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Abstract

The pioneers of [13] study the compactness of operators on Bergman space of the unit ball and on generally
weighted Bargmann-Fock spaces in terms of their Berezin transforms and the norms of the operators acting on
reproducing kernels. We show how a vanishing Berezin transform combined with certain (integral) growth
conditions on an operator T are sufficient to imply that the operator is compact in the Bergman space. We also
show that the reproducing kernel for compactness holds for operators satisfying similar growth conditions in
(Weighted Bargmann-Fock space). Following [13] we extend the results of Xia and Zheng to the case of
Bergman space when 0 < € < oo, and in weighted Bargmann-Fock space.The main results introduced more
general new conditions that imply and improved the results of Xia and Zheng by thecase0 < € < co.
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I.  Introduction
The Bargmann-Fock space F1*€:= F1+€(C™") is the collection of sequences of entire functions f; on C* such

that fi(-)e_% € L1*¢(C", dv). ThenF? is a reproducing kernel Hilbert space with reproducing kernel given by
K, (wy) = eZ"i, Here, we denote by k,, the normalized reproducing kernel at z;. For a bounded operator T on
F1*€ the Berezin transform of T is the function defined by
T(Zi) = <Tkzirkzi>}-z

Bauer and the first author in [13] proved that the vanishing of the Berezin transform is sufficient for
compactness whenever the operator is in the Toeplitz algebra [1]. However, it is generally very difficult to check
whether a given operator T is in the Toeplitz algebra, unless T is itself a Toeplitz operator or a combination of a
few Toeplitz operators, and as such one would like a "simpler" sufficient condition to guarantee this.

In [10], Xia and Zheng introduced a class of "sufficiently localized" operators on F? which includes the
algebraic closure of the Toeplitz operators. These are the operators T acting on F? such that there exist

constants f and 0 < € < oo with
< 1+e 11
< T - e b
L

It was proved by Xia and Zheng that every bounded operator T from the C*-algebra generated by sufficiently
localized operators whose Berezin transform vanishes at infinity, i.e.,

lim > (Tky, k)., =0. (1.2)

|zj|—o0 £
L

[Tk K)o

is compact on F2. One of their main innovations is providing an easily checkable condition (1.1) which is
general enough to imply compactness from the seemingly much weaker condition (1.2).

The aim here is to extend the Xia-Zheng notion of sufficiently localized operators to both a much wider class of
weighted Fock spaces (in particular, the class of so-called "generalized Bargmann-Fock spaces" considered in
[8]) and to a larger class of operators. So (1.1) easily implies

supf Z|<Tk2i'kwl'>;r2
z;eCM Jcn ;
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and consequently one should look at generalizations of sufficiently localized operators that allow for weaker
integral conditions. And the ideas in [10] are essentially frame theoretic (see [5] for a discussion of the ideas in
[10]) and therefore one cannot easily extend these ideas to the non-Hilbert space setting. Now, we will provide a
simpler, more direct proof of the main result in [10] and which can be extended to other spaces of analytic
functions. In particular, we show that our modified main result, holds for the classical Bergman space A**€ on
the ball (and in Section 4 we will discuss the possibility of extending our results to a very wide class of weighted
Bergman spaces.)

The extension of the main results in [10] to a larger class of operators and to a wider class of weighted Fock
spaces is as follows. Let d© = i(a‘ — 0) and let d be the usual exterior derivative. For the rest of the paper let
¢; € (1 + €)?(C™) be a real valued function on C" such that

cwy < ddP; < (1+ €)w,

holds uniformly pointwise on C" for some positive constants ¢ and 1 + € (in the sense of positive (1,1) forms)
where w, = dd°|-|? is the standard Euclidean Kihler form. Furthermore, for 0 <€ < oo, define the
generalized Bargmann-Fock space T&,:’e to be the space of entire functions f; on C" such that fie=%i €
LY*€(C", dv) (for a detailed properties of T;,;re see [8]). For operators T acting on the reproducing kernels

K(z;,w;) of Tf,i,, we impose the following conditions. We first assume that

supf Z dv(w;) < oo, supf Z
z;eC™ Jgn - z;eC™ Jcn -

which is enough to conclude that the operator T initially defined on the linear span of the reproducing kernels
extends to a bounded operator on IF(},:’E for 0 < € < oo (see Section 3). To show that the operator is compact, we
impose the following additional assumptions on T':

dv(w;) < 0. (1.3)

(T, ky,)

(T*ky, k)

2 2
Td,i T‘i’i

lim sup Z ‘(Tkzi, g). .z | dv(w) = 0,

€2%z;eC™ Jp(z;,1+€)¢ 7 bi
lim sup f Z (T*ky, k)., | do(wy) = 0. (1.4)
€70 zi€C" Jp(z;1+6)¢ 5 Fo;

Definition 1.1. We will say that a linear operator T on F, (},:'E is weakly localized (and for convenience write T €
Agp,(CM)) if it satisfies the conditions (1.3) and (1.4).

Note that every sufficiently localized operator on F? in the sense of Xia and Zheng obviously satisfies (1.3) and
(1.4) and is therefore weakly localized in our sense too. Now if D(z;, 1 + €) is the Euclidean ball with center z;
and radius 1 + €, and if ||T||. denotes the essential norm of a bounded operator T on IF(}):E then the following

theorem is one of the main results (see [13]):
Theorem 1.2. Let 0 < € < oo and let T be an operator on IF(;,:'E which belongs to the norm closure of Ay, (C").

Then there exists € > 0 (both depending on T') such that
ITNe < (1 + e)lilm sup  sup z |<Tkzi, kwi)|
i

zj|=o0 w;€D(z;1+€)

In particular, if
dim, D kel =0

then T is compact on Fy*<.

Now if A(C") is the class of sufficiently localized operators on F? then note that an application of Proposition
1.4 in [5] in conjunction with Theorem 1.2 immediately proves the following theorem, which provides the
previously mentioned generalization of the results in [10] (see Section 3).

Theorem 1.3 (see [13]). Let 0 < € < oo and let T be an operator on F1*€ which belongs to the norm closure of

AT ETiM s [(Thy )
We note that one can easily write the so called "Fock-Sobolev spaces" from [4] as generalized Bargmann-Fock
spaces, so that in particular Theorem 1.2 immediately applies to these spaces (see [5] for more details).

To state the main result in the Bergman space setting. Let B,, denote the unit ball in C" and let the space A**€: =
A'*€(B,,) denote the classical Bergman space, i.e., the collection of all holomorphic functions on B,, such that

| filljite: = f Z Ifi@)"*€dv(z) < o
B, &
The function K, (w;): = (1 — Z,w;)"™*1 is the reproducing kernel for A? and

n+1
(- lz)'s
kZi(Wi): = (1 _ Z_I,Wi)(n+1)

= 0 then T is compact.
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is the normalized reproducing kernel at the point z;. We also will let d4 denote the invariant measure on B,,, i.e.,
Qg = v
@) = Ty
Now let 0 < € < o and let € > 0. We are interested in operators T acting on the reproducing kernels of A? that

satisfy the following conditions. First, we assume that there exists 0 < § < min {1 + ¢, ;} such that
28€

” a ”1 (1+e)(n+1)
ill 42

sup Z (T ) | i dA(wy) < o0,
Zi€Bn JBy, A 1= (1+52)‘§f1+1)
1K,
28
” z” Tat+e(n+1)
supf Z| (T gy o) | A d(w;) < 0. (1.5)
Zi€EBy

”K ”1 a+e)(n+1)

These are enough to conclude that the operator T initially defined on the linear span of the reproducing kernels
extends to a bounded operator on A*€ (see the comments following the proof of Proposition 2.5). To treat
compactness we make the following additional assumptions on T: there exists 0 < § < min {1 +e, %} such
that

1— 26€
” ” (1+€)(n+1)
42

di(w;) = 0,

(1+ez)if1+1)
LA

sup f z |<Tkzi'kwi>A
zi€Bn JD(z;,1+€)¢

1_275
”K '”Az (1+e)(n+1)

sup f Z|(T*kli,kwi)| dA(w;) = 0. (16)
zi€Bn JD(z;,1+€)¢ 45

IR0

as € - oo,
Definition 1.4. We say that a linear operator T on A'*€ is 1 + € weakly localized (which we denote by T €
o‘l1+€([B3n)) if it satisfies conditions (1.5) and (1 6).

o . 5 5 .

Note that the condition 0 < § < min {1 + €, } implies that both 1 — — 2% and1-—2% _are strictly
(1+e)(n+1) (1+e)(n+1)

between Z—;i and 1. Furthermore, note that when 1 4+ € = % = 2, we have that Z—;i <1-

(n+1) < 1 precisely

when 0 < § < 2. Thus, in this case we can rewrite condition (1.5) in the following simpler way: there exists
221 < a < 1 where
n+1

su JZ|(Tk k) %d,l(w-)@o

S T
(LA

supf Z|(T*kzi’kwi>A2 Nzillgz —— 2 dA(w;) < o

zi€Bn Bn i || Wl”AZ

Of course, one can similarly rewrite condition (1.6) when € = 1.
We prove the following result(see [13]).
Theorem 1.5. Let 0 < € < o and let T be an operator on A2*¢ which belongs to the norm closure of A4 .. (B,,).
If
lim <Tkzi’kzi>A2 =0

lzi| =1
l

then T is compact.

It will be clear that the method of proof also will work for the weighted Bergman space , and we leave this.
Note that this result is known in Suérez, [9] in the case of A1*€ when the operator T belongs to the Toeplitz
algebra generated by L™ symbols (see also [7] for the case of weighted Bergman spaces.) We will prove below
that the Toeplitz algebra on A**€ generated by L symbols is a subalgebra of the norm closure of A, (B,,). In
particular, the results of this paper provide a considerably simpler proof of the main results in [7,9] for the e # 1
situation (though it should be noted that a similar simplification when € = 1 was provided in [6]).

Now here we provide the extension of the the Xia and Zheng result to the Bergman space on the unit ball B,,,
and in particular we prove Theorem 1.5. We prove Theorems 1.2 and 1.3 which provides an extension of the Xia
and Zheng result in the case of the generalized Bargmann-Fock spaces. Finally, we will briefly discuss some
interesting open problems related to these results.
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II. Bergman Space Case
For ¢,, be the Mobius map of B, that interchanges 0 and z;. It is well known that

1=z = [w;[?)

2
1— |, (w;
oz, (w)| 1= ZwP
and as a consequence we have that
1
|<k2i’ kwi)Az = (2.1)
||K‘Pzi(w'
Using the automorphismg;,, the pseudohyperbolic and Bergman metrics on B, are defined by
p(z;, w;) | (W)| and (2n+¢€)(z; W-)'=110 M
i Wi Pz, Wi LT 1— P(Zi, Wi)

82(2n+e)_1

Recall that these metrics are connected by p = 2GnroL; = tanh (2n + €) and it is well-known that these

metrics are invariant under the automorphism group of B,,. We let

D(z;,1+¢€)={w; €B:2n+¢€)(z;,w;) <1+ €} ={w; € B,:p(z;,w;) <s =tanh (1 +¢€)}
denote the hyperbolic disc centered at z; of radius 1 + €. Recall also that the orthogonal (Bergman) projection of
L*(B,,, dv) onto A? is given by the integral operator

PUIED= [ D (ko) im0
B 45
Therefore, for all f; € A? we have

@) = [ Y ) e (2. 22)

As usual an important ingredient in our treatment will be the Rudin-Forelli estimates, see [11] or [6]. Recall the

standard Rudin-Forelli estimates:
(14+€)+s
2

f |(Kzp K)o

1+e€
(L IIAZII Kl

forall r > x > s >0, where k = k,,: = n—+1. We will use these in the following form: For all Z—: <a<1we

have that
J Z| i’ Wl A?

To see that this is true in the classical Bergman space setting, for a given Z—: <a<lsetr=1+aands=

di(w;)) <C =(C)(r,s) <o, Vz; €EB,. (2.3)

||A2

diw) <C=C(a) <», Vz€B,  (24)

|| Ko

1—a>0.Thenr + s = 2, and since a > Z—:W@ have thatr =1+ a > % Furthermore since 0 < a < 1 we

havethat 0 < s <1< % By plugging this in (2.3) we obtain (2.4).
We will also need the following uniform version of the Rudin-Forelli estimates.
Lemma 2.1 (see [13]). Let:—;i < a < 1. Then

Kl
lim su f Z , A~ dA(w 2.5
Roo0z; EIlg)n D(z;,R)¢ | " WL A2 ” WL”AZ )= @9
Proof. Notice first that
||A2
Z ) dA(w,)
JD(z R e || Kol
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Il
. Ko, (Wl)> E Aza dA(w;)
pOm oz || 2
| Zl Wl
D(0,R)¢ Wl 42 ”K ” L

Z (K Ko
J- 1+Aa dl(wl)
D(0,R)¢

I wlllAz

o i
- n+1
D(0,R)¢ |1 _ M_/lzil(n+1)a(1 _ |Wi|2)T(1_a)

J‘ f Z r2n-ldédr
R’ Sn ~ |1 _erl(n+1)a(1 _72) 2 ~a-a)

where in the last integral R = log -. Notice that R" - 1 when R — oo and note that the last integral can be
written as
r2n- 1d(l +€)
f z[(n+1)a n(er
(1- TZ)_(l a)
where

o= [ D et

By standard estimates (see [11, p. 15] for example), we have that
(L, if(n+Da-n<0

log—, if (n+1)a—n=0
Ins1ya—n(rz) S 81— |Tz;|? ( )
1— |rzi|2)(n+1)a—n

(1- '

if n+1a—-n>0

which gives us that

1 T.Zn—l
J ————dr, if mM+1)a—-n<0
R (1 — r2)—(1 a)
Zl”A2 1 1 r2n-1 '
f Z| o kw, AZ ” ” —=—dl(w;) S 10 1—r2(—1 Z)Edr if mM+1Da—-n=0
D(z;,R)¢ ; 2
Willaz 1 7,.271 -1
- dr, if (n+1Da—m>0
LI (1 _rz)(n+1)a—n+;(1—a) ( )

Since a < 1, it is easy to see that all the functions appearing on the right hand side are integrable on (0,1).
Therefore, we obtain the desired conclusion by taking the limit as R — oo (which is the same as R' — 1).

First, we want to make sure that the class of weakly localized operators is large enough to contain some
interesting operators. This is indeed true since every Toeplitz operator with a bounded symbol belongs to this
class.

Proposition 2.2 (see [13]). Each Toeplitz operator T,, on A€ with a bounded symbol u(z;) is in A, ,(B,,) for
any 0 < € < oo.

Proof. Clearly it is enough to show that

sup J Z|Tkz'kwl 2 Azd/l( ) — 0,
2i€By (Lo e
D(zj1+€)¢ i tia
sup f Z| (Taky, )| Il R aw) -
2i€Bn (LA
D(zj1+€)¢ i illg2

as € —» oo forall 2= < q < oo,
n+1
By definition

Tl () = Pk )0 = | D (K ) e (e v )
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Therefore,
(ko o) o< f Z (K k) (s k) | d2Gx)
< lull. f Zl ) ok i)
Now for z;, x; € B,,, set
a
”KZi”Az
L= ) (k) o] [ (K ) | T dA )
i D(zy1+€)¢ ” Wi”Az
First note that
[
| Zl o) o T A )
D1+ 1K1
[y
< lullo | Z f (o) ol K)o AAGE) T ()
D(zj1+€)€ ” Wz”Az

|1,
A AW (ke K)o | dACR)

a
”KWi”Az

St [ [ D ke,
Bn “D(z;1+€)° 3

Ml [ D A
By &

= ||u||ooZ< fD sy fD (Z&)C>Izi(x,-)duxi).

To estimate the first integral notice that for x; € D (Zl, ) we have D(z;,1+€)c D (xl, 1+€) .
Therefore, the first integral is no greater than
(L

J?ﬂfZJ.ﬁc(thq|” ﬂ(ﬂ i) o] dACRD.
It is easy to see that the last expression is no greater than C(a)A ( ) where
%2115
A(1+€) = sup J Z (ks o) o et dA(wy)
zi€Bn JD(z;,1+¢€)¢ 4 || Wl”A2

and C (a) is just the bound from the standard Rudin- Forelh estimates (2.4).
Estimating the second integral is simpler. The second integral is clearly no greater than
e

oy Lol

By the standard Rudin-Forelli estlmates (2.4) the inner integral is no greater than

dAw) (ke ez} .

i)

”Kzi”Az

C(a)

” xi”Az
where the constant C(a) is independent of z; and x;. So, the whole integral is bounded by C(a)A (1+E)

g 1 1
|||| l|||| AAWw;) < [lull.. (C(a)A( er >+C(a)A( JZFE))

Applying the umform Rudin-Forelli estimates (2.5) in Lemma 2.1 completes the proof since
1+e€

20 (@)l A () = 0 as € - o,

We next show that the class of weakly localized operators forms a *-algebra.

Proposition 2.3 (see [13]). If 0 < € < oo then A;,.(B,,) is an algebra. Furthermore, A, (B,,) is a *-algebra.
Proof. It is trivial that T € A,(B,,) implies T* € A,(B,,). It is also easy to see that any linear combination of
two operators in A, (B, ) must be also in A;,(B,). It remains to prove that if T, S € A;,.(B,), then TS €
Aq+e(By). To that end, we have that

Therefore

Sup § | u Z ’ W 2
Z;€EBy Ha

D(zj1+€)€
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28€e

” ||1_(1+E)(n+1)
Zj 2
f Z (TSKsy ) o | =25z dA(w)
D(zj1+€)¢ ”K ||1_(1+e)(n+1)
wi A2

1—- 28€
”Kzi ”A (1+e)(n+1)

X 2
B fD(Zi.lJrf)c Z |(SkZi’T kWi)AZ 1_(1+52)%1+1) artwd
L ||Kwi||A2
1——20¢
. ”Kzi ”Az (1+€)(n+1)
) f (zp1+€) Z f (Skay fexy) ok T e ) 12 A20e0) | = —5— dA W)
D(zj1+€)€ 7 B

I 5
ill 42

dA(w;)

1255 |<Skzi’ kxi>A2

”Kw ||1_(1+E)(n+1)
ill g2

28€
I, | T aax,).

| [ 2,
By YD(z;,1+€)¢ .

Proceeding exactly as in the proof of the previous Proposition and using the conditions following from T,S €
28

A14+¢(By) in the place of the local Rudin-Forelli estimates (2.5) (and replacing a with 1 — TromiD

that

) we obtain

”K ||1_(1+E§?n+1)
. Zill42
lim sup Z |(T5kzi, k) o| = —dAw;) = 0
€2%z;€Bn JD(z;,1+€)¢ - ||K ”1—7(1“)(““)
wi A2

The corresponding condition for (T'S)* is proved in exactly the same way.

We next show that every weakly localized operator can be approximated by infinite sums of well localized
pieces. To state this property we need to recall the following proposition proved in [6]

Proposition 2.4. There exists an integer N > 0 such that for any r > 0 there is a covering F,. = {FJ} of B,, by
disjoint Borel sets satisfying

(1) every point of B, belongs to at most N of the sets G;: = {Zi € B,: d(zi, F]) < r},

2) diamyF; < 27 for every j.

We use this to prove the following proposition, which is similar to what appears in [6], but exploits condition
(1.6).

Proposition 2.5 (see [13]). Let 0 < € < oo and let T be in the norm closure of A4, (B,,). Then for every € > 0
there exists r > 0 such that for the covering F,. = {F]} (associated to r) from Proposition 2.4, we have:

TP — Z M, TPMy; <e
J

AlteL LI+, dv)
Proof. By Proposition 2.3 in conjunction with Proposition 2.4 and a simple approximation argument, we may
assume that T € A;,.(B,). Now define

S=TP- Z My, TPMyg
J

Given € choose r large enough so that
28¢€

” ||1_(1+E)(n+1)
Zj 2
sup f D |k den,) | ———s—daw) < e
zi€Bn JD(z;,1+€)¢ 7 ”K “1 (1+e)(n+1)
wi 2
and !
28

K|, 5
Zj

« i1l42
swp | 2k [ din <
i€Bn JD(z;,1+€) 7 ”K ” (1+e)(n+1)
wi Az

Now for any z; € B,, let z; € Fj , so that
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ISfizoI< f Z Z Lo Las W0 (T Ko Kuy) | il adv ()

fGC Z (7K o)
< f Z| (T"Ky K)o
D(zj1+€)€

Ifi(wy)|dv(wy)

Ifi(wi)ldv(w;)

To finish the proof, we will estimate the operator norm of the integral operator on L'*¢(B,, dv) with kernel
28€2

) = ”le| ;12+e)2(n+1)

(T°K,,, Kwi)Az

1p@z;106)c (W)
that

1+€
[ tounarm ) (v w)
By 4
f Z| (T*Kyy K)
D(z;1+€)€ 4
= f z | (T kg )
D(z;1+€)¢

< 2Ll = ) et

1

(T*K,, KWL)AZ

1K [ v

28
K 1K [T a2

Similarly, we have that

f Z 1D(z 1+6)”(W1)| T K, le 42

which completes the proof.

It should be noted that a very similar Schur test argument actually proves that condition (1.5) implies that T is
bounded on A1*€,

We can now prove one of our main results whose proof uses the ideas in [6, Theorem 4.3] and [5, Lemma 5.3].

R0 edv(z) < ) eh(w)e

i

First, for any w; € B, and 0 < € < oo, let k$i+e) be the "1 4 €- normalized reproducing kernel" defined by
K(z;,w;)
1+ ’
by () = ——
(Lo IS8

(2) = k,,, and an easy computation tells us that ||k

(1+e)”

Clearly we have that k,: ~ 1 (where obviously we

A1+E
have equality when € = 1).
Theorem 2.6 (see [13]). Let 0 < € < oo and let T be in the norm closure of A;,.(B,,). Then there exists € > 0

(both depending on T) such that
1+e) ,(5)
Tk, k,, €

[IT]le < (1+¢e)limsup sup Z
|zj|>1~ w;€ED(z;1+€) 4=
where ||T||,, is the essential norm of T as a bounded operator on A1*€,
Proof. Since P: L**¢(B,,, dv) — A'™*€ is a bounded projection, it is enough to estimate the essential norm of T =
TP as an operator on from A*€ to L1*¢(1B,,, dv).
Clearly if ||TP||e = O then there is nothing to prove, so assume that ||TP||, > 0. By Proposition 2.5 there exists
r > 0 such that for the covering F,. = {F}} associated to r (from Proposition 2.4)

A2

1
TP —Z M,, TPM, <5 Il
i j j
) ALreL IR dy)
Since Zj<mM1p].TPM1¢;]. is compact for every m € N we have that ||TP|| (as an operator from A'*€ to

L*e(B,, dv)) can be estimated in the following way:
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ITPlle< ||TP = > My, TPM,
j j
j<m ATFEL[IYER ap)
<||TP - Z M1F].TPM1Gj + T ll ar+es 1+emy, av)
j ATFELIIYER dy)
1
E”TP”e + ”T ||A1+E—>L1+E(]Bn dv)

where

Tm = Z MleTPMlGj

jzm
We will complete the proof by showing that there exists € = 0 where

e 1
lim sup||T;, |IA1+E_>L1+E(]Bn av) S (L +e)limsup  sup z <Tk§i1+6),k£,f ) + Z||TP||e
m-oo |z;j|>1~ w;€D(z;1+€) 42
If f; € A€ is arbitrary of norm no greater than 1 then
ITnfillytfe= > > ||M1F e fi|
jzm i
1+e
i e 1+€ 1+e€
Z Z 1+e L lt| gy = Ns_up ||M1F'le| 1+
- Alte j=m J Alte
4 |M16
Alte
where
Z PM1G fi
”Mlcfl Al+e
Therefore, we have that
Tl e 73] tof
1+€e_jj1+€ By, d su supz 1 . —
At @ S P e # Il e || My, f;
Alte
and hence
Tl I e
lim sup || T || g1+ep1+ep. qvy S limsup — sup z M. Tl =
m-oo mia L (B av) j=oo fill g1+es1 i Il gree ™ ||M1sz|
77N g1+e
Now pick a sequence {(fl)]} in AM*€ with ||(fi)]-||A1+e < 1 such that
I |, 9] P, Lrp, <1 | s, 7
imsup sup 1. Tg =T —— <limsup ||M;, Tg;
j=oo lIfillst & RARLVES ||M1G.fi 4 e T T e
J Alte
where
PMl(;]-(fi)j G A2 " l
= 1
; ||M1G]. (fl)1| ive 7 (ﬁ) 1+€ 1+e
I, |foke da(u)
A2
= [ > aowoklaaon
63
where
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=

ajwy) = Z =S
ij <fl' k‘ELT)>
AZ

Finally, by the reproducing property and Holder's inequality, we have that
1+e

i

dA(w)

lim sup ”MlF Tg]|

j—oo ql+e

1+e
< lim sup f Z (f |a] (W1)||Tk(1.+5) (ZL)|dA(Wl)> dv(zi)
F 7 G]

— l1r]n_)s°})1p JF] Z(L] |a@; (wy)| < k(1+e) k( )>

1+€
o)
AZ
are) , (5
< C(1+ ¢e)limsup sup z Tk, ~,k,°
|zil=1" wi€D(z;3(1+€) ‘ Yo
since by Proposition 2.4 we have that z; € F; and w; € G; implies that d(z;, w;) < 3(1 + €) and A(G]-) <C(1+
€) where C(1 + €) is independent of j.
We will finish this section off with a proof of Theorem 1.5. First, for z; € B,,, define

2
U™ fiw) = fi(9r ) (kyy (W)
which via a simple change of variables argument is clearly an isometry on A**¢. As was shown in [9], an easy

computation tells us that there exists a unimodular function ®(:,-) on B,, X B,, where
1+E (1+€)

1
(Y k = @z Wik o),

With the help of the operators UZ(iHe), we will prove the following general result which in conjunction with

1+e
dfl(wi)> dA(z)

1+e€
<51}1'p/1(6j)1+‘[ |a](wl)| dl(wl>

1+e€

< lim sup sup Z
|zj|>1~ w;€D(z;,3(1+€)) ;

(2.6)

Theorem 2.6 proves Theorem 1.5. Note that proof is similar to the proof of [5, Proposition 1.4].
Proposition 2.7 (see [13]). If T is any bounded operator on A*€¢ for 0 < € < o then the following are

equivalent
a+e , (55)
(a) lim|zi|_>1— SUPw;ep(z;1+¢€) Zi Tkzi B kwie =0foralle >0,
AZ
a+e , (55)
(b) limyz, 1 SUPwepz1+e) 2i [\Tkz, Ky = 0 for some € = 0,
AZ
(C) i (Tkzl-' kzi)Az

Proof. Trivially we have that (a) = (b), and the fact that (b) = (c) follows by definition and setting z; = w;.
We will complete the proof by showing that (¢) = (a).

Assume to the contrary that |<Tkzl., kzi>A2

vanishes as |z;| = 1~ but that

e, ()
limsup sup Tkgi ),kwiE =0

|zi|=>1~ wi€D(zj1+€)

AZ
for some fixed € = 0. Thus, there exists sequences {(z;)m},{(W;)} and some 0<r1r,<1 where
lim,, 0 |(Z;);m| = 1 and |(W;),,| < 1 for any m € N, and where

+€
(1+e) )
llg‘l—i}jp Z <Tk(z )m’ (WL)(Z ) ((Wl)m)
for some € = 0. Furthermore, passing to a subsequence if necessary, we may assume that lim,,_,,, (W;),, = w; €
(%) _ )
€ — leE

W)dm -

>e€ 2.7)

B,. Note that since |(W;),,| <1y <1 for all m, we trivially have lim,,_ .k where the

convergence is in the A\ € / norm.
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Let B(A*€) be the space of bounded operators on A1*€. Since the unit ball in B(A**€) is WOT compact, we
can (passing to another subsequence if necessary) assume that

1+€
7 = WOT — lim U(HE)T(U( ))

m—oo (Zl) (ZL)m

L
a+ern () Lare (5)
<U(zl)mT( )k 'k(wl)m>
AZ

= lim sup Z
m-oo
<U(1+5)T (U +E)>* ks, ko) >
(zy) wi

=tmsup ) (05,

_ Z| Tho k)
i
1+ 1+€
_ arop (yC a8
,L%ZKU@) T( (z0m ) bz kg >

Tk(1+5) k(lze)
Pz),, (z) P(z),, (1)

Thus, we have that

1+€
k(1+e) )
@dm’ <P(Z D ((Wl)m)

m—oo

A2

However, for any z; € B,

‘Tk(1+e) k = >

since by assumption |<Tkzl., k2i>| vanishes as |z;| = 17. Thus, since the Berezm transform is injective on

~ lim =0

m—oo

1+e
AT,

we get that T = 0, which contradicts (2.7) and completes the proof.

III.  Generalized Bargmann-Fock Space Case
We will prove Theorems 1.2 and 1.3. Some parts of the proofs are essentially identical to proof of Theorem 1.5
and so we will we only outline the necessary modifications.
For this section, let
D(z,1+e€)={w,eC:|w;—z| <1+¢€}
denote the standard Euclidean disc centered at the point z; of radius € = —1. For z; € C", we define
Uz fiwi): = fi(zi — wpk,,(wy)
which via a simple change of variables argument is clearly an isometry on F1*€ (though note in general that it is
not clear whether U,, even maps T(},lfe into itself). Recall also that the orthogonal projection of L? ((C”, e_z"’idv)

onto quﬁi is given by the integral operator
PIE)= | D K iwpe 0

Therefore, for all f; € T(},:re we have

A = [ i)y o )00, (3.1
o & i
where ky, (2;): = K, (z;)e~ %D Note that |K (z;, z;)| = 2?1 (see [8]) so that
|E;L(Zi)| ~ |kwi(zi)|- (3.2)

The following analog of Lemma 2.1 is simpler to prove in this case.

Lemma 3.1 [13].
lim sup f Z
Roe0ziec Jp(z,ryc 4

To prove this, simply note that there exists € > 0 such that )

<k2i' kWi

>T;, dv(w;) = 0. (3.3)

(kzl_,kwi)f_é < ¥ e~€lzivil for all z;, w; € C".
i

The proof of this is then immediate since

f > |tk k)
D(z;,R)¢ i

2 [dv(w) SJ- Ze'el""”dv(wi)
@i D(0,R)° 4
which clearly goes to zero as R — oo.

As in the Bergman case, A4, (C") contains all Toeplitz operators with bounded symbols. Also, as was stated in
the introduction, any T € Ay (C") is automatically bounded on T&,:e for all 0 < € < o0. To prove this, note

that it is enough to prove that T is bounded on quh' and Tj,"i by complex interpolation (see [5]). To that end, we
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only prove that T is bounded on quﬁi since the proof that T is bounded on T;’i is similar. If T € A4, (C") and
fi € T;,i, then the reproducing property gives us that

(f;:v T*kZi)j;vé’i

< [ i [,
o e i
Thus, by Fubini's theorem, we have that

1> g, = [ ol (|

In addition, A4, (C™) satisfies the following two properties:

ITiz)le ¥~

e~ ?iWdp(u)

(Tkyp k),

2
b

dv(zo) e v () 5 )" lfillyy
; L

Proposition 3.2 (see [13]). Each Toeplitz operator T, on qubi” with a bounded symbol u(z;) is weakly

localized.

Proof. Since }; < ¥, e €77l for some € > 0 we have that

s ”u”L°° (kzi'kxi> 2 (kxit kwi>
T¢ F,
cn 7 i

< ”u”wa z e~ €lzizxilg=€lxi-wil gy,
(o
1+€

Now if |z; — w;| = 1 + € then by the triangle inequality we have that either |z; — x;| = % or |x; —w;| = -
so that
€(1+€)

L(zi,l+e)’3
e(1+e) Clzimxil —Elx—w _€a+e)
<e 2z ||u”L°°f Zf e-zlzl xlle 1% Wlldxl-dwl- Se 2z |Jul|
D(Zi,1+6)c 7 cn

Note that T, is sufficiently localized even in the sense of Xia and Zheng by [10, Proposition 4.1]. Also note that
a slight variation of the above argument shows that the Toeplitz operator T, € Ay, (C") if u is a positive Fock-
Carleson measure on C" (see [8] for precise definitions).

Proposition 3.3.A44, (C") forms a *-algebra.

We will omit the proof of this proposition since it is proved in exactly the same way as it is in the Bergman
space case (where the only difference is that one uses (3.1) in conjunction with (3.2) instead of (2.2)).

We next prove that operators in the norm closure of Ay, (C™") can also be approximated by infinite sums of well

<kzl-; kwi>T§)'

S

(Tyukz few,) dx;

2 2
Fp; bi

dWi

(Tukzi' kWi)}'é'

L

localized pieces. To state this property we need to recall the following proposition proved in [6]

Proposition 3.4. There exists an integer N > 0 such that for any r > 0 there is a covering F, = {FJ} of C" by
disjoint Borel sets satisfying

€)) every point of C" belongs to at most N of the sets G;: = {Zi eC™ d(zi, F]) < r},

2) diamy F; < 2r for every j.

We use this to prove the following proposition, which is similar to what appears in [6], but exploits condition
(1.4) (and is proved in a manner that is similar to the proof of [5, Lemma 5.2]). Note that for the rest of this
paper, prte will refer to the space of measurable functions f; on C" such that f;e~%i € L**¢(C", dv).
Proposition 3.5 (see [13]). Let 0 < € < oo and let T be in the norm closure of A, (C™). Then for every € > 0
there exists r > 0 such that for the covering F,. = {F]} (associated to r) from Proposition 3.4

TP — Z M,, TPM, <e
- j j
J T_é:re_)Lg;e
Proof. Again by an easy approximation argument we can assume that T € A4, (C").

Furthermore, we first prove the theorem for € = 1.
Define

S=TP - Z My, TPMyg
J

Given € choose r large enough so that
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dv(wy) <e

z;€C™ Jp(z;,1+€)¢

‘ (T*k,, kwi)?é
L

Now for any z; € C", pick j, such that z; € F; . Then we have that

SIS [ D7) 1ay @1 on)
j i
)y 2

i

< f Z ‘(T* Ky K)o
D(zy1+€)¢ 45 b

To finish the proof when € = 1, we will estimate the operator norm of the integral operator on pri with kernel

dv(w;) < eand sup f Z ‘(Tkzi,kwi> 2
D(z;1+€)¢ F$;

i z;eC™

(T* Ky K)o | fiwi) 1 e 200 dv(wy)

2
T‘Pi

(T*K,,, Kwi)?

z If; (W) e 2#i ™D dv(w;)

|fi(w) e ?#Ddv(w;)

1
Ip@+ecWi) using the classical Schur test. To that end, let h(z;) = e2?i(%) 5o that

(T*K,,, Kwi)fé

i

f Z 1D(zi,1+e)c(wi)

¢l

(T*Kzi,KWL.)T h(w;)?e 2% dy(w;)

2
bi

dv(w;) S eh(z;)?.

~ z h(z)? f <T*k2i' kWi)T

$
D(zj1+€)¢ ‘

Similarly, we have that

f > 1D(zi,1+e)c(wi)‘(T*Kzi.xwl)f; h(z)?e 2PV du(z;) < eh(w,)?
cn o= i
L

which finishes the proof when € = 1.
Now assume that 0 < € < 1. Since T is bounded on T;,i, we easily get that

Z M, TPMy; <o
J

Tl —?Ll

(o TiNelT}
which by complex interpolation proves the proposition when 0 < € < 1. Finally when 0 < € < oo, one can
similarly get a trivial L, — Fg, operator norm bound on

*

Z MleTPMlGj = Z PM1G].T*PM1F].
J

j
since T* is bounded on T(},i. Since (T(},:’e)* = T(gi when 0 < € < o where q is the conjugate exponent of 1 + €

(see [8]), duality and complex interpolation now proves the proposition when 0 < € < co.

Because of (3.2), the proof of the next result is basically the same as the proof of Theorem 2.6 and therefore we
skip it.

Theorem 3.6. Let 0 < € < o and let T be in the norm closure of cﬂ¢i((C”). Then there exists € = 0 (both
depending on T) such that

(Tkyy k)

IT|le < (1 +e€)limsup sup Z

2
|zi|~00 wi€D(z;1+€) Fo,

where ||T || is the essential norm of T as a bounded operator on T};E.
As was stated in the beginning of this section, the operator Uy, for z; € C" is an isometry on F 1+€_ Furthermore,
since a direct calculation shows that
U, @] = ey, )
the proof of Theorem 1.3 now follows immediately by combining Theorem 3.6 with [5, Proposition 1.4].

IV.  Concluding Remarks
The following interested and important persisted remarks are mentioned and self competent in [13]:
(a) notice that the proof of Theorem 2.6 did not in any way use the existence of a family of "translation"

operators {U (1+€) on A€ that satisfies

Zi
|5 RG] = [t (1)

}ZiEJBn
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(Hence, one can make a similar remark regarding Theorem 3.6).
(b) A trivial application of Holder's inequality in conjunction with (a) implies that one can prove the so called
"reproducing kernel thesis" for operators in the norm closure of Ay, .(B,) (respectively, Ay, (C*)) without the

use of any "translation" operators.

(c) It would therefore be interesting to know if our results can be proved for the weighted Bergman spaces on
the ball that were considered in [3] for example.

(d) It would be interesting to know whether one can use the valid and verified ideas here to modify the results in
[6] to include spaces where condition A. 5 on the space of holomorphic functions at hand is not necessarily true
(where it is precisely this condition that allows to cook up "translation operators").

(e) It would also be very interesting to know whether "translation" operators are in fact crucial for proving
Proposition 2.7 and its generalized Bargmann-Fock space analog (see [5, Proposition 1.4]).

() It would be fascinating to know precisely how these translation operators fit into the "Berezin transform
implies compactness" philosophy?.

(g) As was noted, the techniques in [10] are essentially frame theoretic, and therefore are rather different than
the techniques used here.

(h) The aspects of [10] involves a localization result somewhat similar in spirit to Proposition 3.5 and which
essentially involves treating a "sufficiently localized" operator T as a sort of matrix with respect to the frame
{ks}yegen for F2.

(k) Also, note that the techniques in [10] were extended in [5] to the generalized Bargmann-Fock space setting
to obtain results for Tf,i that are similar to (some sense) the results obtained here.

(1) Because of these considerable differences in localization schemes, it would be interesting to know if one can
combine the localization ideas from this paper with that of [5,10] to obtain new or sharper results on qubi (or

new or sharper results on F?2).
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