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Abstract 
We follow the validity that [24] dealt with considering the topological structure problem concerning the set of 

composition operators restricted and differ by a compact operator is known as path connected but alternatively 

not usually a component. So for weighted both of composition operators on Banach spaces endowed with sup-

norm the set of weighted composition operators is really path connected but in the second is not a component. 
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I. Introduction 
For 𝐻(𝔻) be the space of all holomorphic functions on the unit disc 𝔻 and 𝒮(𝔻) the set of all 

holomorphic self-maps of 𝔻. For two series of functions ∑  𝑚 𝜓𝑚 ∈ 𝐻(𝔻) and ∑  𝑚 𝜑𝑚 ∈ 𝒮(𝔻), a weighted 

composition operator 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚
 
 is defined by ∑  𝑚 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚(∑  𝑚 𝑓𝑚) = ∑  𝑚 𝜓𝑚 ⋅ (∑  𝑚 𝑓𝑚 

∘

∑  𝑚 𝜑𝑚), ∑  𝑚 𝑓𝑚 
∈ 𝐻(𝔻). When the series of functions ∑  𝑚 𝜓𝑚 is identically 1, the operator 𝑊$, reduces to 

the composition operator 𝐶∑  𝑚 𝜑𝑚− These operators 𝐶∑  𝑚 𝜑𝑚 and 𝑊�̇�,∑  𝑚 𝜑𝑚 have been studied on various 

function spaces (see [9,21]). Among them, the study of topological structure problem for spaces of bounded 

(weighted) composition operators with operator norm topology. For Hardy, 𝐻∞ , Bloch and Banach spaces see 

[10,16,22], [11,15,19], [13], and [6]. For the study of topological structure problem for both spaces of 

composition operators and weighted composition operators on weighted Banach spaces with sup-norm 

generated by a radial weight (see [24]). We show an over view of confirmative on [24]. 

For a radial weight on 𝔻 we mean a positive function 𝑣𝑚 on 𝐃 with 𝑣𝑚(𝑧) = 𝑣𝑚(|𝑧|), 𝑧 ∈ 𝔻, where 𝑣𝑚(𝑟) is 

continuous and increasing on [0,1) and 𝑣𝑚(𝑟) → ∞ as 𝑟 → 1−. For a weight 𝑣𝑚 on D, we define the following 

weighted Banach spaces of 𝐻∞: 

𝐻𝑣𝑚
(𝔻) = {∑  

𝑚
𝑓𝑚

 

∈ 𝐻(𝔻): ∥ ∑  
𝑚

𝑓𝑚
 

∥𝑣𝑚
: = sup

𝑧∈𝐷
∑  

𝑚
 
| ∑  𝑚 𝑓𝑚 

(𝑧)|

𝑣𝑚(𝑧)
< ∞} 

and 

𝐻𝑣𝑚
0 (𝔻) = {∑  

𝑚
𝑓𝑚

 

∈ 𝐻(𝔻): lim
|𝑧|→1−

 ∑  
𝑚

| ∑  𝑚 𝑓𝑚 
(𝑧)|

𝑣𝑚(𝑧)
= 0}, 

endowed with the norm ∥⋅∥𝑣𝑚
, so, for a series of functions 𝑔𝑚: 𝔻 → [0, ∞), lim|𝑧|→1− ∑  𝑚  𝑔𝑚(𝑧): =

lim𝑟→1−  sup|𝑧|>𝑟  ∑  𝑚 𝑔𝑚(𝑧). Likely known as weighted Bergman spaces of infinite order. We denote 𝑋𝑣𝑚
 to be 

either of the spaces 𝐻𝑒(𝔻) or 𝐻𝑣𝑚
0 (𝔻). 

To characterize topological properties of spaces 𝑋𝑣𝑚
 or linear operators between them in term of weights, see [1, 

2] we use the so-called associated weights. For a given weight 𝑣𝑚 on 𝔻, its associated weight is defined by (see 

[3, Definition 1.1]) 

𝑣�̃�(𝑧) = sup ∑  
𝑚

{| ∑  
𝑚

𝑓𝑚
 

(𝑧)|: ∑  
𝑚

𝑓𝑚 ∈ 𝐻𝑣𝑚
(𝔻), ∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

≤ 1} 

Note that 𝑣𝑚‾ (𝑧) = 𝑣�̃�(|𝑧|) and 0 < 𝑣�̃�(𝑧) ≤ 𝑣𝑚(𝑧) for all 𝑧 ∈ 𝔻, 𝑣�̃�(𝑟) is increasing and log-convex on [0,1) 

(i.e. the function log 𝑣𝑚‾ (𝑒𝑥) is convex on (−∞, 0)), and 𝐻𝑣𝑚
(𝐃) = 𝐻𝑒‾(𝔻) isometrically. Moreover, in [14, 

http://www.questjournals.org/
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Lemma 2.2] it was shown that for a log-convex weight 𝑣𝑚 on 𝔻, there is some constant 𝑀 such that 𝑣𝑚‾ (𝑧) ≤
𝑣𝑚(𝑧) ≤ 𝑀𝑣�̃�(𝑧), 𝑧 ∈ 𝔻. Thus, we use log-convex weights. Next, for a log-convex weight 𝑣𝑚, by [4, Theorem 

2.3] the following condition from [17, p. 310] and [18, Definition 2. 1] 
 

lim sup
𝑘→∞

∑  
𝑚

 
𝑣𝑚(1 − 2−𝑘−1)

𝑣𝑚(1 − 2−𝑘)
< ∞                                                   (1.1) 

 

is equivalent to the continuity of all compositions operators 𝐶∑  𝑚 𝜑𝑚 , ∑  𝑚 𝜑𝑚 ∈ 𝑆(𝔻), on 𝑋𝑣𝑚
. Consequently, 

for log-convex weights satisfying (1.1) and only for them, the spaces 𝒞(𝐻𝑣𝑚
(𝐃)) and 𝒞(𝐻𝑣𝑚

0 (𝔻)) of all 

bounded composition operators on 𝐻𝑣𝑚
(𝔻) and, respectively, 𝐻𝑣𝑚

0 (𝔻) coincide and equal to the space 

{𝐶∑  𝑚 𝜑𝑚 : ∑  𝑚 𝜑𝑚 ∈ 𝑆(𝔻)} of all composition operators. For some conditions of various types that are 

equivalent to (1.1) see [1, Lemma 2.6]. In particular, (1.1) ⟺ 𝑣𝑚(𝑟) = 𝑂(𝑣𝑚(𝑟2)) as 𝑟 → 1−. 
We consider the topological structure problem for the spaces of (weighted) composition operators on spaces 

𝑋𝑣𝑚
 given by log-convex weights 𝑣𝑚 satisfying (1.1). Let 𝒱 denote the set of all such weights. The standard 

weights (𝑣𝑚)𝛼(𝑧) = (1 − |𝑧|2)−𝛼 , 𝛼 > 0, belong to 𝒱. We suppose that 𝑣𝑚 ∈ 𝒱. 

We recall some auxiliary results on spaces 𝑋𝑣𝑚
 and (weighted) composition operators on them. 

We study the topological structure of the space 𝒞(𝑋𝑣𝑚
) of all composition operators on 𝑋𝑣𝑚

. We prove that the 

set [𝐶∑  𝑚 𝜑𝑚] of all composition operators that differ from the given one 𝐶∑  𝑚 𝜑𝑚 by a compact operator is path 

connected in 𝒞(𝑋𝑣𝑚
). A component in 𝒞(𝑋𝑣𝑚

) is not in general the set of such type [19] showed these results 

for the space 𝐻∞ and we now extend them to the family of all Bergman spaces of infinite order given by 

weights from 𝒱. We show that the condition that completely characterizes isolated composition operators 

𝐶∑  𝑚 𝜑𝑚 in the setting of the space 𝐻∞ (see [19, Corollary 9] and [12, Theorem 4.1]) is necessary for 𝐶∑  𝑚 𝜑𝑚 to 

be isolated in all spaces 𝒞(𝑋𝑣𝑚
) with 𝑣𝑚 in 𝒱. 

The space 𝒞𝑤𝑚
(𝑋𝑣𝑚

) consists of all bounded nonzero weighted composition operators on 𝑋𝑣𝑚
. And [6] 

investigated the topological structure problem for the space 𝒞𝑤𝑚
0 (𝑋𝑣𝑚

) of all bounded weighted composition 

operators on 𝑋𝑣𝑚
. Now every operator 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 in 𝒞𝑤𝑚

0 (𝑋𝑣𝑚
) and the zero operator 0 are always 

connected by the path 𝑊𝑡 ∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 , 𝑡 ∈ [0,1]. This implies that 𝒞𝑤𝑚
0 (𝑋𝑣𝑚

) is path connected. Some results 

be considered again in 𝒞𝑤𝑚
(𝑋𝑣𝑚

). [6] and some arguments used cannot be applied to 𝒞𝑤𝑚
(𝑋𝑣𝑚

) (see [6]). We 

show some new ideas to prove that the set 𝒞𝑤𝑚 ,0(𝑋𝑣𝑚
) of all nonzero compact weighted composition operators 

is path connected in 𝒞𝑤𝑚
(𝑋𝑣𝑚

); but not a path component. We also give a simple sufficient condition to ensure 

that two operators in 𝒞𝑤𝑚
(𝑋𝑣𝑚

) belong to the same path component of this space. These results clarify and 

improve the corresponding ones in [6, Theorems 3.2 and 4.2]. We describe two path connected sets of the same 

type in 𝒞𝑤𝑚
(𝑋𝑣𝑚

), one of which is a path component, while another is not. 

We state some results concerning properties of functions in the spaces 𝑋𝑒 and (weighted) composition operators 

and their differences on these spaces. 

We defined the pseudo-hyperbolic distance by 

𝜌(𝑧, 𝜁) = |
𝑧 − 𝜁

1 − 𝑧‾𝜁
| ,       𝑧, 𝜁 ∈ 𝔻 

For a function ∑  𝑚 𝜑𝑚 ∈ 𝐻(𝔻), put 

∥ ∑  
𝑚

𝜑𝑚 ∥∞= sup
𝑧∈𝐷

∑  
𝑚

  | ∑  
𝑚

𝜑𝑚(𝑧)| and 𝑀(∑  
𝑚

𝜑𝑚, 𝑟) = sup
|𝑧|≤𝑟

∑  
𝑚

  | ∑  
𝑚

𝜑𝑚(𝑧)|, 𝑟 ∈ (0,1) 

We denote by |𝐸| the Lebesgue measure of 𝐸 on the unit circle ∂D. 

Lemma 2.1 (see [24]). There is a constant 𝐶 > 0, dependent only on 𝑣𝑚, such that for every ∑  𝑚 𝑓𝑚 ∈ 𝐻𝑣𝑚
(D) 

and 𝑧, 𝜁 ∈ 𝔻, 

|∑  
𝑚

𝑓𝑚
′ (𝑧)| ≤ 𝐶 ∑  

𝑚

𝑣𝑚(𝑧)

1 − |𝑧|
∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

                                                 (2.1) 

and 

|∑  
𝑚

𝑓𝑚(𝑧) − ∑  
𝑚

𝑓𝑚(𝜁)| ≤ 𝐶 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
𝜌(𝑧, 𝜁) m  {𝑣𝑚(𝑧), 𝑣𝑚(𝜁)}                   (2.2) 

 

Proof. In [1, Theorem 2.8] it was proved that for every weight 𝑣𝑚 ∈ 𝒱, the differentiation operator 𝐷 is 

bounded from 𝐻𝑣𝑚
(𝔻) to 𝐻(𝑣𝑚)1

(𝔻) with (𝑣𝑚)1(𝑟) = 𝑣𝑚(𝑟)/(1 − 𝑟), which implies (2.1). 

The inequality (2.2) was obtained in [5, Lemma 1]. 

The next result follows from [4, Proposition 2.1 and Theorems 2.3 and 3.3]. 
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Proposition 2.2. Let ∑  𝑚 𝜑𝑚 ∈ 𝒮(D). 

(a) The operator 𝐶∑  𝑚 𝜑𝑚 is bounded on 𝑋𝑣𝑚
. Moreover, 

∥∥𝐶∑  𝑚 𝜑𝑚∥∥ ≤ sup
𝑥∈𝐷

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
< ∞ 

(b) The operator 𝐶∑  𝑚 𝜑𝑚 is compact on 𝑋𝑣𝑚
 if and only if 

lim
|𝑧|→1−

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 

This proposition implies that 

𝒞(𝐻𝑣𝑚
(𝔻)) = 𝒞(𝐻𝑣𝑚

0 (𝔻)) = {𝐶∑  𝑚 𝜑𝑚: ∑  
𝑚

𝜑𝑚 ∈ 𝒮(𝔻)} 

and the sets 𝒞0(𝐻𝑣𝑚
(𝐃)) and 𝒞0(𝐻𝑣𝑚

0 (𝔻)) of all compact composition operators on 𝐻𝑒(𝔻) and 𝐻𝑣𝑚
0 (𝔻), 

respectively, coincide; more precisely 

𝒞0(𝐻𝑣𝑚
(𝐃)) = 𝒞0(𝐻𝑣𝑚

0 (𝐃)) = {𝐶∑  𝑚 𝜑𝑚 : ∑  
𝑚

𝜑𝑚 ∈ 𝒮(𝐃), 𝑣𝑚(∑  
𝑚

𝜑𝑚(𝑧)) = 𝑜(𝑣𝑚(𝑧)), |𝑧| → 1−} 

Thus, all results and arguments will be stated simultaneously for both spaces 𝒞(𝐻𝑣𝑚
(𝔻)) and 𝒞(𝐻𝑣𝑚

0 (𝔻)). 

Compactness of differences of two composition operators between weighted Banach spaces with sup-norm was 

characterized in [5, Corollary 7 and Theorem 9]. To state these results for composition operators from 𝑋𝑣𝑚
 into 

itself with 𝑣𝑚 ∈ 𝒱, we need the following (see [24]). 

 

Remark 2.3. Let ∑  𝑚 𝜑𝑚 ∈ 𝒮(𝔻) and 𝑔𝑚: 𝔻 → [0, ∞). As usual, we put 

lim
| ∑  𝑚 𝜑𝑚(𝑧)|→1−

∑  
𝑚

 𝑔𝑚(𝑧): = {

lim
𝑟→1−

  sup
| ∑  𝑚 𝜑𝑚(𝑧)|>𝑟

∑  
𝑚

 𝑔𝑚(𝑧)  if ∥ ∑  
𝑚

𝜑𝑚 ∥∞= 1

0  if ∥ ∑  
𝑚

𝜑𝑚 ∥∞< 1.
 

Then 

lim𝑙𝑙→1− ∑  
𝑚

 𝑔𝑚(𝑧) = 0     𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑙𝑖𝑚|∑  𝑚 𝑓𝑚(𝑧)|→1− ∑  
𝑚

 𝑔𝑚(𝑧) = 0.                                  (2.3) 

Indeed, it is enough to check this statement for ∑  𝑚 𝜑𝑚 with ∥ ∑  𝑚 𝜑𝑚 ∥∞= 1. Given 𝑟 ∈ (0,1), letting �̃�: =
𝑀(∑  𝑚 𝜑𝑚, 𝑟), we get that 

sup
| ∑  𝑚 𝜑𝑚(2)|>𝑟‾

 ∑  
𝑚

𝑔𝑚(𝑧) ≤ sup
|𝑧|>𝑟

∑  
𝑚

 𝑔𝑚(𝑧) and 𝑟‾ → 1−as 𝑟 → 1−,  

Which implies (see [24]). 

 

Proposition 2.4. Let ∑  𝑚 𝜑𝑚, ∑  𝑚 𝜙𝑚 ∈ 𝒮(𝔻). Then the following statements are equivalent. 

(i)The difference 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜙𝑚  is compact on 𝐻𝑣𝑚
(D). 

(ii)The difference 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜙𝑚  is compact on 𝐻𝑣𝑚
0 (𝔻). 

(iii) 

lim
|𝑧|→1−

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌(∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧))

= lim
|𝑧|→1−

 ∑  
𝑚

𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌(∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧)) = 0 

 

Proof. (i) ⟹ (ii) is obvious. 

(ii) ⟹ (iii). Suppose that 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜙𝑚  is compact on 𝐻𝑣𝑚
0 (𝔻). If ∥ ∑  𝑚 𝜑𝑚 ∥∞= ∥ ∑  𝑚 𝜙𝑚 ∥∞= 1, then 

the assertion follows from [5, Theorem 9]. If ∥ ∑  𝑚 𝜑𝑚 ∥∞< 1 (similarly to the case ∥ ∑  𝑚 𝜙𝑚 ∥∞< 1 ), then 

𝐶∑  𝑚 𝜑𝑚 is compact on 𝐻𝑣𝑚
0 (D). Hence, 𝐶∑  𝑚 𝜙𝑚  is also compact on 𝐻𝑣𝑚

0 (𝐃), which and Proposition 2.2(b) imply 

that 

lim
|𝑧|→1−

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= lim

|𝑧|→1−
∑  

𝑚
 
𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 

Using this and the fact that 𝜌(∑  𝑚 𝜑𝑚(𝑧), ∑  𝑚 𝜙𝑚(𝑧)) ≤ 1, 𝑧 ∈ 𝔻, we get (iii). 

(iii) ⟹ (i). By Remark 2.3, (iii) implies that 

lim(𝑧)∣→1− ∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌(∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧))

= lim|∑  𝑚 𝜙𝑚(𝑧)|→1− ∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌(∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧)) = 0. 
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It remains to use [5, Corollary 7] to obtain (i). 

Boundedness and compactness of the operator 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 between weighted Banach spaces with sup-norm 

were characterized in [8, Propositions 3.1 and 3.2, Corollaries 4.3 and 4.5], from which we get the following 

result. 

 

Proposition 2.5. Let ∑  𝑚 𝜑𝑚 ∈ 𝑆(𝔻) and ∑  𝑚 𝜓𝑚 ∈ 𝐻(𝔻). Then the next two assertions hold: 

(a) The operator 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚: 𝑋𝑣𝑚
→ 𝑋𝑣𝑚

 is bounded if and only if ∑  𝑚 𝜓𝑚 ∈ 𝑋𝑣𝑚
 and 

sup
𝑧∈𝐷

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
< ∞. 

(b) The opemtor 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 : 𝑋𝑣𝑚
→ 𝑋𝑣𝑚

 is compact if and only if ∑  𝑚 𝜓𝑚 ∈ 𝑋𝑣𝑚
 and 

lim
| ∑  𝑚 𝜑𝑚(𝑧)|→1−

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 for 𝑋𝑣𝑚

= 𝐻𝑣𝑚
(𝐃) 

or 

lim
|𝑧|→1−

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 for 𝑋𝑣𝑚

= 𝐻𝑣𝑚
0 (𝐃) 

 

From this proposition it follows that 𝒞𝑤𝑚
(𝐻𝑣𝑚

0 (𝔻)) and 𝒞𝑤𝑚 ,0(𝐻𝑣𝑚
0 (𝐃)) are. proper subsets of 𝒞𝑤𝑚

(𝐻𝑣𝑚
(𝐃)) 

and, respectively, 𝒞𝑤𝑚 ,0(𝐻𝑣𝑚
(𝐃)). Some arguments will be presented separately for spaces 𝒞𝑤𝑚

(𝐻𝑣𝑚
(𝔻)) and 

𝒞𝑤𝑚
(𝐻𝑣𝑚

0 (𝐃)). 

We also need the following lemma. 

 

Lemma 2.6. Let [𝑧, 𝜁] denote the closed interval connecting points 𝑧 and 𝜁 in D. Then 𝜌(𝜉, 𝜂) ≤ 𝜌(𝑧, 𝜁) for all 

𝜉, 𝜂 ∈ [𝑧, 𝜁]. Proof. Without loss of generality we may assume that the points lie in the interval in the following 

order: 𝑧 → 𝜉 → 𝜂 → 𝜁. We have the next obvious relations: 
|𝜉 − 𝜂|  = |𝑧 − 𝜁| − (|𝑧 − 𝜉| + |𝜁 − 𝜂|)

|1 − 𝜉‾𝜂|  ≥ |1 − 𝑧‾𝜁| − |𝑧‾𝜁 − 𝜉‾𝜂|

 ≥ |1 − 𝑧‾𝜁| − (|𝜁||𝑧‾ − 𝜉‾| + |𝜉‾ ∥ 𝜁 − 𝜂|)

 ≥ |1 − 𝑧‾𝜁| − (|𝑧 − 𝜉| + |𝜁 − 𝜂|),

 

and 

|𝑧 − 𝜁| < |1 − 𝑧‾𝜁| 
Then 

𝜌(𝜉, 𝜂) =
|𝜉 − 𝜂|

|1 − 𝜉‾𝜂|
 ≤

|𝑧 − 𝜁| − (|𝑧 − 𝜉| + |𝜁 − 𝜂|)

|1 − 𝑧‾𝜁| − (|𝑧 − 𝜉| + |𝜁 − 𝜂|)

 ≤
|𝑧 − 𝜁|

|1 − 𝑧‾𝜁|
= 𝜌(𝑧, 𝜁).

 

 

We consider the topological structure problem for the space 𝒞(𝑋𝑣𝑚
) of all composition operators on 𝑋𝑣𝑚

 under 

the operator norm topology. We will write 𝐶∑  𝑚 𝜑𝑚 ∼  𝐶∑  𝑚 𝜙𝑚  in 𝒞(𝑋𝑣𝑚
) if these operators are in the same path 

component of 𝒞(𝑋𝑣𝑚
). Two composition operators 𝐶∑  𝑚 𝜑𝑚 and 𝐶∑  𝑚 𝜙𝑚  are said to be compactly equivalent in 

𝒞(𝑋𝑣𝑚
) if their difference 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜙𝑚  is compact on 𝑋𝑣𝑚

. Obviously, this relation is an equivalence one. 

Denote by [𝐶∑  𝑚 𝜑𝑚] the equivalence class of all composition operators that are equivalent to the given operator 

𝐶∑  𝑚 𝜑𝑚 . Note that the set 𝒞0(𝑋𝑣𝑚
) of all compact composition operators on 𝑋𝑣𝑚

 coincide with the class [C0] of 

all operators from 𝒞(𝑋𝑣𝑚
) that are equivalent to the operator 𝐶0: ∑  𝑚 𝑓𝑚 ↦ ∑  𝑚 𝑓𝑚(0). We have the following 

(see [24]) 

 

Theorem 3.1. Each equivalence class [𝐶∑  𝑚 𝜑𝑚] is path connected in the space 𝒞(𝑋𝑣𝑚
) 

Proof. Let ∑  𝑚 𝜑𝑚 ∈ 𝒮(𝔻) and 𝐶∑  𝑚 𝜙𝑚  be an arbitrary operator from [𝐶∑  𝑚 𝜑𝑚]. Then 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜙𝑚  is 

compact on 𝑋𝑣𝑚
 and, by Proposition 2.4, we have 

lim|𝑧|→1− ∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌 (∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧))

= lim|𝑧|→1− ∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌 (∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧)) = 0.                        (3.1) 
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For each 𝑡 ∈ [0,1], put ∑  𝑚 𝜑𝑡
𝑚(𝑧) = (1 − 𝑡) ∑  𝑚 𝜑𝑚(𝑧) + 𝑡 ∑  𝑚 𝜙𝑚(𝑧), 𝑧 ∈ 𝔻. Clearly, 

∑  𝑚 𝜑𝑡
𝑚 ∈ 𝒮(𝐃) for all 𝑡 ∈ [0,1] and, by Proposition 2.2(a), the corresponding operators 𝐶∑  𝑚 𝜑𝑡

𝑚 , 𝑡 ∈ [0,1], are 

bounded on 𝑋𝑣𝑚
. Moreover, all differences 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜑𝑡

𝑚 are compact on 𝑋𝑣𝑚
. Indeed, |∑  𝑚 𝜑𝑡

𝑚(𝑧)| ≤

max{| ∑  𝑚 𝜑𝑚(𝑧)|, | ∑  𝑚 𝜙𝑚(𝑧)|} and, hence, 𝑣𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧)) ≤ max{𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))} for 

all 𝑧 ∈ 𝔻 and 𝑡 ∈ [0,1]. 
Next, by Lemma 2.6, 𝜌(∑  𝑚 𝜑𝑚(𝑧), ∑  𝑚 𝜑𝑡

𝑚(𝑧)) ≤ 𝜌(∑  𝑚 𝜑𝑚(𝑧), ∑  𝑚 𝜙𝑚(𝑧)). From the above 

inequalities and (3.1) it follows that 

lim
|𝑧|→1−

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌 (∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))

≤ lim
|𝑧|→1−

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌(∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧)) = 0 

and 

 lim
|𝑧|→1−

∑  
𝑚

 
𝑣𝑚(∑  𝑚 𝜑𝑡

𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌 (∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))

≤  lim
|𝑧|→1−

 𝑚𝑎𝑥 ∑  
𝑚

{
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌 (∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧)) ,

𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))

𝑣𝑚(𝑧)
𝜌 (∑  

𝑚
𝜑𝑚(𝑧), ∑  

𝑚
𝜙𝑚(𝑧))} = 0 

 

Using Proposition 2.4 once again, we conclude that 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜑𝑡
𝑚 is compact on 𝑋𝑣𝑚

 for every 𝑡 ∈ [0,1]. 

Thus, 𝐶∑  𝑚 𝜑𝑚𝑢 ∈ [𝐶∑  𝑚 𝜑𝑚] for all 𝑡 ∈ [0,1] and, to finish the proof, it remains to show that the map 

[0,1] → 𝒞(𝑋𝑣𝑚
), 𝑡 ↦ 𝐶∑  𝑚 𝜑𝑡

𝑚 , 

is continuous on [0,1]. That is, ∥∥𝐶∑  𝑚 𝜑𝑥
𝑚 − 𝐶∑  𝑚 𝜑𝑚𝑡∥∥ → 0 as 𝑠 → 𝑡 for all 𝑡 ∈ [0,1]. 

Fix a number 𝑡 ∈ [0,1]. For every 𝑟 ∈ (0,1), 𝑠 ∈ [0,1], and ∑  𝑚 𝑓𝑚 ∈ 𝑋𝑣𝑚
, by (2.2) we get 

∑  
𝑚 ∥

∥
∥

𝐶∑  𝑚 𝜑𝑚 ∑  
𝑚

𝑓𝑚 − 𝐶∑  𝑚 𝜑𝑚𝑡 ∑  
𝑚

𝑓𝑚∥
∥
∥

𝑣𝑚

 

 = sup
𝑧∈𝐷

 ∑  
𝑚

|∑  𝑚 𝑓𝑚(∑  𝑚 𝜑𝑠
𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(∑  𝑚 𝜑𝑡

𝑚(𝑧))|

𝑣𝑚(𝑧)

 ≤ 𝐶 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup
𝑧∈𝔻

 𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))
m  {𝑣𝑚(∑  𝑚 𝜑𝑠

𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧))}

𝑣𝑚(𝑧)

 ≤ 𝐶 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑙 sup
𝑧∈𝔻

 𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))
m  {𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))}

𝑣𝑚(𝑧)
.

 

Consequently, for every 𝑟 ∈ (0,1) and 𝑠 ∈ [0,1], 

∥∥𝐶∑  𝑚 ∑  𝑚 𝜑𝑒
𝑚 − 𝐶∑  𝑚 𝜑𝑚𝑡∥∥ ≤ 𝐶 m  {ℐ(𝑟, 𝑠), 𝒥(𝑟, 𝑠)}, 

where 

ℐ(𝑟, 𝑠):  = sup
|𝑧|≤𝑟

∑  
𝑚

 𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))
m  {𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))}

𝑣𝑚(𝑧)

 ≤ |𝑠 − 𝑡| ∑  
𝑚

𝑣𝑚(𝑀𝑟)

𝑣𝑚(0)
sup
|𝑧|≤𝑟

 
| ∑  𝑚 𝜑𝑚(𝑧) − ∑  𝑚 𝜙𝑚(𝑧)|

(1 − |∑  𝑚 𝜑𝑠
𝑚(𝑧)||∑  𝑚 𝜑𝑡

𝑚(𝑧)|)

 ≤ ∑  
𝑚

2𝑣𝑚(𝑀𝑟)

𝑣𝑚(0)(1 − 𝑀𝑟
2)

|𝑠 − 𝑡| with 𝑀𝑟: = 𝑚𝑎𝑥 ∑  
𝑚

{𝑀(∑  
𝑚

𝜑𝑚, 𝑟), 𝑀(∑  
𝑚

𝜙𝑚, 𝑟)}

 

and, by Lemma 2.6, 

𝒥(𝑟, 𝑠) ∶= sup
|𝑧|>𝑟

∑  
𝑚

 𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))
m  {𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))}

𝑣𝑚(𝑧)

 ≤ sup ∑  
𝑚

|𝑧|>𝑟

 𝜌(∑  
𝑚

𝜑𝑚(𝑧), ∑  
𝑚

𝜙𝑚(𝑧))
m  {𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜙𝑚(𝑧))}

𝑣𝑚(𝑧)
=: 𝐽(𝑟).

 

Therefore, for every 𝑟 ∈ (0,1) and 𝑠 ∈ [0,1], 

∥∥𝐶∑  𝑚 𝜑∗
𝑚 − 𝐶∑  𝑚 𝜑𝑡

𝑚∥∥ ≤ 𝐶max ∑  
𝑚

{
2𝑣𝑚(𝑀𝑟)

𝑣𝑚(0)(1 − 𝑀𝑟
2)

|𝑠 − 𝑡|, 𝐽(𝑟)}. 

By letting 𝑠 → 𝑡, this implies that 

lim sup
𝑠→𝑡

 ∥∥𝐶∑  𝑚 𝜑𝑛
𝑚 − 𝐶∑  𝑚 𝜑𝑡

𝑚∥∥ ≤ 𝐶𝐽(𝑟) for all 𝑟 ∈ (0,1) 

Next, letting 𝑟 → 1− and using that 𝐽(𝑟) → 0 as 𝑟 → 1− by (3.1), we then get 
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lim
𝑠→𝑡

 ∥∥𝐶∑  𝑚 𝜑2
𝑚 − 𝐶∑  𝑚 𝜑𝑡

𝑚∥∥ = 0, 

which completes the proof. 

Corollary 3.2. The set 𝒞0(𝑋𝑣𝑚
) of all compact composition operators on 𝑋𝑣𝑚

 is path connected in 𝒞(𝑋𝑣𝑚
). 

Remark 3.3 [24]. Corollary 3.2 follows also from [6, Theorem 3.2]. Indeed, putting ∑  𝑚 𝜓𝑚(1)
≡ 1 and 

∑  𝑚 𝜓𝑚(2)
≡ 1 in the proof of this theorem we get that two compact composition operators 𝐶∑  𝑚 𝜙𝑚(1) and 

𝐶∑  𝑚 𝜙𝑚(2) on 𝑋𝑣𝑚
 belong to the same path component of the space 𝒞(𝑋𝑣𝑚

). 

Now we use the main idea from [19, Example 1] to show that in general [𝐶∑  𝑚 𝜑𝑚] might not be a whole path 

component of 𝒞(𝑋𝑣𝑚
). 

Example 3.4 [24]. Let ∑  𝑚 𝜑0
𝑚(𝑧) = 1 + 𝑎(𝑧 − 1) with 0 < 𝑎 < 1. Then the class [𝐶∑  𝑚 𝜑𝑚0] is not a path 

component in 𝒞(𝑋𝑣𝑚
). 

Proof. Let 𝛿 =
𝑎(1−𝑎)

4
. For each 𝑡 ∈ [−𝛿, 𝛿], we put 

∑  
𝑚

𝜑𝑡
𝑚(𝑧) = ∑  

𝑚
𝜑0

𝑚(𝑧) + 𝑡(𝑧 − 1)2 

and show that, for every 0 < |𝑡| ≤ 𝛿, 𝐶∑  𝑚 𝜑∗
𝑚 ∼ 𝐶∑  𝑚 𝜑t

𝑚  in 𝒞(𝑋𝑣𝑚
) but 𝐶∑  𝑚 𝜑𝑚𝑢 ∉ [𝐶∑  𝑚 𝜑∗

𝑚 ∑  𝑚 𝜑0
𝑚]. Evidently, 

this gives the result. Since 1 − |∑  𝑚 𝜑0
𝑚(𝑧)|2 ≥ 𝑎(1 − 𝑎)|𝑧 − 1|2 for all 𝑧 ∈ 𝔻 

|∑  
𝑚

𝜑𝑡
𝑚(𝑧)|  ≤ |∑  

𝑚
𝜑0

𝑚(𝑧)| + |𝑡||𝑧 − 1|2 ≤ √1 − 𝑎(1 − 𝑎)|𝑧 − 1|2 + |𝑡||𝑧 − 1|2

 ≤ 1 −
𝑎(1 − 𝑎)

2
|𝑧 − 1|2 + |𝑡||𝑧 − 1|2 < 1

 

for all 𝑧 ∈ 𝔻 and 𝑡 ∈ [−𝛿, 𝛿]. Hence, ∑  𝑚 𝜑𝑡
𝑚 ∈ 𝒮(𝔻), and, by Proposition 2.2(a), 𝐶∑  𝑚 𝜑𝑡

𝑚 ∈ 𝒞(𝑋𝑣𝑚
) for all 

𝑡 ∈ [−𝛿, 𝛿] 
Next, similarly to [19, Example 1], consider a sequence (𝑧𝑛) ⊂ 𝔻 such that 𝑧𝑛 → 1 along the arc |1 − 𝑧|2 =
1 − |𝑧|2. For each 𝑛 ∈ ℕ, we have 

1 − |∑  
𝑚

𝜑0
𝑚(𝑧𝑛)|

2

= 𝑎(2 − 𝑎)|𝑧𝑛 − 1|2 = 𝑎(2 − 𝑎)(1 − |𝑧𝑛|2) 

Hence, 

|∑  
𝑚

𝜑0
𝑚(𝑧𝑛)| = √(1 − 𝑎)2 + 𝑎(2 − 𝑎)|𝑧𝑛|2 ≥ |𝑧𝑛| 

and 

∑  
𝑚

𝜌 (∑  
𝑚

𝜑0
𝑚(𝑧𝑛), ∑  

𝑚
𝜑𝑡

𝑚(𝑧𝑛))  ≥
|𝑡 ∥ 𝑧𝑛 − 1|2

1 − ∑  𝑚 |∑  𝑚 𝜑0
𝑚(𝑧𝑛)|2 + ∑  𝑚 |∑  𝑚 𝜑0

𝑚(𝑧𝑛)||𝑡||𝑧𝑛 − 1|2

 ≥
|𝑡|

𝑎(2 − 𝑎) + |𝑡|

 

Thus, for all 𝑛 ≥ 1 and 𝑡 ∈ [−𝛿, 𝛿], 

∑  
𝑚

𝑣𝑚(∑  𝑚 𝜑0
𝑚(𝑧𝑛))

𝑣𝑚(𝑧𝑛)
𝜌 (∑  

𝑚
𝜑0

𝑚(𝑧𝑛), ∑  
𝑚

𝜑𝑡
𝑚(𝑧𝑛)) ≥

|𝑡|

𝑎(2 − 𝑎) + |𝑡|
 

From this and Proposition 2.4 it follows that 𝐶𝜌𝑢 − 𝐶कo  is not compact on 𝑋𝑣𝑚
 and, consequently, 𝐶∑  𝑚 𝜑𝑡

𝑚 ∉

[𝐶∑  𝑚 𝜑0
𝑚] for all 0 < |𝑡| ≤ 𝛿. 

To complete the proof, it is enough to check that the path 𝐶∑  𝑚 𝜑𝑡
𝑚 , 𝑡 ∈ [−𝛿, 𝛿], is continuous in 𝒞(𝑋𝑣𝑚

). For 

every 𝑡, 𝑠 ∈ [−𝛿, 𝛿] and ∑  𝑚 𝑓𝑚 ∈ 𝑋𝑣𝑚
 

using ( 2.2 ), we have 

∑  
𝑚 ∥

∥
∥

𝐶∑  𝑚 𝜑2
𝑚 ∑  

𝑚
𝑓𝑚 − 𝐶∑  𝑚 𝜑𝑚𝑡 ∑  

𝑚
𝑓𝑚∥

∥
∥

𝑣𝑚

 

 = sup
𝑧∈𝐷

∑  
𝑚

 
|∑  𝑚 𝑓𝑚(∑  𝑚 𝜑𝑠

𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧))|

𝑣𝑚(𝑧)

 ≤ 𝐶 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup
𝑧∈𝐷

 𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))
m  {𝑣𝑚(∑  𝑚 𝜑𝑠

𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧))}

𝑣𝑚(𝑧)
.

 

Therefore, 

∥∥𝐶∑  𝑚 𝜑𝑡
𝑚 − 𝐶∑  𝑚 𝜑𝑡

𝑚∥∥

≤ 𝐶sup𝑧∈𝐷 ∑  
𝑚

 𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧))
max{𝑣𝑚(∑  𝑚 𝜑𝑠

𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧))}

𝑣𝑚(𝑧)
                    (3.2) 

Moreover, for every 𝑡, 𝑠 ∈ [−𝛿, 𝛿] and 𝑧 ∈ 𝔻, 
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∑  
𝑚

𝜌 (∑  
𝑚

𝜑𝑠
𝑚(𝑧), ∑  

𝑚
𝜑𝑡

𝑚(𝑧)) 

 =
|𝑡 − 𝑠 ∥ 𝑧 − 1|2

∑  𝑚 ∣ 1 − ∑  𝑚 𝜑𝑠
𝑚‾

 
(𝑧)

𝜑𝑡
𝑚(𝑧) ∣

 ≤
|𝑡 − 𝑠||𝑧 − 1|2

1 − ∑  𝑚 |∑  𝑚 𝜑0
𝑚(𝑧)|2 − (|𝑡| + |𝑠|) ∑  𝑚 |∑  𝑚 𝜑0

𝑚(𝑧)||𝑧 − 1|2 − |𝑡𝑠||𝑧 − 1|4

 ≤
|𝑡 − 𝑠||𝑧 − 1|2

𝑎(1 − 𝑎)|𝑧 − 1|2 − (|𝑡| + |𝑠|)|𝑧 − 1|2 − |𝑡𝑠||𝑧 − 1|4

 ≤
|𝑡 − 𝑠|

𝑎(1 − 𝑎) − 2𝛿 − 4𝛿2
≤

4|𝑡 − 𝑠|

𝑎(1 − 𝑎)
.

           (3.3) 

Next, for each 𝑠 ∈ [−𝛿, 𝛿], we put 

𝑎𝑠 = ∑  
𝑚

𝜑𝑠
𝑚(0) = 1 − 𝑎 + 𝑠, 𝛽𝑠(𝑧) =

𝑧 − 𝑎𝑠

1 − 𝑎𝑠𝑧
, and ∑  

𝑚
𝜙𝑠

𝑚 = 𝛽𝑠 ∘ ∑  
𝑚

𝜑𝑠
𝑚. 

Then ∑  𝑚 𝜙𝑠
𝑚(0) = 𝛽𝑠 ∘ ∑  𝑚 𝜑𝑠

𝑚(0) = 0. Hence, by the Schwarz lemma, |∑  𝑚 𝜙𝑠
𝑚(𝑧)| ≤ |𝑧| for every 𝑧 ∈ 𝔻. 

From this it follows that, for every 𝑟 ∈ (0,1), 

sup|𝑧|≤𝑟 ∑  
𝑚

  |∑  
𝑚

𝜑𝑠
𝑚(𝑧)| = sup|𝑧|≤𝑟 ∑  

𝑚
  |(𝛽𝑠

−1 ∘ ∑  
𝑚

𝜙𝑠
𝑚) (𝑧)| ≤ sup|𝑧|≤𝑟  |𝛽𝑠

−1(𝑧)| =
𝑟 + |𝑎𝑠|

1 + 𝑟|𝑎𝑠|

≤
𝑟 + 𝑟0

1 + 𝑟𝑟0

 

where 𝑟0 = 1 − 𝑎 + 𝛿 ∈ (0,1). This, (3.2), and (3.3) imply that 

∥∥𝐶∑  𝑚 𝜑𝑒
𝑚 − 𝐶∑  𝑚 𝜑𝑡

𝑚∥∥ ≤
4𝐶

𝑎(1 − 𝑎)
|𝑡 − 𝑠| sup

𝑟∈[0,1)
∑  

𝑚
 
𝑣𝑚 (

𝑟 + 𝑟0

1 + 𝑟𝑟0
)

𝑣𝑚(𝑟)
 

and it remains to check that the last supremum is finite. By [1, Lemma 2.6], there is some constant 𝑀 > 0, 

dependent only on 𝑣𝑚, such that 

(log 𝑣𝑚)′(𝑟) =
𝑣𝑚

′ (𝑟)

𝑣𝑚(𝑟)
≤

𝑀

1 − 𝑟
 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟 ∈      (0,1) 

Then, using the arguments in the proof of [1, Theorem 2.8, (i) ⟹ (vii)], we get 

log 𝑣𝑚 (
𝑟 + 𝑟0

1 + 𝑟𝑟0

) − log 𝑣𝑚(𝑟)  ≤ (log 𝑣𝑚)′ (
𝑟 + 𝑟0

1 + 𝑟𝑟0

)
𝑟 + 𝑟0

1 + 𝑟𝑟0

log 
𝑟 + 𝑟0

(1 + 𝑟𝑟0)𝑟

 ≤
𝑀(𝑟 + 𝑟0)

(1 − 𝑟)(1 − 𝑟0)
log (1 +

𝑟0(1 − 𝑟2)

(1 + 𝑟𝑟0)𝑟
)

 ≤
𝑀(𝑟 + 𝑟0)𝑟0(1 + 𝑟)

(1 − 𝑟0)(1 + 𝑟𝑟0)𝑟
≤

8𝑀

1 − 𝑟0

 

for every 𝑟 ∈ [
1

2
, 1). Thus, there is some number 𝑀0 > 1, dependent only on 𝑣𝑚 and 𝑟0, such that 

𝑣𝑚 (
𝑟 + 𝑟0

1 + 𝑟𝑟0

) ≤ 𝑀0𝑣𝑚(𝑟) for all 𝑟 ∈ [0,1) .  

Consequently, 

sup
𝑟∈[0,1)

 
𝑣𝑚 (

𝑟 + 𝑟0

1 + 𝑟0
)

𝑣𝑚(𝑟)
≤ 𝑀0 

which completes the proof. 

 

Remark 3.5. Note that to characterize components in the space of composition operators on Hardy space 𝐻2, 

[22] conjectured that the set of all composition operators that differ from the given one by a compact operator 

forms a component. Later, [7], and [20] independently showed that this conjecture is false. [19] also gave a 

negative answer to this conjecture for the setting of space 𝐻∞. In fact, in Theorem 3.1 we proved that the sets of 

such a type are path connected in the space 𝒞(𝑋𝑣𝑚
). Example 3.4 shows that, in general, they are not 

components of 𝒞(𝑋𝑣𝑚
). Therefore, the conjecture is also not true for all spaces 𝑋𝑣𝑚

 given by weights 𝑣𝑚 from 

the class 𝒱. 

We end with a result concerning isolated points in the spaces 𝒞(𝑋𝑣𝑚
). The result in [6, Theorem 5.7] can be 

reformulated as follows: If the set 

𝐸(𝑣𝑚, ∑  𝑚 𝜑𝑚) = {𝜔 ∈ ∂𝔻 ∣ ∃(𝑧𝑛) ⊂ 𝔻: lim𝑛→∞  𝑧𝑛 = 𝜔 and lim𝑛→∞ ∑  𝑚  
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧𝑛))

𝑣𝑚(𝑧𝑛)
> 0} 

i
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has Lebesgue measure strictly positive, then 𝐶∑  𝑚 𝜑𝑚 is isolated in 𝒞(𝑋𝑣𝑚
). This is an analog of [19, Corollary 

8]. On the other hand, in [19,, Corollary9 it was established that if 

 ∫
0

2𝜋
∑  

𝑚
  log (1 − |∑  

𝑚
𝜑𝑚(𝑒𝑖𝜃)|) 𝑑𝜃 > −∞,                                            (3.4) 

then 𝐶∑  𝑚 𝜑𝑚 is not isolated in 𝒞(𝐻∞). Equivalently, the condition 

∫ ∑  
𝑚

 
2𝜋

0

log (1 − |∑  
𝑚

𝜑𝑚(𝑒𝑖𝜃)|) 𝑑𝜃 = −∞                                     (3.5) 

is necessary for the operator 𝐶∑  𝑚 𝜑𝑚 to be isolated in 𝒞(𝐻∞). In the following proposition we extend this result 

to all weighted spaces 𝑋𝑣𝑚
 with 𝑣𝑚 ∈ 𝒱. Note that [12, Theorem 4.1] proved that (3.5) gives the complete 

description of isolated operators 𝐶∑  𝑚 𝜑𝑚 in 𝒞(𝐻∞) (see [24]). 

Proposition 3.6. If ∑  𝑚 𝜑𝑚 ∈ 𝒮(D) satisfies (3.4), then the operator 𝐶∑  𝑚 𝜑𝑚 is not isolated in 𝒞(𝑋𝑣𝑚
). 

Proof. Following [19, Corollary 9], consider the next bounded outer function in  : 

∑  
𝑚

𝜙𝑚(𝑧) = exp (
1

2𝜋
∫ ∑  

𝑚
 

2𝜋

0

 
𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧
log (1 − |∑  

𝑚
𝜑𝑚(𝑒𝑖𝜃)|) 𝑑𝜃) , 𝑧 ∈ 𝔻 

As is known, | ∑  𝑚 𝜙𝑚| ≤ 1 − | ∑  𝑚 𝜑𝑚| in 𝔻 and | ∑  𝑚 𝜙𝑚| = 1 − | ∑  𝑚 𝜑𝑚| almost everywhere on ∂𝔻. 

This implies, in particular, that the functions ∑  𝑚 𝜑𝑡
𝑚(𝑧) = ∑  𝑚 𝜑𝑚(𝑧) + 𝑡 ∑  𝑚 𝜙𝑚(𝑧) are in 𝒮(𝐃) for every 

|𝑡| < 1. Hence, by Proposition 2.2(a), all operators 𝐶∑  𝑚 𝜑𝑡
𝑚 , |𝑡| < 1, belong to 𝒞(𝑋𝑣𝑚

) 

We will show that the path 𝐶∑  𝑚 𝜑𝑚𝑢 , |𝑡| ≤
1

4
, is continuous in 𝒞(𝑋𝑣𝑚

) and, consequently, 𝐶∑  𝑚 𝜑𝑚 is not 

isolated. 

By the proof of (i) ⟹ (vii) in [1, Theorem 2.8], there exists a constant 𝑀 > 0 such that 

∑  
𝑚

𝑣𝑚 (
1 + 𝑟

2
) ≤ 𝑀 ∑  

𝑚
𝑣𝑚(𝑟) for all 𝑟 ∈ [0,1) 

From this it follows that, for each |𝑡| ≤
1

2
 and all 𝑧 ∈ 𝔻, 

∑  
𝑚

𝑣𝑚 (∑  
𝑚

𝜑𝑡
𝑚(𝑧))  = ∑  

𝑚
𝑣𝑚(| ∑  

𝑚
𝜑𝑚(𝑧) + 𝑡 ∑  

𝑚
𝜙𝑚(𝑧)|) ≤ ∑  

𝑚
𝑣𝑚(| ∑  

𝑚
𝜑𝑚(𝑧)| + |𝑡|| ∑  

𝑚
𝜙𝑚(𝑧)|)

 ≤ ∑  
𝑚

𝑣𝑚(| ∑  
𝑚

𝜑𝑚(𝑧)| + |𝑡|(1 − | ∑  
𝑚

𝜑𝑚(𝑧)|)) ≤ ∑  
𝑚

𝑣𝑚 (
1 + | ∑  𝑚 𝜑𝑚(𝑧)|

2
) ≤ 𝑀 ∑  

𝑚
𝑣𝑚(∑  

𝑚
𝜑𝑚(𝑧))

 

Using this and (2.2), we get that, for each ∑  𝑚 𝑓𝑚 ∈ 𝑋𝑣𝑚
 and 𝑠, 𝑡 ∈ [−

1

2
,

1

2
], 

∑  
𝑚 ∥

∥
∥

𝐶∑  𝑚 𝜑𝑡
𝑚 ∑  

𝑚
𝑓𝑚 − 𝐶∑  𝑚 𝜑∗

𝑚 ∑  
𝑚

𝑓𝑚∥
∥
∥

𝑣𝑚

= sup𝑧∈𝐷  ∑  
𝑚

|∑  𝑚 𝑓𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(∑  𝑚 𝜑𝑠

𝑚(𝑧))|

𝑣𝑚(𝑧)
 

≤ 𝐶 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup𝑧∈𝐷  𝜌 (∑  

𝑚
𝜑𝑡

𝑚(𝑧), ∑  
𝑚

𝜑𝑠
𝑚(𝑧))

max{𝑣𝑚(∑  𝑚 𝜑𝑡
𝑚(𝑧)), 𝑣𝑚(∑  𝑚 𝜑𝑠

𝑚(𝑧))}

𝑣𝑚(𝑧)
 

 
 

 ≤ 𝐶𝑀 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup𝑧∈𝐷  𝜌 (∑  

𝑚
𝜑𝑡

𝑚(𝑧), ∑  
𝑚

𝜑𝑠
𝑚(𝑧))

𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)

 ≤ 𝑀0 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup𝑧∈𝐷  𝜌 (∑  

𝑚
𝜑𝑡

𝑚(𝑧), ∑  
𝑚

𝜑𝑠
𝑚(𝑧))

 

where 𝑀0 = 𝐶𝑀sup𝑧∈𝐷 ∑  𝑚  
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
< ∞ by Proposition 2.2(a). Thus, for every s, 𝑡 ∈ [−

1

2
,

1

2
] 

∥∥𝐶∑  𝑚 𝜑𝑡
𝑚 − 𝐶∑  𝑚 𝜑2

𝑚∥∥ ≤ 𝑀0sup
Σ∈𝐷

∑  
𝑚

 𝜌 (∑  
𝑚

𝜑𝑡
𝑚(𝑧), ∑  

𝑚
𝜑𝑠

𝑚(𝑧)). 

Next, for each 𝑠, 𝑡 ∈ [−
1

4
,

1

4
] and 𝑧 ∈ 𝔻 

∑  
𝑚

𝜌 (𝜑𝑡
𝑚(𝑧), ∑  

𝑚
𝜑𝑠

𝑚(𝑧))  = |∑  
𝑚

∑  𝑚 𝜑𝑡
𝑚(𝑧) − ∑  𝑚 𝜑𝑠

𝑚(𝑧)

1 − 𝜑𝑚‾
𝑡
(𝑧)

∑  
𝑚

𝜑𝑠
𝑚(𝑧)| 
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 ≤ |𝑡 − 𝑠| ∑  
𝑚

| ∑  𝑚 𝜙𝑚(𝑧)|

1 − |∑  𝑚 𝜑𝑚(𝑧)|2 − (|𝑡| + |𝑠|)| ∑  𝑚 𝜑𝑚(𝑧)||∑  𝑚 𝜙𝑚(𝑧)| − |𝑡𝑠|| ∑  𝑚 𝜙𝑚(𝑧)|2

 = |𝑡 − 𝑠 ∑  
𝑚

|
1

1 − | ∑  𝑚 𝜑𝑚(𝑧)|2

| ∑  𝑚 𝜑𝑚(𝑧)|
− (|𝑡| + |𝑠|)| ∑  𝑚 𝜑𝑚(𝑧)| − ∑  𝑚 |𝑡𝑠|| ∑  𝑚 𝜙𝑚(𝑧)|

 ≤ |𝑡 − 𝑠| ∑  
𝑚

1

1 − | ∑  𝑚 𝜑𝑚(𝑧)|
| ∑  𝑚 𝜙𝑚(𝑧)|

− (|𝑡| + |𝑠|) − |𝑡𝑠|

 ≤ |𝑡 − 𝑠|
1

1 − (|𝑡| + |𝑠|) − |𝑡𝑠|
≤

16

7
|𝑡 − 𝑠|.

 

Consequently, 

∥∥𝐶∑  𝑚 𝜑𝑡
𝑚 − 𝐶∑  𝑚 𝜑∗

𝑚∥∥ ≤
16

7
𝑀0|𝑡 − 𝑠| for all 𝑠, 𝑡 ∈ [−

1

4
,
1

4
], 

which implies that 𝐶∑  𝑚 𝜑𝑒
𝑚 , 𝑡 ∈ [−

1

4
,

1

4
], is a continuous path in 𝒞(𝑋𝑣𝑚

).  

We study the topological structure of the space 𝒞𝑤𝑚
(𝑋𝑣𝑚

) of all nonzero bounded weighted 

composition operators on 𝑋𝑣𝑚
 under the operator norm topology. We write 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 ∼ 𝑊𝜒,∑  𝑚 𝜙𝑚  in 

𝒞𝑤𝑚
(𝑋𝑣𝑚

) if the operators 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 and 𝑊𝜒,∑  𝑚 𝜙𝑚 are in the same path component of 𝒞𝑤𝑚
(𝑋𝑣𝑚

). 

We know that the space 𝐶𝑤𝑚
0 (𝑋𝑣𝑚

) of all bounded weighted composition operators is always path 

connected. Then Theorem 3.2 in [6] should be revised for the setting of nonzero weighted composition 

operators. To prove that two compact operators 𝑊∑  𝑚 𝜓𝑚(1),∑  𝑚 𝜙𝑚(1) and 𝑊∑  𝑚 𝜓𝑚(2),∑  𝑚 𝜙𝑚(𝑧) in 𝐶𝑤𝑚
0 (𝐻𝑣𝑚

0 (𝐃)) 

are path connected, [6] showed that  

𝑊
∑  𝑚 𝜓𝑚(1)

,∑  𝑚 𝜙𝑚(1) ∼ 𝑊
∑  𝑚 𝜓𝑚(1)(0), ∑  

𝑚
𝜙𝑚

(1)

(0) ∼ 𝑊
∑  𝑚 𝜓𝑚(2)

(0),∑  𝑚 𝜙𝑚(1)
(0)

∼ 𝑊
∑  𝑚 𝜓𝑚(2)

,∑  𝑚 𝜙𝑚(2) 𝑖𝑛 𝐶𝑤𝑚
0 (𝐻𝑣𝑚

0 (𝔻)), 

which cannot be applied to the space 𝒞𝑤𝑚
(𝐻𝑣𝑚

0 (𝐃)) when ∑  𝑚 𝜓𝑚(1)
(0) = 0 or ∑  𝑚 𝜓𝑚(2)

(0) = 0. Hence, we 

develop some new ideas to establish this result for the spaces 𝒞𝑤𝑚
(𝑋𝑣𝑚

). So, we prove a bit more by showing 

that the set of all nonzero compact weighted composition operators on 𝑋𝑣𝑚
 is not a path component of 

𝒞𝑤𝑚
(𝑋𝑣𝑚

) for all 𝑣𝑚 ∈ 𝒱. 

We need the following, which is proved similarly to [23, Lemma 4.8]. 

Lemma 4.1. Every operator 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 ∈ 𝒞𝑤𝑚
(𝑋𝑣𝑚

) is path connected with the operator 𝐶∑  𝑚 𝜑𝑚 in 

𝒞𝑤𝑚
(𝑋𝑣𝑚

). 

Theorem 4.2 (see [24]). The set 𝒞𝑤𝑚,0(𝑋𝑣𝑚
) of all nonzero compact weighted composition operators on 𝑋𝑣𝑚

 is 

path connected in the space 𝒞𝑤𝑚
(𝑋𝑣𝑚

); but it is not a path component in this space. 

Proof. (a) To prove that the set 𝒞𝑤𝑚,0(𝑋𝑣𝑚
) is path connected in the space 𝒞𝑤𝑚

(𝑋𝑣𝑚
), it suffices to show that 

every operator 𝑊∑  𝑚 𝜙𝑚,∑  𝑚 𝜑𝑚 in 𝒞𝑤𝑚,0(𝑋𝑣𝑚
) and the operator 𝐶0 belong to the same path component of 

𝒞𝑤𝑚
(𝑋𝑣𝑚

) via a path in 𝒞𝑤𝑚 ,0(𝑋𝑣𝑚
). 

If ∑  𝑚 𝜓𝑚(𝑧) ≡ const, then the assertion follows from Lemma 4.1 and Corollary 3.2. Now suppose that 

∑  𝑚 𝜓𝑚 ∈ 𝑋𝑣𝑚
 is non-constant. We put 

∑  
𝑚

𝜓𝑡
𝑚(𝑧) = 1 − 𝑡 + 𝑡 ∑  

𝑚
𝜓𝑚(𝑧) and ∑  

𝑚
𝜑𝑡

𝑚(𝑧) = 𝑡 ∑  
𝑚

𝜑𝑚(𝑧), 𝑧 ∈ 𝔻, 𝑡 ∈ [0,1] 

Then, for every 𝑡 ∈ [0,1), ∑  𝑚 𝜓𝑡
𝑚 is a nonzero function in 𝑋𝑣𝑚

 and ∑  𝑚 𝜑𝑡
𝑚(𝔻)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊂ 𝑡 ∑  𝑚 𝜑𝑚(𝐷)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊂ 𝔻. From 

this and Proposition 2.5( b) it follows that all operators 𝑊∑  𝑚 𝜓𝑢
𝑚,∑  𝑚 𝜑𝑡

𝑚 , 𝑡 ∈ [0,1), are compact on 𝑋𝑣𝑚
. Hence, 

𝑊∑  𝑚 𝜓
𝑡,∑  𝑚 𝜑𝑡

𝑚
𝑚 ∈ 𝒞𝑤𝑚,0(𝑋𝑣𝑚

) for all 𝑡 ∈ [0,1]; moreover, 𝑊∑  𝑚 𝜓𝑏
𝑚,∑  𝑚 𝜓0

𝑚 = 𝐶0 and 𝑊∑  𝑚 𝜓1
𝑚,∑  𝑚 𝜑1

𝑚 =

𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 . We claim that the map 

[0,1] → 𝒞𝑤𝑚
(𝑋𝑣𝑚

), 𝑡 ↦ 𝑊∑  𝑚 𝜓𝑡
𝑚,∑  𝑚 𝜑𝑡

𝑚 

is continuous on [0,1]. Then 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 ∼ 𝐶0 in 𝒞𝑤𝑚
(𝑋𝑣𝑚

) via a path 𝑊∑  𝑚 𝜓𝑡
𝑚,∑  𝑚 𝜑𝑚𝑡 in 𝒞𝑤𝑚 ,0(𝑋𝑣𝑚

) 

It remains to prove the claim. Obviously, 𝑊∑  𝑚 𝜓𝑡
𝑚,∑  𝑚 𝜑𝑡

𝑚 = (1 − 𝑡)𝐶𝑡,𝜌 + 𝑊𝑡�̇�,𝑡 ∑  𝑚 𝜑𝑚 , and hence, 

∥∥𝑊∑  𝑚 𝜓𝑠
𝑚,∑  𝑚 𝜑𝑥

𝑚 − 𝑊∑  𝑚 𝜓𝑘
𝑚,∑  𝑚 𝜑𝑡

𝑚∥∥ ≤ ∥∥(1 − 𝑠)𝐶𝑠 ∑  𝑚 𝜑𝑚 − (1 − 𝑡)𝐶𝑡 ∑  𝑚 𝜑𝑚∥∥ + ∥∥𝑊𝑠 ∑  𝑚 𝜙𝑚,𝑠 ∑  𝑚 𝜑𝑚 −

𝑊𝑡 ∑  𝑚 𝜓𝑚,𝑡 ∑  𝑚 𝜑𝑚∥∥, 

for every 𝑡, 𝑠 ∈ [0,1]. Consequently, to prove the claim, it is enough to show that for every 𝑡 ∈ [0,1] 
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(i) lim𝑠→𝑡 ∑  𝑚   ∥∥(1 − 𝑠)𝐶𝑠 ∑  𝑚 𝜑𝑚 − (1 − 𝑡)𝐶𝑡 ∑  𝑚 𝜑𝑚∥∥ = 0 and (ii) lim𝑠→𝑡  ∑  𝑚 ∥∥
∥𝑊𝑠 ∑  𝑚 𝜓𝑚,𝑠 ∑  𝑚 𝜑𝑚 −

𝑊𝑡�̇�,𝑡∑  𝑚 𝜑𝑚∥∥
∥ = 0. 

In our further demonstration we will use the next obvious inequality for functions ∈ 𝐻(𝔻) : 

 |∑  
𝑚

𝑓𝑚(𝑠𝑧) − ∑  
𝑚

𝑓𝑚(𝑡𝑧)| ≤ |𝑡 − 𝑠||𝑧|max𝜏∈[𝑠,𝑡] ∑  
𝑚

  |𝑓𝑚
′ (𝜏𝑧)|, 𝑧 ∈ 𝔻, 𝑡, 𝑠 ∈ [0,1]                      (4.1)  

where we briefly write [𝑠, 𝑡] for the interval between 𝑠 and 𝑡. First, we prove (i). If 𝑡 = 1, then by Proposition 

2.2(a), 

∥∥(1 − 𝑠)𝐶𝑠 ∑  𝑚 𝜑𝑚∥∥ ≤ (1 − 𝑠)sup𝑥∈𝐷 ∑  
𝑚

 
𝑣𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
≤ (1 − 𝑠)sup𝑧∈𝐷 ∑  

𝑚
 
𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
→ 0, 𝑠

→ 1 

Let now 𝑡 ∈ [0,1) and 𝑡0 ∈ (𝑡, 1). For every 𝑠 ∈ [0, 𝑡0) and ∑  𝑚 𝑓𝑚 ∈ 𝑋𝑣𝑚
, using (2.1) and (4.1), we get 

∑  
𝑚 ∥

∥
∥

(1 − 𝑠)𝐶𝑠 ∑  𝑚 𝜑𝑚 ∑  
𝑚

𝑓𝑚 − (1 − 𝑡)𝐶𝑡 ∑  𝑚 𝜑𝑚 ∑  
𝑚

𝑓𝑚∥
∥
∥

𝑣𝑚

= sup
𝑧∈𝐷

∑  
𝑚

 
|(1 − 𝑠) ∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − (1 − 𝑡) ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|

𝑣𝑚(𝑧)
 

≤ (1 − 𝑠)sup ∑  
𝑚

𝑥∈𝐷

 
| ∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|

𝑣𝑚(𝑧)
+ |𝑠

− 𝑡|sup
2∈𝔻

 ∑  
𝑚

| ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|

𝑣𝑚(𝑧)

≤ |𝑠 − 𝑡|sup
𝑧∈𝐷

∑  
𝑚

 
| ∑  𝑚 𝜑𝑚(𝑧)|

𝑣𝑚(𝑧)
max

𝜏∈[𝑠,𝑡]
  |𝑓𝑚

′ (𝜏 ∑  
𝑚

𝜑𝑚(𝑧))| + |𝑠

− 𝑡|sup
𝑧∈𝔻

∑  
𝑚

 
𝑣𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

≤ 𝐶|𝑠 − 𝑡| ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup
𝑧∈𝐷

 
| ∑  𝑚 𝜑𝑚(𝑧)|

𝑣𝑚(𝑧)
max
𝜏∈∣𝑠,𝑡]

 
𝑣𝑚(𝜏 ∑  𝑚 𝜑𝑚(𝑧))

1 − |𝜏 ∑  𝑚 𝜑𝑚(𝑧)|
+ |𝑠

− 𝑡|sup
𝑧∈𝔻

∑  
𝑚

 
𝑣𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

≤ ∑  
𝑚

𝐶𝑣𝑚(𝑡0)

(1 − 𝑡0)𝑣𝑚(0)
|𝑠 − 𝑡|

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
+ ∑  

𝑚

𝑣𝑚(𝑡0)

𝑣𝑚(0)
|𝑠 − 𝑡| ∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

= (
𝐶

1 − 𝑡0

+ 1) ∑  
𝑚

𝑣𝑚(𝑡0)

𝑣𝑚(0)
|𝑠 − 𝑡|

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
. 

Therefore, 

∥∥(1 − 𝑠)𝐶𝑠 ∑  𝑚 𝜑𝑚 − (1 − 𝑡)𝐶𝑡 ∑  𝑚 𝜑𝑚∥∥ ≤ (
𝐶

1 − 𝑡0

+ 1) ∑  
𝑚

𝑣𝑚(𝑡0)

𝑣𝑚(0)
|𝑠 − 𝑡| → 0 as 𝑠 → 𝑡 

which completes the proof of (i). Next, we prove (ii). Fix a number 𝑡 ∈ [0,1]. For every 𝑠 ∈ [0,1] and ∑  𝑚 𝑓𝑚 ∈
𝑋𝑣𝑚

, we have 

 ∑  
𝑚 ∥

∥
∥

𝑊𝑠 ∑  𝑚 𝜓𝑚,𝑠 ∑  𝑚 𝜑𝑚 ∑  
𝑚

𝑓𝑚 − 𝑊𝑡 ∑  𝑚 𝜓𝑚,𝑡 ∑  𝑚 𝜑𝑚 ∑  
𝑚

𝑓𝑚∥
∥
∥

𝑣𝑚

= sup
𝑧∈𝐷

∑  
𝑚

 
|𝑠 ∑  𝑚 𝜓𝑚(𝑧) ∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − 𝑡 ∑  𝑚 𝜓𝑚(𝑧) ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|

𝑣𝑚(𝑧)

≤ |𝑠|sup
𝑧∈𝐷

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)(∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧)))|

𝑣𝑚(𝑧)
+ |𝑠

− 𝑡|sup
𝑧∈𝔻

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧) ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|

𝑣𝑚(𝑧)
. 

To continue, we need several auxiliary estimates. 

Estimate 1: We have 

 sup
𝑧∈𝐷

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧) ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|

𝑣𝑚(𝑧)
≤ ∑  

𝑚
∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

sup
𝑧∈𝐷

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)

≤ ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup
𝑧∈𝔻

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 𝑀 ∑  

𝑚
∥ ∑  

𝑚
𝑓𝑚 ∥𝑣𝑚

. 

where 𝑀: = sup𝑧∈𝐷 ∑  𝑚  
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
 is finite by Proposition 2.5(a). 

Estimate 2: Obviously, for every 𝑟 ∈ (0,1) and 𝑠 ∈ [0,1], 
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sup2∈𝐷 ∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)(∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧)))|

𝑣𝑚(𝑧)

= max ∑  
𝑚

{ℐ(𝑟, 𝑠, ∑  
𝑚

𝑓𝑚), 𝒥(𝑟, 𝑠, ∑  
𝑚

𝑓𝑚)} 

where, by using (2.1) and (4.1), 

ℐ(𝑟, 𝑠, ∑  
𝑚

𝑓𝑚) ∶= sup
| ∑  𝑚 𝑓𝑚(𝑧)|≤𝑟

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)(∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧)))|

𝑣𝑚(𝑧)

 = |𝑠 − 𝑡| sup
| ∑  𝑚 𝑓𝑚(𝑧)|≤𝑟

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧) ∑  𝑚 𝜑𝑚(𝑧)|

𝑣𝑚(𝑧)
max

𝜏∈[𝑠,𝑡]
  |𝑓𝑚

′ (𝜏 ∑  
𝑚

𝜑𝑚(𝑧))|

 ≤ 𝐶|𝑠 − 𝑡| ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup

| ∑  𝑚 𝑓𝑚(𝑧)|≤𝑟
 
| ∑  𝑚 𝜓𝑚(𝑧)|

𝑣𝑚(𝑧)
max

𝜏∈[𝑠,𝑡]
 
𝑣𝑚(𝜏 ∑  𝑚 𝜑𝑚(𝑧))

1 − |𝜏 ∑  𝑚 𝜑𝑚(𝑧)|

 ≤ ∑  
𝑚

𝐶𝑣𝑚(𝑟)

1 − 𝑟
∥ ∑  

𝑚
𝜓𝑚 ∥𝑣𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
|𝑠 − 𝑡|,

 

and 

𝒥(𝑟, 𝑠, ∑  
𝑚

𝑓𝑚) 

∶= sup
lo (𝑧)∣>𝑟

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)(∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) − ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧)))|

𝑣𝑚(𝑧)

 ≤ sup
|𝑝(𝑧)|>𝑟

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)|(| ∑  𝑚 𝑓𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧))| + | ∑  𝑚 𝑓𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧))|)

𝑣𝑚(𝑧)

 ≤ ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup

| ∑  𝑚 𝑓𝑚(𝑧)|>𝑟
 
| ∑  𝑚 𝜓𝑚(𝑧)|(𝑣𝑚(𝑠 ∑  𝑚 𝜑𝑚(𝑧)) + 𝑣𝑚(𝑡 ∑  𝑚 𝜑𝑚(𝑧)))

𝑣𝑚(𝑧)

 ≤ 2 ∑  
𝑚

∥ ∑  
𝑚

𝑓𝑚 ∥𝑣𝑚
sup

| ∑  𝑚 𝑓𝑚(𝑧)|>𝑟
 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
.

 

Using the above estimates, we obtain 

∥∥𝑊𝑠 ∑  𝑚 𝜓𝑚,𝑠 ∑  𝑚 𝜑𝑚 − 𝑊𝑡 ∑  𝑚 𝜓𝑚,𝑡 ∑  𝑚 𝜑𝑚∥∥ 

≤ 𝑚𝑎𝑥 ∑  
𝑚

{
𝐶𝑣𝑚(𝑟)

1 − 𝑟
∥ ∑  

𝑚
𝜓𝑚 ∥𝑣𝑚

|𝑠 − 𝑡|,2 sup
| ∑  𝑚 𝑓𝑚(𝑧)|>𝑟

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
} + 𝑀|𝑠 − 𝑡| 

for every 𝑟 ∈ (0,1) and 𝑠 ∈ [0,1]. By letting 𝑠 → 𝑡, and then 𝑟 → 1− in the last inequality, we get 

lim sup
𝑠→𝑡

 ∥∥
∥𝑊𝑠 ∑  𝑚 𝜙𝑚,𝑠 ∑  𝑚 𝜑𝑚 − 𝑊𝑡 ∑  𝑚 𝜙𝑚˙ ,𝑡∑  𝑚 𝜑𝑚 ∥∥

∥ ≤ 2 lim
𝑟→1−

  sup
| ∑  𝑚 𝜑𝑚(𝑧)|>𝑟

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
 

Moreover, applying Proposition 2.5( b) to the compact operator 𝑊𝑣�̇�,∑  𝑚 𝜑𝑚  on 𝑋𝑣𝑚
, we obtain 

lim
|ℓ(𝑧)|→1−

∑  
𝑚

 
| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 if 𝑋𝑣𝑚

= 𝐻𝑣𝑚
(𝔻) 

or 

lim
|𝑧|→1−

 ∑  
𝑚

| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 if 𝑋𝑣𝑚

= 𝐻𝑣𝑚
0 (𝔻) 

which both imply, by Remark 2.3, that 

lim𝑟→1−  sup| ∑  𝑚 𝜑𝑚(𝑧)|>𝑟  ∑  
𝑚

| ∑  𝑚 𝜓𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 

Consequently, lim𝑠→𝑡 ∑  𝑚  ∥∥𝑊𝑠 ∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 − 𝑊𝑡 ∑  𝑚 𝜓𝑚,𝑡𝑝∥∥ = 0. This establishes the result claimed. 

(b) Now we consider the operators 𝑊to, (𝑓𝑚)0
 and 𝐶∑  𝑚 𝜑0

𝑚, where ∑  𝑚 𝜓0
𝑚(𝑧) = 1 − 𝑧 and ∑  𝑚 𝜑0

𝑚(𝑧) = 1 +

𝑎(𝑧 − 1) with 0 < 𝑎 < 1. Obviously, 𝑊éo.fo  and 𝐶∑  𝑚 𝜑0
𝑚 belong to 𝒞𝑤𝑚

(𝑋𝑣𝑚
). However, it is easy to check 

that 𝑊∑  𝑚 𝜓𝑏
𝑚,∑  𝑚 𝜓0

𝑚  is compact, while 𝐶∑  𝑚 𝜓0
𝑚 is not compact on 𝑋𝑣𝑚

. Indeed, for all 𝑟 ∈ (0,1) 

∑  
𝑚

𝑣𝑚(∑  𝑚 𝜑0
𝑚(𝑟))

𝑣𝑚(𝑟)
= ∑  

𝑚

𝑣𝑚(1 + 𝑎(𝑟 − 1))

𝑣𝑚(𝑟)
≥ 1 

Hence, by Proposition 2.2( b), 𝐶∑  𝑚 𝜑0
𝑚 is not compact on 𝑋𝑣𝑚

. Next, for any sequence (𝑧𝑛)𝑛 in 𝔻 with |𝑧𝑛| → 1 

as 𝑛 → ∞, without loss of generality we suppose that 𝑧𝑛 → 𝜂 ∈ ∂𝐷. If 𝜂 ≠ 1, then 1 + 𝑎(𝜂 − 1) ∈ 𝔻, hence, 

∑  
𝑚

|∑  𝑚 𝜓0
𝑚(𝑧𝑛)|𝑣𝑚(∑  𝑚 𝜑0

𝑚(𝑧𝑛))

𝑣𝑚(𝑧𝑛)
≤ 2 ∑  

𝑚

𝑣𝑚(∑  𝑚 𝜑0
𝑚(𝑧𝑛))

𝑣𝑚(𝑧𝑛)
→ 0 as 𝑛 → ∞ 

If 𝜂 = 1, then ∑  𝑚 𝜓0
𝑚(𝑧𝑛) → 0 as 𝑛 → ∞, hence, 

∑  
𝑚

|∑  𝑚 𝜓0
𝑚(𝑧𝑛)|𝑣𝑚(∑  𝑚 𝜑0

𝑚(𝑧𝑛))

𝑣𝑚(𝑧𝑛)
≤ ∑  

𝑚
|∑  

𝑚
𝜓0

𝑚(𝑧𝑛)| sup
𝑧∈𝔻

 
𝑣𝑚(∑  𝑚 𝜑0

𝑚(𝑧))

𝑣𝑚(𝑧)
→ 0 as 𝑛 → ∞ 
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since the last supremum is finite by Proposition 2.2(a). Consequently, 

lim
|𝑧|→1−

 ∑  
𝑚

|∑  𝑚 𝜓0
𝑚(𝑧)|𝑣𝑚(∑  𝑚 𝜑0

𝑚(𝑧))

𝑣𝑚(𝑧)
= 0 

which implies, by Remark 2.3 and Proposition 2.5( b), that 𝑊∑  𝑚 𝜙b
𝑚,∑  𝑚 𝜓0

𝑚 is compact on 𝑋𝑣𝑚
. 

It remains to note that, by Lemma 4.1, 𝑊∑  𝑚 𝜓0
𝑚,∑  𝑚 𝜑0

𝑚 ∼ 𝐶∑  𝑚 𝜑0
𝑚 in 𝒞𝑤𝑚

(𝑋𝑣𝑚
). From this it follows that the set 

𝒞𝑤𝑚,0(𝑋𝑣𝑚
) is not a path component of 𝒞𝑤𝑚

(𝑋𝑣𝑚
). 

We restate some validity results for weighted composition operator (see [24]). 

Proposition 4.3. Let ∑  𝑚 𝜑𝑚 and ∑  𝑚 𝜙𝑚 be two functions in 𝒮(D). If the difference 𝐶∑  𝑚 𝜑𝑚 − 𝐶∑  𝑚 𝜙𝑚  is 

compact on 𝑋𝑣𝑚
, then all the operators 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 and 𝑊𝜒,∑  𝑚 𝜙𝑚 from the space 𝒞𝑤𝑚

(𝑋𝑣𝑚
) belong to the 

same path component of this space. 

Proof. By Lemma 4.1, 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 ∼ 𝐶∑  𝑚 𝜑𝑚 and 𝑊𝜒,∑  𝑚 𝜙𝑚 ∼ 𝐶∑  𝑚 𝜙𝑚  in 𝒞𝑤𝑚
(𝑋𝑣𝑚

). On the other hand, 

by Theorem 3.1, 𝐶∑  𝑚 𝜙𝑚 ∼ 𝐶∑  𝑚 𝜑𝑚  in 𝒞(𝑋𝑣𝑚
) and, hence, in 𝒞𝑤𝑚

(𝑋𝑣𝑚
). Consequently, 𝑊𝜒,∑  𝑚 𝜙𝑚 ∼

𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑𝑚 in 𝒞𝑤𝑚
(𝑋𝑣𝑚

). 

Remark 4.4. In [6, Theorem 4.2] a similar result to Proposition 4.3 was stated in the setting of the space 

𝐶𝑤𝑚
0 (𝐻𝑣𝑚

0 (𝔻)) under some additional restrictions on functions ∑  𝑚 𝜑𝑚, ∑  𝑚 𝜙𝑚, ∑  𝑚 𝜓𝑚, and 𝜒 that are 

strictly stronger than the ones in Proposition 4.3. In particular, in this theorem the authors required that 

lim|𝑧|→1−  𝜌(∑  𝑚 𝜑𝑚(𝑧), ∑  𝑚 𝜙𝑚(𝑧)) = 0, which implies, by Proposition 2.4, that the difference 𝐶∑  𝑚 𝜑𝑚 −

𝐶∑  𝑚 𝜙𝑚  is a compact operator on 𝑋𝑣𝑚
. 

For ∑  𝑚 𝜑𝑚 ∈ 𝒮(𝔻), denote by 𝒲([𝐶∑  𝑚 𝜑𝑚]) the set of all weighted composition operators 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜙𝑚 ∈

𝒞𝑤𝑚
(𝑋𝑣𝑚

) with 𝐶∑  𝑚 𝜙𝑚 ∈ [𝐶∑  𝑚 𝜑𝑚]. The following result follows immediately from Proposition 4.3. 

Corollary 4.5. Each set 𝒲([𝐶∑  𝑚 𝜑𝑚]), ∑  𝑚 𝜑𝑚 ∈ 𝒮(𝔻), is path connected in 𝒞𝑤𝑚
(𝑋𝑣𝑚

) 

Now we show that the sets 𝒲([𝐶∑  𝑚 𝜑𝑚]) may be path components of the space 𝒞𝑤𝑚
(𝑋𝑣𝑚

) and may be not. To 

see this, we consider the next examples (see [24]). 

Example 4.6. For ∑  𝑚 𝜑0
𝑚(𝑧) = 1 + 𝑎(𝑧 − 1) with 0 < 𝑎 < 1, the set 𝒲([𝐶∑  𝑚 𝜑0

𝑚]) is not a path component 

of 𝒞𝑤𝑚
(𝑋𝑣𝑚

). More precisely, 𝒲([𝐶∑  𝑚 𝜑0
𝑚]) is a proper subset of the path component of 𝒞𝑤𝑚

(𝑋𝑣𝑚
) containing 

𝒞𝑤𝑚,0(𝑋𝑣𝑚
). 

Proof. By part (b) in the proof of Theorem 4.2, the operator 𝑊∑  𝑚 𝜙0
𝑚 .fo  with ∑  𝑚 𝜓0

𝑚(𝑧) = 1 − 𝑧 and 

∑  𝑚 𝜑0
𝑚(𝑧) = 1 + 𝑎(𝑧 − 1) is compact, while 𝐶∑  𝑚 𝜑0

𝑚 is not compact on 𝑋𝑣𝑚
. Then, by Theorem 

4.2, 𝑊\psi 0,(𝑓𝑚)0
∼ 𝐶0 in 𝒞𝑤𝑚

(𝑋𝑣𝑚
). But 𝐶∑  𝑚 𝜑0

𝑚 − 𝐶0 is not compact on 𝑋𝑣𝑚
, which implies that the operator 

𝐶0 does not belong to 𝒲 ([𝐶∑  𝑚 𝜑0
𝑚)) and completes the proof. 

Remark 4.7. The arguments in Example 4.6 work as well for those sets 𝒲([𝐶∑  𝑚 𝜑𝑚]) that generated by 

∑  𝑚 𝜑𝑚 ∈ 𝒮(𝔻) with the finite set 𝐸(𝑣𝑚, ∑  𝑚 𝜑𝑚). Thus, all these sets being path connected in the space 

𝒞𝑤𝑚
(𝑋𝑣𝑚

) are proper subsets of the corresponding path components of 𝒞𝑤𝑚
(𝑋𝑣𝑚

) containing 𝒞𝑤𝑚,0(𝑋𝑣𝑚
) 

Example 4.8. For ∑  𝑚 𝜑1
𝑚(𝑧) = 𝑧, the set 𝒲([𝐶∑  𝑚 𝜑1

𝑚]) is a path component of 𝒞𝑤𝑚
(𝑋𝑣𝑚

) 

Proof. Obviously, 𝐸(𝑣𝑚 , ∑  𝑚 𝜑1
𝑚) = ∂𝐷. Hence, by [6, Theorem 5.7], 𝐶∑  𝑚 𝜑1

𝑚 is isolated in 𝒞(𝑋𝑣𝑚
), which 

implies that [𝐶∑  𝑚 𝜑1
𝑚] = {𝐶∑  𝑚 𝜑1

𝑚}. From this and Proposition 2.5( a ) it follows that 

𝒲([𝐶∑  𝑚 𝜑1
𝑚]) = {𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑1

𝑚: 0 <∥ ∑  
𝑚

𝜓𝑚 ∥∞< ∞} 

We will prove that 𝒲([𝐶∑  𝑚 𝜑1
𝑚]) is open and, simultaneously, closed in 𝒞𝑤𝑚

(𝑋𝑣𝑚
), from which the assertion 

follows. 

Let (𝑊∑  𝑚 𝜓𝑛
𝑚,∑  𝑚 𝜑1

𝑚) be a sequence in 𝒲([𝐶∑  𝑚 𝜑1
𝑚]) converging to some operator 𝑊𝜒,∑  𝑚 𝜙𝑚  in 𝒞𝑤𝑚

(𝑋𝑣𝑚
). 

Then 𝑊∑  𝑚 𝜓𝑛
𝑚,∑  𝑚 𝜑1

𝑚(∑  𝑚 𝑓𝑚) → 𝑊𝜒,∑  𝑚 𝜙𝑚(∑  𝑚 𝑓𝑚) in 𝑋𝑣𝑚
 for all ∑  𝑚 𝑓𝑚 ∈ 𝑋𝑣𝑚

 

Taking here ∑  𝑚 𝑓𝑚(𝑧) ≡ 1 and ∑  𝑚 𝑓𝑚(𝑧) ≡ 𝑧, we obtain that ∑  𝑚 𝜓𝑛
𝑚 → 𝜒 and ∑  𝑚 𝜓𝑛

𝑚 ∑  𝑚 𝜑1
𝑚 →

𝜒 ∑  𝑚 𝜙𝑚 in 𝑋𝑣𝑚
 as 𝑛 → ∞. Therefore, 

∑  
𝑚

𝜒 (∑  
𝑚

𝜑1
𝑚 − ∑  

𝑚
𝜙𝑚)

= ∑  
𝑚

(𝜒 − ∑  
𝑚

𝜓𝑛
𝑚) ∑  

𝑚
𝜑1

𝑚 + ∑  
𝑚

(∑  
𝑚

𝜓𝑛
𝑚 ∑  

𝑚
𝜑1

𝑚 − 𝜒 ∑  
𝑚

𝜙𝑚) → 0in 𝑋 

Since 𝜒 ≢ 0, this implies that ∑  𝑚 𝜙𝑚 = ∑  𝑚 𝜑1
𝑚. Thus, the set 𝒲([𝐶∑  𝑚 𝜑1

𝑚]) is closed in 𝒞𝑤𝑚
(𝑋𝑣𝑚

). The fact 

that it is open in 𝒞𝑤𝑚
(𝑋𝑣𝑚

) follows immediately from 

the following auxiliary lemma, in which we will use the next notation: 

𝐹(∑  𝑚 𝜓𝑚 , 𝜀): = {𝜔 ∈ ∂D: | ∑  𝑚 𝜓𝑚(𝜔)| ≥ 𝜀} and ∥ ∑  𝑚 𝜓𝑚 ∥𝑒: = inf{𝜀 > 0: |𝐹(∑  𝑚 𝜓𝑚 , 𝜀)| = 0} 
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Lemma 4.9 (see [24]). Let 𝑊∑  𝑚 𝜙𝑚,∑  𝑚 ∑  𝑚 𝜑1
𝑚  be an operator in 𝒲([𝐶∑  𝑚 𝜑𝑚1]). Then, for every operator 

𝑊𝜒,∑  𝑚 𝜙𝑚  in 𝒞𝑤𝑚
(𝑋𝑣𝑚

) with ∑  𝑚 𝜙𝑚 ≠ ∑  𝑚 𝜑1
𝑚, 

∥∥𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑1
𝑚 − 𝑊𝜒,∑  𝑚 𝜙𝑚∥∥ ≥ ∑  

𝑚
∥ ∑  

𝑚
𝜓𝑚 ∥𝑒 

Proof. Since ∑  𝑚 𝜓𝑚  is a nonzero function, ∥ ∑  𝑚 𝜓𝑚 ∥𝑒> 0. Take an arbitrary number 𝑟 ∈ (0, ∥ ∑  𝑚 𝜓𝑚 ∥𝑐). 

Then |𝐹(∑  𝑚 𝜓𝑚 , 𝑟)| > 0. 

Since ∑  𝑚 𝜙𝑚 ≠ ∑  𝑚 𝜑1
𝑚, |{𝜔 ∈ ∂𝔻: ∑  𝑚 𝜙𝑚(𝜔) = 𝜔}| = 0. So there exist a point 𝜔 ∈ 𝐹(∑  𝑚 𝜓𝑚 , 𝑟) and a 

sequence (𝑧𝑛) ⊂ 𝔻 such that 𝑧𝑛 → 𝜔, |∑  𝑚 𝜓𝑚(𝑧𝑛)| → | ∑  𝑚 𝜓𝑚(𝜔)| ≥ 𝑟, and ∑  𝑚 𝜙𝑚(𝑧𝑛) → 𝜂 ≠ 𝜔. Then 

∑  𝑚 𝜌(𝑧𝑛 , ∑  𝑚 𝜙𝑚(𝑧𝑛)) → 1 as 𝑛 → ∞. 

Next, by [3, Subsection 1.2(iv), Theorem 1.13 and comments after it], for each 𝑛 ∈ ℕ, there is a 

function (𝑓𝑚)𝑛 in the unit ball of 𝑋𝑣𝑚
 such that (𝑓𝑚)𝑛(𝑧𝑛) = 𝑣𝑚‾ (𝑧𝑛) (recall that by 𝑣�̃� it is denoted the weight 

associated with 𝑣𝑚 ). We put 

ℎ𝑛(𝑧) = ∑  
𝑚

(𝑓𝑚)𝑛(𝑧)
𝑧 − ∑  𝑚 𝜙𝑚(𝑧𝑛)

1 − 𝑧 ∑  𝑚 𝜙𝑚‾ (𝑧𝑛)
, 𝑧 ∈ 𝔻. 

Then ℎ𝑛 ∈ 𝑋𝑣𝑚
 with ∥∥ℎ𝑛∥∥𝑒

≤ 1 for all 𝑛. Taking into account that ∑  𝑚 𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑1
𝑚ℎ𝑛(𝑧𝑛) =

∑  𝑚 𝜓𝑚(𝑧𝑛)𝜌(𝑧𝑛, ∑  𝑚 𝜙𝑚(𝑧𝑛))𝑣�̃�(𝑧𝑛) and ∑  𝑚 𝑊𝜒,∑  𝑚 𝜙𝑚ℎ𝑛(𝑧𝑛) = 0, we get 

∑  
𝑚

∥∥𝑊∑  𝑚 𝜙𝑚˙ ,∑  𝑚 𝜑1
𝑚 − 𝑊𝜒,∑  𝑚 𝜙𝑚∥∥ ≥ ∑  

𝑚
∥∥𝑊∑  𝑚 𝜓𝑚,∑  𝑚 𝜑1

𝑚ℎ𝑛 − 𝑊𝜒,∑  𝑚 𝜙𝑚ℎ𝑛∥∥
𝑗
 

≥ ∑  
𝑚

|𝑊∑  𝑚 𝜙𝑚,∑  𝑚 𝜑1
𝑚ℎ𝑛(𝑧𝑛) − 𝑊𝜒,∑  𝑚 𝜙𝑚ℎ𝑛(𝑧𝑛)|

𝑣𝑚‾ (𝑧𝑛)
= ∑  

𝑚
|∑  

𝑚
𝜓𝑚(𝑧𝑛)| 𝜌 (𝑧𝑛, ∑  

𝑚
𝜙𝑚(𝑧𝑛)) 

for all 𝑛 ∈ ℕ. Thus, 

∑  
𝑚

∥∥𝑊∑  𝑚 𝜙𝑚 ,∑  𝑚 𝜑1
𝑚 − 𝑊𝜒,∑  𝑚 𝜙𝑚∥∥ ≥ lim sup

𝑛→∞
 ∑  

𝑚
|∑  

𝑚
𝜓𝑚(𝑧𝑛)| 𝜌 (𝑧𝑛, ∑  

𝑚
𝜙𝑚(𝑧𝑛)) ≥ 𝑟 

and, consequently, ∑  𝑚 ∥∥𝑊𝑣𝑚,∑  𝑚 𝜑1
𝑚 − 𝑊𝜒,∑  𝑚 𝜙𝑚∥∥ ≥ ∑  𝑚 ∥ ∑  𝑚 𝜓𝑚 ∥𝑒. 

Some of the arguments used in the proof of Example 4.8 work as well for any isolated operator 𝐶∑  𝑚 𝜑𝑚 in 

𝒞(𝑋𝑣𝑚
). More precisely, by the same reasons as in this example, one can easily check that the corresponding 

sets 𝒲([𝐶∑  𝑚 𝜑𝑚]) = 𝒲({𝐶∑  𝑚 𝜑𝑚}) are all closed in the space 𝒞𝑤𝑚
(𝑋𝑣𝑚

). Moreover, by Corollary 4.5 they are 

path connected in this space. They may be also open in 𝒞𝑤𝑚
(𝑋𝜀). 
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