

𝑚  

By the definition of (2 − 𝜖)-Bergman kernel, we have 

𝐾
Ω,
2−𝜖

𝑚

(𝑧2 − 1) ≥ 𝐾Ω,2−𝜖(𝑧
2 − 1) 

The next theorem needs the 𝐿2−𝜖 extension theorem. We state it in the following. For the proof, see [2] 

or [9]. 

Theorem 2.5. (see [2] or [9]) Let Ω be a bounded pseudoconvex domain in ℂ𝑛, 𝐿 be a complex affine line in ℂ𝑛, 

and Ω ∩ 𝐿 ≠ ∅. For 0 ≤ 𝜖 < 2, then for any 𝑓𝑗 ∈ 𝐴2−𝜖(Ω ∩ 𝐿), there is 𝐹𝑗 ∈ 𝐴2−𝜖(Ω), such that 𝐹𝑗|Ω∩𝐿 = 𝑓𝑗 and 

∫  
Ω

∑

𝑗

|𝐹𝑗|
2−𝜖 ≤ 𝐶∫  

Ω∩𝐿

∑

𝑗

|𝑓𝑗|
2−𝜖 

where 𝐶 is a constant depending only on diamΩ and 𝑛. 

Theorem 2.6 (see [23]). Let Ω ⊂ ℂ𝑛 be a bounded pseudoconvex domain, 0 < 𝜖 < 2 and 𝑙 = max {𝑠 ∈ ℕ+: 𝑠 <

2

2−𝜖
}. Then we have 

𝐾Ω,2−𝜖(𝑧
2 − 1) ≥

1 + 𝜖

𝛿(𝑧2 − 1)(2−𝜖)𝑙
 

where 𝛿(𝑧2 − 1) = inf
𝑤∈𝜕Ω

 𝑑(𝑧2 − 1,𝑤) and (1 + 𝜖) is a constant positive number. 

Proof. For any complex line 𝐿, after a unitary transform, we may assume 𝐿 = {(𝑧2 − 1)2 = ⋯ = (𝑧2 − 1)𝑛 =

0}. 

Let (𝑧2 − 1)0 = ((𝑧2 − 1)1
0, 0, … ,0) ∈ 𝜕Ω ∩ 𝐿, take 

𝑓𝑗 =
1

((𝑧2 − 1)1 − (𝑧2 − 1)1
0)𝑙

∈ 𝐴2−𝜖(Ω ∩ 𝐿) 

From the 𝐿2−𝜖 extension theorem 2.5 , we get 𝐹𝑗 ∈ 𝐴2−𝜖(Ω) such that 𝐹𝑗|Ω∩𝐿 = 𝑓𝑗, and 

∫  
Ω

∑

𝑗

|𝐹𝑗|
2−𝜖 ≤ 𝐶 ∫  

Ω∩𝐿

∑

𝑗

|𝑓𝑗|
2−𝜖 ≤

1

1 + 𝜖
 

for some constant 𝜖 ≥ 0, (1 + 𝜖) depends only on diamΩ and 𝑛. 

Then 

𝐾Ω,2−𝜖(𝑧
2 − 1)|

Ω∩𝐿
≥

1 + 𝜖

|(𝑧2 − 1)1 − (𝑧2 − 1)1
0|(2−𝜖)𝑙

 

As we can choose arbitrary complex line and boundary points, we get 

𝐾Ω,2−𝜖(𝑧
2 − 1) ≥

1 + 𝜖

𝛿(𝑧2 − 1)(2−𝜖)𝑙
 

According to the above theorem and the fact that the (2 − 𝜖)-Bergman kernel is plurisubharmonic, we can 

easily get the following interesting theorem. 

Theorem 2.7. For any bounded domain Ω in ℂ𝑛 , Ω is pseudoconvex if and only if 𝐾Ω,2−𝜖(𝑧
2 − 1) is an 

exhaustion function for 0 < 𝜖 < 2. 

Remark 2.2. The condition that Ω is bounded is necessary. If we consider Ω = ℂ ∖ Δ, then 𝐾Ω,2−𝜖(𝑧
2 − 1) is 

bounded near ∞ for 0 ≤ 𝜖 < 2. 
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Theorem 2.8 (see [23]). Let Δ∗ = {(𝑧2 − 1) ∈ ℂ: 0 < |𝑧2 − 1| < 1} and 0 ≤ 𝜖 < 2, then we have 𝐾Δ∗,1+𝜖(𝑧
2 −

1) = 𝑂 (
1

|𝑧2−1|1+𝜖
). 

Proof. For any 𝑓𝑗 ∈ 𝐴1+𝜖(Δ∗), we have 𝑓𝑗(𝑧
2 − 1) = ∑  ∞

𝑛=−∞ ∑𝑗 𝑎𝑛
𝑗
(𝑧2 − 1)𝑛, then 𝑔𝑗(𝑧

2 − 1):=

∑  ∞
𝑛=0 ∑𝑗 𝑎𝑛

𝑗
(𝑧2 − 1)𝑛 is holomorphic on Δ = {(𝑧2 − 1) ∈ ℂ: |𝑧2 − 1| < 1}. 

In the present proof, we denote by ‖𝑓𝑗‖1+𝜖 = (∫  
Δ∗
 ∑𝑗 |𝑓𝑗|

1+𝜖)
1

1+𝜖 for 𝑓𝑗 ∈ 𝐴1+𝜖(Δ∗). 

Obviously, ∫  
Δ𝜏
∗ ∑𝑗 |𝑔𝑗(𝑧

2 − 1)|1+𝜖 < ∞, where Δ𝜏
∗ = {(𝑧2 − 1) ∈ ℂ: 0 < |𝑧2 − 1| < 𝜏} and 0 <

𝜏 < 1. 

It's easy to see that 

∫  
Δ∗
|

1

𝑧2 − 1
|
1+𝜖

𝑑𝑥𝑑𝑦 = ∫  
1

0

∫  
2𝜋

0

𝑟−𝜖𝑑𝜃𝑑𝑟 =
2𝜋

1 − 𝜖
 

From 

‖𝑔𝑗 + ℎ𝑗‖1+𝜖 ≤ ‖𝑔𝑗‖1+𝜖 + ‖ℎ𝑗‖1+𝜖 

we get 

ℎ𝑗(𝑧
2 − 1):= ∑  

−2

𝑛=−∞

∑

𝑗

𝑎𝑛
𝑗
(𝑧2 − 1)𝑛 ∈ 𝐴1+𝜖(Δ𝜏

∗). 

We want to prove ℎ𝑗 = 0. 

∫  
Δ𝜏
∗
∑

𝑗

|ℎ𝑗(𝑧
2 − 1)|1+𝜖𝑑𝑥𝑑𝑦 = ∫  

ℂ∖Δ1
𝜏

∑

𝑗

|ℎ𝑗 (
1

𝑧2 − 1
)|
1+𝜖 𝑑𝑥𝑑𝑦

|𝑧2 − 1|4

= ∫  
∞

1

𝜏

1

𝑟3
𝑑𝑟∫  

2𝜋

0

∑

𝑗

|ℎ𝑗 (
𝑒𝑖𝜃

𝑟
)|

1+𝜖

𝑑𝜃 

Let ℎ̃j(𝑧
2 − 1) = ℎ𝑗 (

1

𝑧2−1
), then ℎ̃𝑗 is holomorphic on ℂ ∖ Δ1

𝜏

 and 

ℎ̃j(𝑧
2 − 1) = ∑  

∞

𝑛=2

∑

𝑗

𝑎−𝑛
𝑗
(𝑧2 − 1)𝑛 

If ℎ̃𝑗 is not 0 , then there is 𝑛0 > 1 such that 𝑎−𝑛0
j

≠ 0 and 𝑎−𝑛
j

= 0 for 1 < 𝑛 < 𝑛0. Write ℎ̃j(𝑧
2 − 1) =

(𝑧2 − 1)𝑛0(𝑓𝑗)1(𝑧
2 − 1), where (𝑓𝑗)1(𝑧

2 − 1) = ∑  ∞
𝑛=𝑛0

∑𝑗 𝑎−𝑛
𝑗
(𝑧2 − 1)𝑛−𝑛0 . 

By the submean property 

∫  
2𝜋

0

∑

𝑗

|(𝑓𝑗)1 (
𝑒𝑖𝜃

𝑟
)|

1+𝜖

𝑑𝜃 ≥ 2𝜋∑

𝑗

|𝑎−𝑛0
𝑗

|
1+𝜖

 

and 𝑛0(1 + 𝜖) − 3 > −1, it follows that 

∫  
Δ𝜏
∗
∑

𝑗

|ℎ𝑗(𝑧
2 − 1)|1+𝜖𝑑𝑥𝑑𝑦 ≥ 2𝜋∑

𝑗

|𝑎−𝑛0
𝑗

|
1+𝜖

∫  
∞

1

𝜏

𝑟𝑛0(1+𝜖)−3𝑑𝑟 = ∞. 

Therefore, ℎ𝑗 = 0. That is to say, for any 𝑓𝑗 ∈ 𝐴1+𝜖(Δ∗), we have 𝑓𝑗(𝑧
2 − 1) = ∑  ∞

𝑛=−1 ∑𝑗 𝑎𝑛
𝑗
(𝑧2 − 1)𝑛. 

Note that 

𝐾Δ∗,1+𝜖(𝑧
2 − 1) ≥

1

∣(𝑧2−1)(𝑧2−1)(1+𝜖)

∫  
Δ∗
  |

1

𝑧2−1
|
1+𝜖 ≥

1 − 𝜖

2𝜋|𝑧2 − 1|1+𝜖
(1) 

Since 

|𝑧2 − 1|1+𝜖𝐾Δ∗,1+𝜖(𝑧
2 − 1) = |𝑧2 − 1|1+𝜖 sup

𝑓𝑗∈𝐴
1+𝜖(Δ)

∑

𝑗

 
|
𝑎𝑗

𝑧2−1
+ 𝑓𝑗(𝑧

2 − 1)|
1+𝜖

∫  
Δ∗
  |

𝑎𝑗

𝑧2−1
+ 𝑓𝑗(𝑧

2 − 1)|
1+𝜖

𝑑𝑥𝑑𝑦

= sup
𝑓𝑗∈𝐴

1+𝜖(Δ)
 ∑

𝑗

|𝑎𝑗 + (𝑧2 − 1)𝑓𝑗(𝑧
2 − 1)|1+𝜖

∫  
Δ∗
  |

𝑎𝑗

𝑧2−1
+ 𝑓𝑗(𝑧

2 − 1)|
1+𝜖

𝑑𝑥𝑑𝑦

. (2)
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From (1), for (𝑧2 − 1) near 0 , we may take 𝑎𝑗 = 1. For 𝑓𝑗 ∈ 𝐴1+𝜖(Δ) 

(a) If ‖𝑓𝑗‖1+𝜖
1+𝜖 > 2(1+𝜖)

2𝜋

1−𝜖
, then ‖𝑓𝑗(𝑧

2 − 1) +
1

𝑧2−1
‖
1+𝜖

≥ ‖𝑓𝑗(𝑧
2 − 1)‖1+𝜖 − ‖

1

𝑧2−1
‖
1+𝜖

>

1

2
‖𝑓𝑗(𝑧

2 − 1)‖1+𝜖, so 

∑

𝑗

|1 + (𝑧2 − 1)𝑓𝑗(𝑧
2 − 1)|1+𝜖

∫  
Δ∗
  |

1

𝑧2−1
+ 𝑓𝑗(𝑧

2 − 1)|
1+𝜖

𝑑𝑥𝑑𝑦
<∑

𝑗

2(1+𝜖)(1 + |(𝑧2 − 1)𝑓𝑗(𝑧
2 − 1)|1+𝜖)

(1/2(1+𝜖)) ∫  
Δ∗
  |𝑓𝑗|

1+𝜖

< 22(1+𝜖) (
1 − 𝜖

2(2+𝜖)𝜋
+ |𝑧2 − 1|1+𝜖𝐾Δ,1+𝜖(𝑧

2 − 1)). 

(b) If ‖𝑓𝑗‖1+𝜖
1+𝜖 ≤ 2(1+𝜖)

2𝜋

1−𝜖
, then |𝑓𝑗(𝑧

2 − 1)| ≤ 𝐶 for all (𝑧2 − 1) near 0 , where 𝐶 is a positive 

constant independent on 𝑓𝑗. 

Since 

∫  
Δ∗
 ∑

𝑗

|
1

𝑧2 − 1
+ 𝑓𝑗(𝑧

2 − 1)|
1+𝜖

𝑑𝑥𝑑𝑦= ∫  
1

0

  𝑟−𝜖𝑑𝑟∫  
2𝜋

0

 ∑

𝑗

|1 + 𝑟𝑒𝑖𝜃𝑓𝑗(𝑟𝑒
𝑖𝜃)|

1+𝜖
𝑑𝜃

≥ 2𝜋∫  
1

0

  𝑟−𝜖𝑑𝑟 =
2𝜋

1 − 𝜖

 

then 

∑

𝑗

|1 + (𝑧2 − 1)𝑓𝑗(𝑧
2 − 1)|1+𝜖

∫  
Δ∗
  |

1

𝑧2−1
+ 𝑓𝑗(𝑧

2 − 1)|
1+𝜖

𝑑𝑥𝑑𝑦
<
(1 − 𝜖)(1 + |𝑧2 − 1|𝐶)1+𝜖

2𝜋
 

According to (a) and (b), we get that |𝑧2 − 1|1+𝜖𝐾Δ∗,1+𝜖(𝑧
2 − 1) is bounded near 0 . 

From the above theorem, we know the lower bounds of Theorem 2.6 is optimal. 

Remark 2.3 (see [23]). Let 𝐷 = {(𝑧2 − 1) ∈ ℂ: |𝑧2 − 1| > 1}, for 0 < 𝜖 < 2, there is (1 + 𝜖) = (1 + 𝜖)2 > 0 

such that 

𝐾𝐷,1+𝜖(𝑧
2 − 1) ≤

1 + 𝜖

|𝑧2 − 1|2(1+𝜖)
 

for |𝑧2 − 1| ≫ 1. 

Let 𝜑: Δ∗ → 𝐷, (𝑧2 − 1) ↦ 1/(𝑧2 − 1). For 0 < 𝜖 < 2, 

𝐾
Δ∗,

4

3
+𝜖
(𝑧2 − 1) ≠ 𝐾

𝐷,
4

3
+𝜖
(1/(𝑧2 − 1))

1

|𝑧2 − 1|4
 

Proof of the Remark: 

For any 𝑓𝑗 ∈ 𝐴
4

3
+𝜖(𝐷), we have 

𝑓𝑗(𝑧
2 − 1) = ∑  

∞

𝑛=−1

∑

𝑗

𝑎𝑛
𝑗 (𝑧2 − 1)𝑛 +∑  

∞

𝑛=2

∑

𝑗

𝑏𝑛
𝑗
(𝑧2 − 1)−𝑛 

Let (𝑓𝑗)1(𝑧
2 − 1) = ∑  ∞

𝑛=−1 ∑𝑗 𝑎𝑛
𝑗
(𝑧2 − 1)𝑛 and (𝑓𝑗)2(𝑧

2 − 1) = ∑  ∞
𝑛=2 ∑𝑗 𝑏𝑛

𝑗
(𝑧2 − 1)−𝑛. 

It is easy to check that there is 𝑟 ≫ 1 such that ∫  
{|𝑧2−1|>𝑟}

∑𝑗 |(𝑓𝑗)2|
4

3
+𝜖

< ∞ holds. 

Hence ∫  
{|𝑧2−1|>𝑟}

∑𝑗 |(𝑓𝑗)1|
4

3
+𝜖

< ∞. 

If (𝑓𝑗)1 is not 0 , we may choose 𝑘 to be the integer such that 𝑎𝑛
𝑗
= 0 for 𝑛 < 𝑘, 𝑎𝑘

j
≠ 0, then 

∫  
{|𝑧2−1|>𝑟}

 ∑

𝑗

|(𝑓𝑗)1|
4

3
+𝜖
= ∫  

{|𝑧2−1|>𝑟}

  |∑  

∞

𝑛=𝑘

∑

𝑗

 𝑎𝑛
𝑗
(𝑧2 − 1)𝑛|

4

3
+𝜖

= ∫  
∞

𝑟

∑

𝑗

 𝜌𝑗𝑑𝜌𝑗∫  
2𝜋

0

  (𝜌𝑗)
𝑘(

4

3
+𝜖)

|∑  

∞

𝑛=𝑘

 𝑎𝑛
𝑗 (𝑧2 − 1)𝑛−𝑘|

4

3
+𝜖

≥∑

𝑗

2𝜋|𝑎𝑘
𝑗
|
4

3
+𝜖
∫  
∞

𝑟

  (𝜌𝑗)
1+𝑘(

4

3
+𝜖) = ∞.

 

Therefore, (𝑓𝑗)1 = 0. 

We get 𝐾
𝐷,
4

3
+𝜖
(𝑧2 − 1) ≤

1+𝜖

|𝑧2−1|
2(
4
3+𝜖)

 for |𝑧2 − 1| ≫ 1. 
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By the above theorem, 𝐾
Δ∗,

4

3
+𝜖
(𝑧2 − 1) = 𝑂 (

1

|𝑧2−1|
4
3+𝜖

). 

As 

𝐾
𝐷,
4

3
+𝜖
(1/(𝑧2 − 1))

1

|𝑧2 − 1|4
≤

1 + 𝜖

|𝑧2 − 1|4−2(
4

3
+𝜖)

 

for |𝑧2 − 1| ≪ 1, 

if 𝜖 > 0, then 

𝐾
Δ∗,

4

3
+𝜖
(𝑧2 − 1) ≠ 𝐾

𝐷,
4

3
+𝜖
(𝑧2 − 1)

1

|𝑧2 − 1|4
 

We have finished the proof of the remark. 

 

III. A conjecture of H. Tsuji 

We first recall a definition for complex manifolds, see H. Tsuji [20]. 

Definition 3.1. Let 𝑀 be a complex manifold with the canonical line bundle 𝐾𝑀, for every positive integer 𝑚, 

we set 

(𝑍2 − 1)𝑚: = {𝜎𝑗 ∈ Γ(𝑀, 𝒪𝑀(𝑚𝐾𝑀)) |∫  
𝑀

 ∑

𝑗

(𝜎𝑗 ∧ 𝜎‾𝑗)
1

𝑚| < +∞} 

and 

𝐾𝑀,𝑚: = sup {|𝜎𝑗|
2

𝑚; 𝜎𝑗 ∈ Γ(𝑀, 𝒪𝑀(𝑚𝐾𝑀)) |∫  
𝑀

 ∑

𝑗

(𝜎𝑗 ∧ 𝜎‾𝑗)
1

𝑚| ≤ 1} 

where the sup denotes the pointwise supremum. 

Then let 

𝐾𝑀,∞: = lim sup
𝑚→∞

 𝐾𝑀,𝑚 

and (ℎ𝑗)(1+𝜖)𝑎𝑗 𝑛, 𝑀
: = the lower envelope of 

1

𝐾𝑀,∞
. 

Lemma 3.1 (see [23]). For Ω ⊂ ℂ𝑛, we have 

sup
𝑚∈ℕ

 𝐾
Ω,

2

𝑚

(𝑧2 − 1) = sup
0≤𝜖<2

 𝐾Ω,2+𝜖(𝑧
2 − 1). 

Proof. By Lemma 2.4, we have 

sup
𝑚∈ℕ

 𝐾
Ω,

2

𝑚

(𝑧2 − 1) = sup
0≤𝜖<2∩ℚ

 𝐾Ω,2+𝜖(𝑧
2 − 1). 

If 𝑓𝑗 ∈ 𝒪(Ω) and ∫  
Ω
∑𝑗 |𝑓𝑗|

2+𝜖 < ∞, then 

lim
𝑞→2+𝜖,𝑞<2+𝜖

 ∫  
Ω

∑

𝑗

|𝑓𝑗|
𝑞 = ∫  

Ω

∑

𝑗

|𝑓𝑗|
2+𝜖 

So 

sup
0≤𝜖<2∩ℚ

 𝐾Ω,2+𝜖(𝑧
2 − 1) = sup

0≤𝜖<2
 𝐾Ω,2+𝜖(𝑧

2 − 1) 

and the lemma follows. 

For Δ∗ = {(𝑧2 − 1) ∈ ℂ: 0 < |𝑧2 − 1| < 1}, since the canonical bundle 𝐾Δ∗ is trivial, so when we 

consider 𝐾Δ∗,∞ and (ℎ𝑗)(1+𝜖)𝑎𝑗 𝑛, Δ∗
−1 , we can omit the form 𝑑𝑡. 

H. Tsuji [20] proposed the following conjecture (see Conjecture 2.16 in [20]): 

(ℎ𝑗)(1+𝜖)𝑎𝑗 𝑛,Δ∗
−1 = 𝑂 (

1

|𝑧2 − 1|2(log⁡ |𝑧2 − 1|)2
) 

holds. 

However, we get the following theorem: 

Theorem 3.2 (see [23]). One has 

(ℎ𝑗)(1+𝜖)𝑎𝑗 𝑛,Δ∗
−1 (𝑧2 − 1) ≥ 𝐾Δ∗,∞(𝑧

2 − 1) ≥
1

2𝜋𝑒

1

|𝑧2 − 1|2|log⁡ |𝑧2 − 1||
 

for 0 < |𝑧2 − 1| < 𝑒−1. 



A Step on (2 − 𝜖)-Bergman Kernel for Bounded Domains in ℂ𝑛 

DOI: 10.35629/0743-11080109                                   www.questjournals.org                                            8 | Page 

Proof. Since 

∫  
Δ∗
|

1

𝑧2 − 1
|
2+𝜖

=
2𝜋

−𝜖
 

 

by Lemma 2.4 and Lemma 3.1, we get 

 

𝐾Δ∗,∞(𝑧
2 − 1)= lim sup

𝑚→∞
 𝐾Δ∗,𝑚(𝑧

2 − 1) = sup
𝑚≥1

 𝐾Δ∗,𝑚(𝑧
2 − 1)

= sup
0≤𝜖<2

 𝐾Δ∗,2+𝜖(𝑧
2 − 1) ≥ sup

0≤𝜖<2
 
−𝜖

2𝜋

1

|𝑧2 − 1|2+𝜖

 

 

For 0 < |𝑧2 − 1| < 𝑒−1, let 

𝜖 =
1

log⁡ |𝑧2 − 1|
∈ [1,2] 

therefore 

−𝜖

2𝜋

1

|𝑧2 − 1|2+𝜖
=

1

2𝜋𝑒

1

|𝑧2 − 1|2|log⁡ |𝑧2 − 1||
 

so 

𝐾Δ∗,∞(𝑧
2 − 1) ≥

1

2𝜋𝑒

1

|𝑧2 − 1|2|log⁡ |𝑧2 − 1||
 

Hence 

(ℎ𝑗)(1+𝜖)𝑎𝑗 𝑛,Δ∗
−1 (𝑧2 − 1) ≥ 𝐾Δ∗,∞(𝑧

2 − 1) ≥
1

2𝜋𝑒

1

|𝑧2 − 1|2|log⁡ |𝑧2 − 1 ∣
 

 

From the above theorem, we know that (ℎ𝑗)(1+𝜖)𝑎𝑗 𝑛,Δ∗
−1  is not integrable near 0 . 
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