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Abstract

We follow the validity that [24] dealt with considering the topological structure problem concerning the set of
composition operators restricted and differ by a compact operator is known as path connected but alternatively
not usually a component. So for weighted both of composition operators on Banach spaces endowed with sup-
norm the set of weighted composition operators is really path connected but in the second is not a component.
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. Introduction

For H(D) be the space of all holomorphic functions on the unit disc D and §(D) the set of all
holomorphic self-maps of D. For two series of functions )., ™ € H(D) and Y, ¢™ € S(D), a weighted
composition operator Wy, yms ,m is defined by X, Wy yms om(Em fn) = Zm ™ Cm fm ©
Xm ™), 2m fm € H(D). When the series of functions };,, y™ is identically 1, the operator Wy, reduces to
the composition operator Cy_ ,m~ These operators Cy ,m and Wyy ,m have been studied on various
function spaces (see [9,21]). Among them, the study of topological structure problem for spaces of bounded
(weighted) composition operators with operator norm topology. For Hardy, H®, Bloch and Banach spaces see
[10,16,22], [11,15,19],[13], and [6]. For the study of topological structure problem for both spaces of
composition operators and weighted composition operators on weighted Banach spaces with sup-norm
generated by a radial weight (see [24]). We show an over view of confirmative on [24].
For a radial weight on ID we mean a positive function v, on D with v,,(2) = v,,(|z]), z € D, where v,,(r) is
continuous and increasing on [0,1) and v,,(r) = o as r — 1. For a weight v,,, on D, we define the following
weighted Banach spaces of H*:

| Xm fin (2)]
@ = (Y HOMNY, = sip . 5 <o)

and

> z
HY (D) = {Zm f €HD): lim_ ) % = 0},
endowed with the norm |-l , so, for a series of functions gn,:D — [0,00),lim, - Xy gm(2):=
lim,_,1-sup;|sr Xm gm (2). Likely known as weighted Bergman spaces of infinite order. We denote X,,  to be
either of the spaces H, (D) or HSm(]D)).
To characterize topological properties of spaces X,, or linear operators between them in term of weights, see [1,

2] we use the so-called associated weights. For a given weight v, on D, its associated weight is defined by (see
[3, Definition 1.1])

V@ =sup {| Do In @Y. fn € Hop @) ol S 1}

Note that v, (z) = v, (|z]) and 0 < 7,(2) < v,,(2) for all z € D, 77,,(r) is increasing and log-convex on [0,1)
(i.e. the function log vy, (e*) is convex on (—,0)), and H, (D) = Hg(ID) isometrically. Moreover, in [14,
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Lemma 2.2] it was shown that for a log-convex weight v,, on D, there is some constant M such that 1,,(z) <
v (2) < My, (2),z € D. Thus, we use log-convex weights. Next, for a log-convex weight v,,, by [4, Theorem
2.3] the following condition from [17, p. 310] and [18, Definition 2. 1]

i vy, (1 —27F1) -
1m su T EE—— o
k—»oop m vm(l - Z_k)

(1.1)

is equivalent to the continuity of all compositions operators Cy_ ,m, ¥, ¢™ € S(D), on X,, . Consequently,
for log-convex weights satisfying (1.1) and only for them, the spaces C(H,, (D)) and C(HJ (D)) of all
bounded composition operators on H, (D) and, respectively, H,?m(]D)) coincide and equal to the space
{sz oM 2m P ES(]D))} of all composition operators. For some conditions of various types that are
equivalent to (1.1) see [1, Lemma 2.6]. In particular, (1.1) < v, (r) = 0(v,,(r¥)) asr > 1.
We consider the topological structure problem for the spaces of (weighted) composition operators on spaces
Xy, given by log-convex weights v, satisfying (1.1). Let V denote the set of all such weights. The standard
weights (v,,)¢(2) = (1 — |z|*)™%, a > 0, belong to V. We suppose that v,,, € V.
We recall some auxiliary results on spaces X,, and (weighted) composition operators on them.
We study the topological structure of the space C(X,,m) of all composition operators on X,, . We prove that the
set [sz (pm] of all composition operators that differ from the given one Cy, = ,m by a compact operator is path
connected in C(va). A component in C‘(va) is not in general the set of such type [19] showed these results
for the space H” and we now extend them to the family of all Bergman spaces of infinite order given by
weights from V. We show that the condition that completely characterizes isolated composition operators
Cy,. om in the setting of the space H* (see [19, Corollary 9] and [12, Theorem 4.1]) is necessary for Cy ,m to
be isolated in all spaces C(X,, ) with vy, in V.
The space Cwm(va) consists of all bounded nonzero weighted composition operators on X, . And [6]
investigated the topological structure problem for the space C,,Ovm(X,,m) of all bounded weighted composition
operators on X, . Now every operator Wy ymy ,m in CV"Vm(X,,m) and the zero operator O are always
connected by the path W,y ymy ,m,t € [0,1]. This implies that C‘,"Vm(X,,m) is path connected. Some results
be considered again in ¢,, (X, ). [6] and some arguments used cannot be applied to C,, (X, ) (see [6]). We
show some new ideas to prove that the set C,, (va) of all nonzero compact weighted composition operators
is path connected in C,, (X,,m); but not a path component. We also give a simple sufficient condition to ensure
that two operators in C‘Wm(X,,m) belong to the same path component of this space. These results clarify and
improve the corresponding ones in [6, Theorems 3.2 and 4.2]. We describe two path connected sets of the same
type in €, (X, ), one of which is a path component, while another is not.
We state some results concerning properties of functions in the spaces X, and (weighted) composition operators
and their differences on these spaces.
We defined the pseudo-hyperbolic distance by

p@ 0 =|{=5| z¢eD
For a function Y, ¢™ € H(D), put

1) o™ le=sup > 1D pm@land MO, @My =sup > | @"@lr e O1)
m ZED m m m |z|sr m m

We denote by |E| the Lebesgue measure of E on the unit circle dD.
Lemma 2.1 (see [24]). There is a constant C > 0, dependent only on v,,, such that for every ¥.,,, f,,, € H,_ (D)

and z,{ € D,
2, m@f=c) fri(a 1, It 21)

D @Y F@[SCY MY fal, pEOM @) @) 22)

and

Proof. In [1, Theorem 2.8] it was proved that for every weight v,, € V, the differentiation operator D is
bounded from H,, (D) to H,, , (D) with (v,,,)1(1) = v, () /(1 — 1), which implies (2.1).

The inequality (2.2) was obtained in [5, Lemma 1].

The next result follows from [4, Proposition 2.1 and Theorems 2.3 and 3.3].
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Proposition 2.2. Let Y, ¢™ € §(D).
(a) The operator Cy, ,m is bounded on X,, . Moreover,

ICg gl < sup )

X

(b) The operator Cy, ,m is compact on X,, if and only if

lim Z Um(Zm @™ (2))
m

Um (2)

Vm m_¢™(2) _

Um (2)

=0

|z|-17
This proposition implies that

¢(H,, (D)) =c(H) (D)) = {sz ‘/’"“Z pm € S(D)}
and the sets CO(H (D)) and CO( (]D))) of all compact composition operators on H,(D) and H (D),
respectively, commde more precisely
CoHup ) = Co(HE, (D)) = (€5 pmi Y. 9™ €M) 1n(Y. @™()) = 0(m(2), 2] > 17}

Thus, all results and arguments will be stated simultaneously for both spaces ¢ (H, (ID)) and ¢(H? (JD)))
Compactness of differences of two composition operators between weighted Banach spaces with sup-norm was
characterized in [5, Corollary 7 and Theorem 9]. To state these results for composition operators from X,, into
itself with v,,, € V, we need the following (see [24]).

Remark 2.3. Let Y}, ¢™ € §(D) and g,,: D — [0, ). As usual, we put

lim Z gn(z) if ||Z O™ =1
m(Z)|>T

) LA Dy
lim Z G (Z): =
[ Zm ¢TI i 0 1) <l
m
Then
limy;_,,- Z gm(z) =0 implies that limy, . (2)|-1- Z gm(2) = 0. (2.3)
m m

Indeed, it is enough to check this statement for 3., @™ with || X, ™ llo= 1. Given r € (0,1), letting 7: =
ME,, o™ ), we get that

gm(z) < sup gm(z) and7 —» 17asr - 17
| Xm §0m(2)|>T |z|>r

Which implies (see [24]).

Proposition 2.4. Let Y., ©™, Y, ¢™ € S(D). Then the following statements are equivalent.
() The difference Cy = ,m — Cy, 4m is compact on H, (D).
(ii)The difference Cy, ,m — Cs, 4m is compact on HSm(HJJ).

(i)
. Um(zm (pm( )) m m
Jim_ )y Smem (Z o™ (2), Z $™(2))
i S W 0" @) .

Proof. (i) = (i) is obvious.
(ii) = (iii). Suppose that Cy, ,m — Cy,  om is compacton Hy (D). If | ¥, @™ lleo= Il Z;n ™ llo= 1, then
the assertion follows from [5, Theorem 9]. If | X,, @™ llo< 1 (similarly to the case Il 3.,, ¢™ ll< 1), then
Cy,, o™ IS COMpact on H,?m(D). Hence, Cy, 4m is also compact on Hf}m (D), which and Proposition 2.2(b) imply
that
: Unm Qm @™ (2)) _ Um (Em @™ (2)) _

lim ——————— = = lim —=0

lz|-1" Ly, v (2) lz]-1 m Uin(2)
Using this and the fact that p (X, @™ (2), Y ¢™(2)) < 1,z € D, we get (iii).
(iii) = (i). By Remark 2.3, (iii) implies that

limgi- ) on(En 97(2) Q. Pm@ ). @)

U (2)

= lim,, ¢m<z>|~1—zm on(En 97 (Z <pm(z)z ¢™(2) = 0,

U (2)
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It remains to use [5, Corollary 7] to obtain (i).
Boundedness and compactness of the operator Wy, ,my ,m between weighted Banach spaces with sup-norm

were characterized in [8, Propositions 3.1 and 3.2, Corollaries 4.3 and 4.5], from which we get the following
result.

Proposition 2.5. Let Y,,,, ¢™ € S(D) and Y,,, Y™ € H(ID). Then the next two assertions hold:
(a) The operator Wy ymsy ,m:X, — X, isbounded ifandonlyif, y™ €X, and

S ¥ (D100 Co <Pm(Z))
sup

Z€D m vm(Z)
(b) The opemtor Wy, ymy ,m:X, — X, iscompactifandonlyif, y™€X, and

. | Zm Y@V (Em ™)
[Zm tpl’lnr?Z)lﬁl‘ Zm

= 0 for X,,, = H,,, (D)

Un ()
or
i S 1 Zn V@I 07@) e o
|z|>1~ m Um(Z) m m

From this proposition it follows that ¢,, (H (D)) and ¢, o(HJ (D)) are. proper subsets of ¢,, (H,, (D))
and, respectively, Cw,.0(Hy,,(D)). Some arguments will be presented separately for spaces ¢, (H, (D)) and

Cu, (Hy, (D).

We also need the following lemma.

Lemma 2.6. Let [z, {] denote the closed interval connecting points z and ¢ in D. Then p(&,n) < p(z,{) for all
&,m € [z,{]. Proof. Without loss of generality we may assume that the points lie in the interval in the following
order: z = & - n = ¢. We have the next obvious relations:
I$—=nl =lz=4¢l=z=&I+I[{—nD)
I1-énl =1 -27| - |2 - én|
21-20 = (ISHZ =&+ 1§ 1 ¢ —nD)
2[1-2Z=(z=¢&l+1¢=nl),

|z = ¢ <[1-2(|

$-nl _1z=d—-dz=¢l+1¢—nD

and

Then

p(f,n)=|1_gn| TN=zZY-=(z=&l+1{—=7n)D
< 2= ¢l _ =0
Sl—zq P

We consider the topological structure problem for the space C’(va) of all composition operators on X,, under
the operator norm topology. We will write Cy, = ,m ~ Cy,_ 4m in C(va) if these operators are in the same path
component of C’(X,,m). Two composition operators Cy,  ,m and Cy, m are said to be compactly equivalent in
c(x,,,) if their difference Cy, ,m — Cs, 4m is compact on X,, . Obviously, this relation is an equivalence one.
Denote by [sz (pm] the equivalence class of all composition operators that are equivalent to the given operator
Cy,, om- Note that the set CO(X,,m) of all compact composition operators on X,, coincide with the class [Co] of
all operators from C(va) that are equivalent to the operator Cy: Y., fin = 2m fm(0). We have the following
(see [24])

Theorem 3.1. Each equivalence class [Cs, ,m| is path connected in the space €(X,, )
Proof. Let ¥, @™ € (D) and Cy,, 4m be an arbitrary operator from [sz (pm]. Then Cy, om — Cy  gm iS
compact on X,, and, by Proposition 2.4, we have

limy - ) ”’”(Z;:n i ©) (Z oy, ¢m(z))

| n(En ¢
=l ) TR (Um(z) 2) (Z O ¢>m(z)) (3.1
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For each t €[0,1], put Ym 0I'@) =0 -2, ™) +tXm ¢™(2),z € D. Clearly,
Xm @i €S(D) forall t € [0,1] and, by Proposition 2.2(a), the corresponding operators Cy, ,m,t € [0,1], are
bounded on X, . Moreover, all differences Cy, ,m —Cy, ,m are compact on X, . Indeed, |, ¢i"(2)| <
max({| X, <p"‘(Z)I | Xm ¢™(2)1} and, hence, vy (X @' (2)) < max{vyXm ¢™(2)), Vi Em ¢™(2))} for
alzeDandt € [0,1].

Next, by Lemma 2.6, p(X ¢™(2),Xm ¢7"(2)) < pQEm ¢™(2),Xm ¢™(2)). From the above
inequalities and (3.1) it follows that

Jim_ Zm vm(Z;,;(t;"( ) (Z o™ (2), Z <P§"(Z))

< lim v’"(z’" ¢ (2) (Z (pm(Z)Z ¢™(2) =0

lz|-1" Ly vy (2)
and
Jim_p Vm(Z;:ln ((z; £(2) (Z o™ (2), Z <P§"(Z))

< |lelin maxz {vm(zgn(i)()) (Z QDm(Z)Z ¢m(z)>
”"‘(Z;jn(f) ©) <Z MO ¢m(z)>}—0

Using Proposition 2.4 once again, we conclude that Cy, ,m — Cy o is compact on X, forevery t € [0,1].
Thus, Cs, ,my € [Cy;,, o] forall ¢ € [0,1] and, to finish the proof, it remains to show that the map
[0,1] = C(Xy,,).t = Cs,. o,
is continuous on [0,1]. That is, ||Cy, om — Cy, om¢ll = 0 ass — t forall t € [0,1].
Fix a number t € [0,1]. For every r € (0,1),s € [0,1], and }.,,, f; € X, ., DY (2.2) we get

2o leswer 2, fu s ),
m m m Vm

_ Z |Zm fm(Zm (P;n(z)) _Zm fm(Zm (Pgn(z)”
b Om(2)

Z€D
SCY MY faluyswp(D) or@y. ol@)= O <p;“1(]zm)();m(zm oT @)}
< czm I Zm fm I UPP (Zm (p;n(z),zm <p}"(z)) {Vn B (pmsn)()z;%(zm ¢ ()}

Consequently, for every r € (0,1) and s € [0,1],

ICs, 5 0 — Csp pmell < Cm{I3(7,5),d(r, )}
where

I(rs): = sup p(z (pgn(z)’zm <p;n(z))m {vm Bm @™ (), vm B 9™ (2))}

|z|sT Um(2)

M) 1Zn 0"~ Zn 97
<ls=t), TG S A= S 9@ o@D

Y 2t ity S oy g
< mmls—tlwnhMr.—max m{M( m(p ,1), M( m(l) ,7)
and, by Lemma 2.6,

Jrs) = sup i p(zm (p;n(z)’zm <p;"(z))m {vmEm @™(2)), v Em ¢™(2))}

|z|>r Um(Z)

SSUPZm p(zm ‘”’"(Z)'Zm S (2)) {vm Bm @™ (), vm B @ (Z))}z:](r).

Um (2)

|z|>r
Therefore, for every r € (0,1) and s € [0,1],
2v,,(M,.)
C m— C mSCmaxZ —n- —t|,J(r);.
” Xm oY Xm Pt " { m(O)(l Mz) | | ]( )}
By letting s — t, this implies that
hm sup”CZm om —Cs, oml < CJ(r) forall r € (0,1)

Next, letting r —» 1~ and using that](r) — 0asr — 17 by (3.1), we then get

DOI: 10.35629/0743-11052538 www.questjournals.org 29 | Page



Weighted Composition Operators of Topological Structure on Weighted Banach Spaces

lim|Cy,, o = Cs,, ol = 0,
which completes the proof.
Corollary 3.2. The set Co(X,, ) of all compact composition operators on X,, _ is path connected in €(X,, ).
Remark 3.3 [24]. Corollary 3.2 follows also from [6, Theorem 3.2]. Indeed, putting Y, 1/;’"(1) =1 and
Ym ™% =1 in the proof of this theorem we get that two compact composition operators Cy,, ¢m1) and
Cy.. ¢m(2) ON X, belong to the same path component of the space C’(X,,m).
Now we use the main idea from [19, Example 1] to show that in general [sz (pm] might not be a whole path
component of €(X,, ).
Example 3.4 [24]. Let ¥, ¢8'(z) =1+ a(z— 1) with 0 < a < 1. Then the class [Cy, ,m,] is not a path
component in €(X,, ).

Proof. Let § = 44°9

. Foreach t € [-4, §], we put

D er@ =) o@D
and show that, for every 0 < |t| < &,Cy,, ym ~ Cy, m N C(X,,) bUt Cy,\ ymy & [Cy,, oy, om]- Evidently,
this gives the result. Since 1 — |¥,, ¢&'(2)|? = a(1 —a)|z—1|*forallze D
> ore)| <> er@| -1 < JT=e@= ol =17 + [ellz - 11
m m

a(l—a
31—%)|z—1|2+|t||z—1|2<1

for all z € D and ¢ € [~6, 8]. Hence, ¥, @} € S(D), and, by Proposition 2.2(a), Cy, ,m € C(X,,,) for all
t €[-6,9]

Next, similarly to [19, Example 1], consider a sequence (z,) c D such that z, - 1 along the arc |1 — z|* =
1 —|z|2. For eachn € N, we have

=Y o]
> e

) ) It 1 2, — 12
Zmp(zm ZACOD I (Z")> 2T S Sm OGO+ S 15 o7 )l ltl2n — 1P
It

Ta(2—a)+ |t

=aR-a)lz, = 1> = a2 = a)(1 = |z,|»)
Hence,

=JA - )2+ a2 - a)lz,|? > |z,]

and

Thus, foralln > 1 and t € [-4, 5],

17m(2m (ptrJn(Zn)) m m | |
Zm e (Z o7 (zn)z o (zn)) T

From this and Proposition 2.4 it follows that C,,, — Cg, Is not compact on X,, = and, consequently, Cy om &
[Cs,, ym] forall 0 < |t| < 6.

To complete the proof, it is enough to check that the path Cy, o t € [=6,8], is continuous in C’(X,,m). For
everyt,s € [—4,8] and X, frm € Xy,

using ( 2.2 ), we have
DO RS A, yya |
% S O7(2) = S fnEom @) K
- SUPZ U, (2)

Z€D

< CZ I Z fon o, supp (Z oM(2), Z (p;n(z)) {vm Em 95" (2), vm (p{"(z))}

Um (2)

o

Therefore,
”CZm ‘P;n - CZm ‘P ”

SCsuszDZ (Z wgn(z)z oI (z )) max{vn (Zn_¢3'@).on(Zn_o" (@)} (3.2)

v (2)

Moreover, for every t,s € [—6,5] and z € D,

DOI: 10.35629/0743-11052538 www.questjournals.org 30 | Page



Weighted Composition Operators of Topological Structure on Weighted Banach Spaces

D0 (Zm @) <p€"(2))

_t=slz—1]?
Zm |1 _Zm_(p;n (Z)

@i (2) |

- |t —s||z— 1|2
T1-Zn [Zm 07 @F =t + DI [Zm 95 @Iz =12 = ltsllz=11* 33
- |t — s||z — 1)
T a(l-a)lz - 112 = (Jt| + [sDlz = 1|* — |ts]|z — 1|*
[t — s] 4|t — s|

< < .

a(l—a)—25—-46%2" a(l—a)

Next, for each s € [—§, ], we put

Z— Qg
as=) @rO)=l-a+sf@)=1—"and ) @I =) ol
Then }.,, ¢*(0) = Bs o X @(0) = 0. Hence, by the Schwarz lemma, |}, ¢*(z)| < |z| for every z € D.

From this it follows that, for every r € (0,1),

m -1 m -1 r+ lasl
SUp|z|er |Z Ps (Z)| = Sup|z|srz |(ﬁs °z bs )(Z)| < sup < 1Bs  (2)| = T+rla]

r+71,

T 1+,
wherer, =1 —a+ 6 € (0,1). This, (3.2), and (3.3) imply that

r+71
Ic c P c it — | sup ”m(1+rr0)
YXm @e Imeogll = a(l—a) re(01) L=m U (1)
and it remains to check that the last supremum is finite. By [1, Lemma 2.6], there is some constant M > 0,
dependent only on v,,, such that

, U (1) M
(logvy)'(r) = o () < 1=+ forallre (0,1)

Then, using the arguments in the proof of [1, Theorem 2.8, (i) = (vii)], we get

| (r+r0) | < ,<r+r0>r+r0 T+,
08 Vm 14717, 0gvm(r) < (logvm) 1+7rry/1+1n 0g(1+rr0)r

M(r + 1) 1o(1 —72)
<————log| 14+ —"-—"7-
1-r1-r) A+ rryr
- M@ +rro(L+71) < 8M
T A-rp)A+rryr T 1-1n
forevery r € E 1). Thus, there is some number M, > 1, dependent only on v,,, and r,, such that

+
i, ( Tt ) < Myv,,(r) forall 7 € [0,1) .

1+,
r+71,
Um (1 + ro)
sup ———— <M,
r€[0,1) Um(r)

Consequently,

which completes the proof.

Remark 3.5. Note that to characterize components in the space of composition operators on Hardy space H?,
[22] conjectured that the set of all composition operators that differ from the given one by a compact operator
forms a component. Later, [7], and [20] independently showed that this conjecture is false. [19] also gave a
negative answer to this conjecture for the setting of space H®. In fact, in Theorem 3.1 we proved that the sets of
such a type are path connected in the space C’(X,,m). Example 3.4 shows that, in general, they are not
components of C’(X,,m). Therefore, the conjecture is also not true for all spaces X, given by weights v,, from
the class V.

We end with a result concerning isolated points in the spaces C(va). The result in [6, Theorem 5.7] can be
reformulated as follows: If the set

v (Zm 9™ (zn)) > 0}

vm(zn)

EWmYm ©™) ={w € 0D | 3(z,) € D:lim,, 2z, = w and lim,_,c, Y
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has Lebesgue measure strictly positive, then Cy_ ,m is isolated in C’(X,,m). This is an analog of [19, Corollary
8]. On the other hand, in [19,, Corollary9 it was established that if

fozn i log(l - |Zm (pm(ei9)|) df > —oo, (3.4)

then Cy_ ,m is notisolated in C(H®*). Equivalently, the condition

foz”zm log (1 B |Zm "’m(eie)D df = —co (3.5)

is necessary for the operator Cy_,m to be isolated in C(H). In the following proposition we extend this result
to all weighted spaces X,, ~with v,, € V. Note that [12, Theorem 4.1] proved that (3.5) gives the complete
description of isolated operators Cy_ ,m in C(H*) (see [24]).

Proposition 3.6. If 3., 9™ € §(D) satisfies (3.4), then the operator Cy,  ,m is not isolated in C’(X,,m).

Proof. Following [19, Corollary 9], consider the next bounded outer function in :

Zm ¢™(2) = exp <%L2nz e +210g(1 - |Z m(ele)|)d9> z€D

As is known, |, ¢™| <1—|X, @™ in D and [YXm @™ =1—|2m @™ almost everywhere on 9D.
This implies, in particular, that the functions Y., @*(z) =Y., ©™(2) +tX,, ¢™(z) are in S(D) for every
|t] <1. Hence, by Proposition 2.2(a), all operators Cy o 1t <1, belong to C(va)

- 1 . . . -
We will show that the path Cy  ,m,, |t] < o1 continuous in C’(va) and, consequently, Cy,  ,m is not

isolated.
By the proof of (i) = (vii) in [1, Theorem 2.8], there exists a constant M > 0 such that

1+7r
Z v (T) < MZ U (r) for all 7 € [0,1)

From this it follows that, for each [t| < % and all z € D,

2o @) =) wm() @ty @S vy, @"@I+IIY. $"@D
<D wll) P"@IHIEA- 1), PT@S ). (M) MY ) o"@)

Using this and (2.2), we get that, for each .., f,, € X, ands,t € [—— —]
Z " Cs. wgﬂz fomCy <p1"z fm" — sup,ep z X fnEm 08" (2) = Em fuEm @5" ()

Um (2)

< Cz I Z fon o, SUpzer(z o (2), z oz )> max{vy, Xm 07"(2)), vmCm 98(2))}

Um (2)

<CMZ ”Z follo SupZEDp(Z 0! (Z)Z o¥'(z ))”m(Zizl(i;"(z))

< M, Zm I Zm fn o, SUPzep P (zm or(2), zm 902”(2))

where My = CMsup,cp Sm %ﬁ)(z)) < oo by Proposition 2.2(a). Thus, for every s, t € [—%%]
m

€5 o = Conopll < Mosup > o (> 0r@ Y or)
Z€eD m m m

Next, for each s, t € [—%% andz € D

> p(wz”(z),zm @) = ‘Z Zm o £ z(,;;p;" (Z)Zm o1 (2)
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- |Zm ")
) m 1= [Zn @"@F = (el +1sDI T 9" @[Zm $7 @I = 15[ T 9™ @I
1

=|t—s | +— —
2, 2 GO (1) +15DIZm 7)) = [6511 Zm #7(2)]

1
S't_s'zm 1= 3y 0" @)
T 67|

1 <16|t |
s — |t —S|.
T=(ltl+1IsD—les| = 7

= (Il + s — [ts]

<|t—s|

Consequently,
16 11
”CZm ‘p7tn - CZm ‘Pln" < 7M0|t - Sl for all s, t € I:_Z’Z]:

which implies that Cy, ,m,t € [—%,ﬂ, is a continuous path in ¢(X,, ).

We study the topological structure of the space Cwm(X,,m) of all nonzero bounded weighted
composition operators on X, under the operator norm topology. We write Wy ymy ,m ~W, 5 gm in
Cw,, (X, ) if the operators Wy ,ms ,mand W, sm are in the same path component of ¢, (X,, ).

We know that the space Cﬁm(va) of all bounded weighted composition operators is always path
connected. Then Theorem 3.2 in [6] should be revised for the setting of nonzero weighted composition
operators. To prove that two compact operators Wy = ym)y,. ¢m(1y and Wy ymeoyy  gmz) in C‘Sm (HSm(D))
are path connected, [6] showed that

@™
W s om @5 gm® ~ Wy, wm(”(o)'zm o O~ Wy ym® 05, gm D 0)
~ Wy m@y  gm@ N o, (Hy (D)),
which cannot be applied to the space C,, . (H,?m (D)) when ¥, 1/)’“(1) (0)=0o0rY, wm(z) (0) = 0. Hence, we
develop some new ideas to establish this result for the spaces Cwm(X,,m). So, we prove a bit more by showing
that the set of all nonzero compact weighted composition operators on X, is not a path component of
Cw,, (X, ) forall v, € V.
We need the following, which is proved similarly to [23, Lemma 4.8].
Lemma 4.1. Every operator Wy, ,m m € Cwm(va) is path connected with the operator Cy ,m in
Cormy(X0,)-
Theorem 4.2 (see [24]). The set C,,, o (va) of all nonzero compact weighted composition operators on X,,  is
path connected in the space C,,,, (va)i but it is not a path component in this space.
Proof. (a) To prove that the set C,, o(X,,,) is path connected in the space C,, (X, ). it suffices to show that
every operator Wy gmy om in Cwm,O(va) and the operator C, belong to the same path component of
Cupy (Xy,,) viaapathin €, o(X,,,)-
If ¥, Y™ (2z) = const, then the assertion follows from Lemma 4.1 and Corollary 3.2. Now suppose that
Xm Y™ € X, isnon-constant. We put

Z YD) =1—t+ tz ¥™(2) and Z o7 (2) = tz O™ (2),z €Dt € [0,1]
m m m m
Then, for every t € [0,1),%,,, ¥¢" is a nonzero function in X,, and ¥,, ¢/"(D) c t¥,, ¢™(D) c D. From

this and Proposition 2.5( b) it follows that all operators Wy ms. o t € [0,1), are compact on X,, . Hence,

Wy W € Cupo(Xy,) for all te[01]; moreover, Wy yms um=Co and Wy, ymy om=

Ws., wmy.. om. We claim that the map

[0’1] - CWm (va)’ te WZm ¢?1:Zm ‘Pgn
is continuous on [0,1]. Then Wy ymy  om ~ Coin Gy, (X,,,) vViaapath Wy yms  om, in Cy, o(Xy,,)
It remains to prove the claim. Obviously, Wy, | W m=1=0C,+Weyrs, om and hence,

Zm P

am @
1Ws w5 0 = W gz ol < (1= 9)Csz, om = (1= OCrx, ol + Wi, gms5m om —

Wt Im ¥t Nm ‘Pm”’
for every ¢, s € [0,1]. Consequently, to prove the claim, it is enough to show that for every t € [0,1]
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(i) limgyp Yo ”(1 - S)CsZm ™ (1- t)Cth <pm” = 0 and (i) limg_,; X ||Ws SmPTSIm o™ T
Wepss, ¢m|| =0.
In our further demonstration we will use the next obvious inequality for functions € H(D) :
D =) fulen)| <l = sllzimaxesa Y. Ifa@lz €Dt € [01] (1)
m m m

where we briefly write [s, t] for the interval between s and t. First, we prove (i). If t = 1, then by Proposition
2.2(a),

It = )Cag ol < (1 = )supsep Y.
-1

Letnow t € [0,1) and ¢, € (t,1). Forevery s € [0,t,) and ¥, frn € X, , Using (2.1) and (4.1), we get

2 Ja=9Cm,m ), - -0Cs, ) fm||vm

_ Z |(1 - S) Zm fm(s Zm (pm(z)) - (1 B t) Zm fm(th (pm(z))l

Un (s Xm 9™(2))

U 97 _

m Um(2)

< (1 —s)sup,ep Z 0,s

veb L (@)
<-smpy LEn ST 000 fo0En 0N,
U S A (O R )]
2eb L v (2)
<ts-tsupy EE D g |y |+
~dlsup ) vm(ti:(z(’;m(z)) I Zm fu by, < Cls — t|zm

13 0@ (T 0™(2)
”mem””mi‘é}? om(@) RN L= [t 5 9"(@)]

sy P Zn 0”@ "Z £ "vmﬁz _Comlta) o,

zeD m Um(z) m (1 - to)vm(o)

1D fulont ) i’;((t(‘;)) LD AIC _Cto +1)) me((t(;’)) s —

1) il

m

Therefore,
U (to)

1-s)C m—(1-16)C m s( 1)2 n —t| >0 t

”( S) S¥m @ ( ) tYm @ " 1—t0+ m Um(O) |S |_> as s —

which completes the proof of (i). Next, we prove (ii). Fix a number t € [0,1]. For every s € [0,1] and },,, fim €
Xy,,» We have

Zm ”WSZm Y™ Tm @™ Zm fn = Wesm ymesm o™ Zm fm”v
pz 15 Y™(2) Zom fon(5 Tom 9™(2)) = T ™2 T fin(t T 9™ ()]

+|s

Um (2)
[ Zm Y@ Em fn(sZm 07(2) = Zm fn(EZm @™ (@) N

<lslsup ) (@) Is
. | B V(@) B fn(EEm 0™(2)))]
Seb Lo U (2) '

To continue, we need several auxiliary estimates.
Estimate 1: We have
| X ¥™(2) Zom fin(t X @™ (2))] | X Y™ (@) |vm(t X 9™ (2))
sup < || fm ly,, sup
m m Z€ED

z€D m Um (Z) Um (Z)

[Zm Y@ vmEm ©™(2))
< Zm I Zm fon i SUD s - Mzm I Zm Fon Il
[Zm Y@ vmEm ™ (2)

vm(2)

Estimate 2: Obviously, for every r € (0,1) and s € [0,1],

where M: = sup,ep Yom

is finite by Proposition 2.5(a).
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Z | Xm Y™ (@) Em fin($Em ¢™(2) = Zm [t X 9™ (2)))
SuP2ep

Um (2)

= maxzm {a(r, S,Zm fm), J(@,s, Zm fm)}

where, by using (2.1) and (4.1),

10,5, ) fa) = sup
m [ Xm fm(@)|sr

Z | Zm Y@ Qi fn(sXm ¢7(2) = Xm fn(EZm @™ ()]
Um (2)
Z [ Xm Y72 I 9" D]

Um(Z) ‘I.'G st

=|s—t| sup

| Sm fm(@)|sr fm(Tz o™ (2))

| 2m Y™ (2)] U (T2m 9™ (2))
< C|s—t| Zm I Zm fon o, IZmeir()Z)IST o (2) max T TS, o™ ()]

< Zm Clvmf(:) I Zm P, Zm fo by, |5 — ],

and
35, f)
. [ Xm Y (@D Em (S Zm @™(2) —Xm fu(tXm @™ (2))]
i= sup
lo(2)I>r m Um(Z)
- [Xm Y@ Xm S Zm @@+ 1 Xm fmtXm ™ (@)
sup
Ip@)|>r Vi (2)
[ Xm Y@ (sXm @™ (2) + vy (t X @™(2)))
< Z I Z o, sUp ~e)
[ Xm Y (@) |vm(Em <Pm(Z))
< zzm I Zm oy sup e

Using the above estimates, we obtain
"WS Sm ™S Im o™ T Wth Yt Tm </’m"

Smaxz {Cvm(r) ”Z Yo, Js—tl2  sup | Zm Y™ (@)[vm Em <ﬂm(Z))}+M|S_t|

|Zm fm(@)|>r Ui (2)
for every r € (0,1) and s € [0,1]. By letting s — ¢, and then r — 1~ in the last inequality, we get
. | Xm Y™ @ B @™ (2))
lmsljtup ”WSZm ™S T @™ — Wth'¢m‘fzm ¢m| < 2lim sup Zm v (2)

217 Ym @™(2) [>T
Moreover, applying Proposition 2.5( b) to the compact operator W, 5 ,m on X, , we obtain

. [ Xm V(@D Cm @™ (2))
dm >

=0ifX, =H, (D)

Vi (2)
or
i 3 1Zn V@I 07@) e g
|z|-1 m Um(Z)

which both imply, by Remark 2.3, that
lim.. - su - Z | Zm P @) vmEm ¢™(2) _ 0
r=17SUPIZm o™ @ v (2)
Consequently, limg; ¥ [|Wss,, ymys,, om — Wes,, d}m‘tp" = 0. This establishes the result claimed.
(b) Now we consider the operators W, .y and Cy _ ,m, where ¥, ¥g'(z) = 1—z and X, ¢g'(2) =1+
a(z — 1) with 0 < a < 1. Obviously, W, and Cs,_,m belong to C,, (X, ). However, it is easy to check
that Wy, YIS P is compact, while Cy,  ,m is not compact on X, . Indeed, for all r € (0,1)
Z Vm(Em 90" (1) Z vm(1+a(r—1))
m U (1) m U (1)
Hence, by Proposition 2.2( b), Cy, ,m is not compact on X,, . Next, for any sequence (z,), in D with |z,| - 1
asn — oo, without loss of generality we suppose that z, > n € dD. Ifn = 1,then 1 + a(n — 1) € D, hence,
Z |Zm lp(r)n(zn)lvm(z:m (pO n)) < 2 Z m(Zm ¢6n(zn))
Vm (2) Vm (Z)
Ifn =1,then,, ¥i*(z,) —» 0asn — oo, hence,
m(Zm ¢o'(2))

Zm X (Zn])]:ggz):m o4 (Zn)) Z |Z 1 ) sup B LB
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since the last supremum is finite by Proposition 2.2(a). Consequently,

. 1Zm Y0 @ vmEm 0" (2)

lim_ Z

|z|-1 m vm(Z)
which implies, by Remark 2.3 and Proposition 2.5( b), that Wy, SIS Y is compacton X,, .
It remains to note that, by Lemma 4.1, Wy yms o m ~ Cy  ,minCy,, (X,,,). From this it follows that the set
Cw,,0(Xy, ) is not a path component of ¢, (X,, ).
We restate some validity results for weighted composition operator (see [24]).

Proposition 4.3. Let Y, @™ and %, ¢™ be two functions in (D). If the difference Cy, ,m —Cy,  4m is
compact on X,, , then all the operators Wy yms  ,m and W, 5 4m from the space C’Wm(X,,m) belong to the
same path component of this space.
Proof. By Lemma 4.1, Wy ymy ,m ~Cy, ,mand Wy 4m ~ Cy  4m in G, (X, ). On the other hand,
by Theorem 3.1, Cy,_ 4m ~Cs,_,m in C(X, ) and, hence, in C, (X, ). Consequently, W,y 4m ~
WS pm5 o™ N Cu,, (Xi,).
Remark 4.4. In [6, Theorem 4.2] a similar result to Proposition 4.3 was stated in the setting of the space
Cy, (Hp (D)) under some additional restrictions on functions ¥, ¢™ ¥, ¢™ X, ¥™, and y that are
strictly stronger than the ones in Proposition 4.3. In particular, in this theorem the authors required that
lim,-pXEm @™ (2), 2m ¢™(2)) = 0, which implies, by Proposition 2.4, that the difference Cy  ,m —
Cy,. om isacompact operator on X,, .
For ¥, ¢™ € S(D), denote by W([Cy; ,m]) the set of all weighted composition operators Wy my 4m €
Cu,, (Xy,,) With C5; 4m € [Cy, . ,m]. The following result follows immediately from Proposition 4.3.
Corollary 45. Each set W([Cy,, om]),Zm @™ € S(D), is path connected in ¢, (X, )
Now we show that the sets W([Cs, ,m]|) may be path components of the space ¢,, (X,,) and may be not. To
see this, we consider the next examples (see [24]).
Example 4.6. For 3., ¢7'(2) = 1+ a(z — 1) with 0 < a < 1, the set W([Cy, ,m]) is not a path component
of €y, (Xy,, ). More precisely, W([Cy, ,m]) is a proper subset of the path component of ¢,,,. (X,,,) containing
Cu0(Xo,)-
Proof. By part (b) in the proof of Theorem 4.2, the operator Wy O o with Y., ¥i*(z) =1—-2z and
Xm ¢0'(z) =1+a(z—1) is compact, while Cy ,m is not compact on X, . Then, by Theorem
42,W oUimdo ™~ Co in C‘Wm(X,,m). But Cy,, om — Co is not compact on X, , which implies that the operator

=0

C, does not belong to W ([sz 4,31)) and completes the proof.

Remark 4.7. The arguments in Example 4.6 work as well for those sets W([Cy, ,m]) that generated by
Ym @™ € S(D) with the finite set E(vy,, X @™). Thus, all these sets being path connected in the space
Cw,, (Xy, ) are proper subsets of the corresponding path components of ¢,, (X, ) containing C,, o(X,, )
Example 4.8. For Y, ¢i"(z) =z the set W([Cy, ,m|) is a path component of ¢, (X, )
Proof. Obviously, E (v, X ") = 0D. Hence, by [6, Theorem 5.7],Cy,  ,m is isolated in €(X,, ), which
implies that [Cy, ,m] = {Cy,, ,m}. From this and Proposition 2.5( a) it follows that

W([sz 4’71"]) = {Wzm Py o 0 <l Em Y™ < oo}
We will prove that W([Cs, ,m]) is open and, simultaneously, closed in C,,, (X, ), from which the assertion
follows.
Let (Wy,, yms,, om) be a sequence in W([Cy, ,m]) converging to some operator W,y 4m in C,, (X, ).
Then Wzm Y Ym o7 Qm fm) W)(,Zm oM Qm fm) in va for all Xm fm € va

Taking here Y., fm(z) =1 and Y,, fn(2z) =2z, we obtain that Y}, Yy >y and X, Y'Y, o —
XXm ¢™inX, asn — oo. Therefore,

2., X2, =2, 0")
m m m
=2 2 ) ere ), (2 v, er-ap, em)-omx
m m m m m m m
Since x # 0, this implies that ¥,, ¢™ = X, @*. Thus, the set W([C5, ,m]) is closed in ¢, (X, ). The fact
that it is open in ¢, (X, ) follows immediately from

the following auxiliary lemma, in which we will use the next notation:
FXm ¥™ €):={w € 0D:|Xp P™(w)| 2 €} and Il Xm ™ lle: = inf{e > 0: [F (X, ™, €)| = 0}
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Lemma 4.9 (see [24]). Let Wy  4my 5. ,m be an operator in W([sz ¢m1]). Then, for every operator
WX;Zm ¢m in CWm(XUm) Wlth Zm ¢m * Zm 471",

W umsm ot = Wazmanl 2D 1) W™ e

Proof. Since },,, ™ is a nonzero function, || .,, ¥™ ll.> 0. Take an arbitrary number r € (0,1l X, Y™ Il,).
Then [F(Q,, Y™ 1) > 0.
Since Y, ™ #= X o7 [{w €0D: Y, ¢™(w) = w}| = 0. So there exist a point w € F(}.,, ¥™,r) and a
sequence (z,) ¢ D such that z, = w, X Y™ (Z)] = | 2m Y™ (w)| =71, and Y, ¢™(z,) = n # w. Then
Ym P(20 Zm ®™(20)) > Lasn - oo

Next, by [3, Subsection 1.2(iv), Theorem 1.13 and comments after it], for each n € N, there is a
function (f;,),, in the unit ball of X, such that (f;,),(2,) = vin(2,,) (recall that by 17, it is denoted the weight
associated with v, ). We put

4 _Zm ¢m(zn)
h,(z) = Z 4 = ,z € D.
n(2) - (frdn( )1 oy ()
Then h, €X, ~ with [lh,ll, <1 for all n. Taking into account that X, Wy ymy ,mhy,(z,) =

T V™M@ (20 T ®™(20)) T (2) AN Ty Woys mhin(2,) = 0, we get
Zm ”WZm'{bmzZm (P‘in - WX:Zm ¢m|| = Zm "WZm wm‘zm ‘P;nhn - WX‘Zm ¢mh’n||j

= Z |W2m ™ m <P;nh”(zn) - W)(‘Zm ¢mhn(Zn)| = Z |Z wm(zn)
m VU (Zn) m m

for all n € N. Thus,

p (Zniz ¢m(zn))
m
Z Wy, g7 5m 0t = Wiy gl = lim sup Z |Z Y™ (2n)
m n—-oo m m

p (Zn' Zm ¢m(zn)) 2T
and, consequently, ¥, [W,, 5 om —=Wys omll 2 Zm 1 Zm ™ I
Some of the arguments used in the proof of Example 4.8 work as well for any isolated operator Cy, = ,m in
C’(X,,m). More precisely, by the same reasons as in this example, one can easily check that the corresponding
sets W([Cs,, om|) = W({Cs,, ,m}) are all closed in the space C,, (X, ). Moreover, by Corollary 4.5 they are
path connected in this space. They may be also openin ¢, (X,).
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