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Abstract: In this paper, we consider the numerical method for the fractional differential equations. It is based
on the piecewise fractional interpolants (PFIs), which is a new family of interpolants. We extend the technique
to solve the Coupled system of fractional ordinary differential equations (FODEs) and present a
predictor-corrector methods for the numerical solution of the coupled system of FODEs. By using the present
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confirm the theoretical claims.
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. Introduction:

In recent years, fractional calculus has developed rapidly in various scientific fields, and plays an
important role in signal processing, anomalous diffusion, physics and engineering (see[1]1[2][3]1[4]1[5D).
Fractional differential equations can describe various complex physical and mechanical behaviors, and many
phenomena in life can also be described by fractional differential equations, such as the problem of blood
alcohol concentration, the problem of video tapes, and the problem of world population growth (see[6] and
references therein ). So solving its numerical solution has practical significance. The exact solutions of many
fractional differential equations cannot be obtained exactly, so the research on numerical algorithms of fractional
differential equations has attracted much attention. At present, some progress has been made in the research of
numerical algorithms for fractional differential equations, and they are gradually applied in different fields such
as mechanics, viscoelasticity [7], biology [8], and simulated fluid flow [4] and so on.

There are some existing methods for solving the coupled system of nonlinear fractional ordinary
differential equations. For example, the methods in [9] constructed a Legendre spectral collocation method for
coupled systems of nonlinear fractional differential equations. The linear incompatibility fractional differential
equations with caputo derivatives two-dimensional coupled systems and corresponding inhomogeneous systems
have been considered in [10]. It proposed a high-order scheme for numerical solutions of the coupled system of
FODEs (cf. [11]). In [12], it proved the existence and uniqueness of a class of implicit nonlinear coupling
systems of fractional differential equations under non-local conditions. In [13], it constructed legend-jacobi
spectral configuration method to solve two point boundary value problems nonlinear systems with the fractional
derivative orders at most two. It analyzed the stability and asymptotic stability of systems of nonlinear
non-autonomous equations with generalized proportional caputo fractional derivatives in [14]. With the terminal
problem of nonlinear systems of fractional differential equations, it was mentioned in [15], and so on.

It is well known that the predictor-corrector method plays an important role in solving differential
equations, such as, a new finite-difference predictor-corrector method was proposed in [16] to solve nonlinear
fractional differential equations (FDEs) and further extended to the system of FDEs. In [17], it constructed
second-order linear interpolation and third-order quadratic interpolation predictor-corrector methods to solve
fractional-order nonlinear differential equations. A numerical method for predictor and corrector of fractional
differential equations based on Newton interpolation was proposed in [18]. For a general right hand side
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function, especially the function is nonlinear, it is usually difficult to obtain the analytical solution for systems of
fractional differential equations. In addition, due to the singularity in some fractional differential equations, the
polynomial cannot capture the singular term, especially when the solution has a low smoothness, which prompts
us to propose a new numerical solution to solve this problem.

The outline of the paper is as follows. In Section 2, we describe in detail the predictor-corrector
algorithm based on PFIs. Then in Section 3, we give the stability and convergence analysis. In Section 4, we
verify the feasibility of the method through some numerical examples. In Section 5 gives some concluding
remarks. The final research questions of this paper are as follows

SDfu(t) = f(t,u(t),v(t)) a>0
sDfv(t) = g(t,u(t),v(t)) a>0
u® @) =u®, v©0)=v¥, k=[a]-1
(0) = (0) =V, [o] (1.1)
Il.  Anew predictor-corrector Scheme
2.1 Preliminary knowledge
Start with some simple knowledge points.
The caputo fractional derivative is defined by
1 t f (n)
S f(t)= j E)Z?Hldz', 0<n-1<a<n

where I'(.) is the Gamma function.
Incomplete beta function 1,(a, b) is defined by

l,(a,b) = js-l(l s)°ds,a,b>0,0<t <1

B( ,b) % 2.2)
here B(a,b) is the beta function.
It is well-known that the (1.1) is equivalent to

u(t) = gl(t)+1_( ) [ =0t (u(@).v(@)de-

v(t) = gz(t)+ I (t-7)""g(z,u(z),v(z))dz- (23)

0,(t) = ZU‘“ , 0,(t) = Zv(k) ,O<n—1£a£n

We investigate a new approach to problem (1.1). The predictor-corrector scheme is still used, but the
difference from the classic predictor-corrector scheme is that we no longer use the original Lagrangian
interpolation polynomial, but use a new fractional interpolation family, with the regularity behavior that is
exactly adapted to that of the right-hand side of (1.1) near the initial point t=0. To construct the fractional
interpolation function family, it is first necessary to know the singular exponent of the caputo fractional

derivative, assuming that the OD“ ,gD"‘V behaves as

ngu(t):=f(t)=Zdjt”i, 0SB < By Biell, j=12,.

- 2.4)
th“V(t)::g(t):Zhjty", 0<y, <y, y,€l, j=12,..

j=1

where dj ) hj are some constant. The parameter ﬂj » ¥ are called the singular exponent of the function f, g.

According to ([19], Theorem 2.5), the equation system (1.1) has a singular exponent on the right side of the
equation. In [20], a pre-algorithm method was proposed, which can accurately find A, f5,, ;. 5, and

Y1, V21Y31 Y4 This paper is based on this pre-algorithm method to determine the singularity index of the
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equation and then carry out related work.

Piecewise fractional interpolation is the core idea of this paper, and the following piecewise fractional
interpolation function is constructed.

For te [t,- ,t,-+1]7 J=12,...,n-1 there is the following fractional interpolation function

5 t tﬁz*ﬁl —t-ﬁz;ﬂl
fRUO) = (D ) F(t0,0v)
t A ik

t /5’1 th A tﬂz iz
(t_) (W)f(tj+l’ j+1 j+1)

j+1 j+1 (2 5)
. t N _ }_/2171 ’ '
g;(t,u(t),v(t) = ( )7 (W)g(t,-,uj,V,-)
t T2mn t?z 7
1
+(t_—)y (m)g(t,w 10 Vis1)
j+l j+1 j
For te[t,,t], there is the following fractional interpolation function
oA A f (G u(t), vt
f, (t,u(t), v(t))_tﬁl(t T XILT ( (2 ®)
P tPA tﬂz
( ) (W)f(tllul!v)
tlZ t 2 (2 6)
; U i S U@ V) |
e
gO(t'u(t)’v(t)) _t7 (t}’z*}’l _t17z*71))!_)0+ t/ll
N t72 7 ti’z‘h
( )y( )a(t,u;,v,)

72 n V2N
t/2 7 —t]

For te[0,T], f(t), g(t) can be approximated by the following fractional interpolation function
Pk (1), p2(t) respectively

Cth et telt,t]
pa(t) = E
Cin 1tﬂ1 +CZn 1tﬁ2' teft, . t,]
2.7)
Coth+cite,  telty,t]
P ()= I
¢l tr+c tr, telt ,t]
where the coefficient {Clj, ZJ} ,1=1,2 is obtained by solving the following equations
i B[ ot i
g |ley || fu)vE) 1 n.1
t]BJlrl tjﬂil C;j 1 L f (tj+1’ u(tj+1)!v(tj+l)) .
S S e I I TV (S RY () _ ' '
7 72 2 = y ,n _1
tj+1 tj+l Czj i g(tj+1’ u(tj+1) V(tj+1))

and for Cm- 50+ it is necessary to solve the following equations separately
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L= x—0" t

i 1 t(()ﬁz—ﬁ)_|:clloj| lim f(t,U(;l),V(t))
ﬂl :82
_tl tl a C20 fi (tl, u(ti)’ V(tl))

2.9)
(r2=n)
1t _|[m 7
t171 tl}’z
- g(t, u(t), v(t))
It is evident from (2.4) and (2.7) that the regularity behavior of [ (t), pZ(t) is exactly the same as that of the
function T (t),g(t).

2
L CZO

]Cz} i 9LU, V(D)

2.2 Description of the predictor-corrector scheme
We will use the piecewise fractional interpolation function defined above to construct a predictor-corrector

algorithm for solving the numerical solution of (1.1). Let U;,V;, J=0,1,...,k be the approximate solution of

u(t;),v(t;), and assume that U,,V, has been solved, now we discuss the solution process of Uy, V-

Firstly, the grid is divided uniformly 0=t, <t <...<t, =T, and it satisfies

. 2T .
.= -t = —|—1 , = y =O,1,...,n'1_ 2.10
=t -t =0+Du, u n(n+D) i (2.10)

Let us consider the following definite integral
t,. }
o= [ (a0 (2@, V(E)dT, k=0,..,0-1

. , (2.11)
L= [ (=29, V)7, K=0,..,n-1
an approximation to this definite integral
K i alf
b= 2 J " (s -0 i (@u(e) v(@))d
- , 2.12)

S al~
Lo ® D [ (s - 1) (r,u(@) v(z))d e
=0~

functions fj (z,u(z),v(r)) and §;(z,u(z),v(z)) oninterval [t;,t;,,] are approximations of functions

f and g respectively, so choosing different f~j (z,u(z),v(z)) and §;(z,u(z),v(z)) will lead to different

approximation schemes.
Let P! (t),i=21,2 be the piecewise fraction function as follows

A +G,t7%2,  telt,t]
Py (t) = :
¢ th+e t%2 telt ,t] -
G2th +Cat,  telty,t] @1
P (t) = I
G th+C e, telt ]

. Sk
where the coefficient {CI'J ) C;j } ) ,1=1,2 is obtained by solving the following equations
J:
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ol || fuuy) } i1k
2 =1 1 'REET}
_tiﬂil tjﬁ+1_ 1G] L f (Ui Vi) 014
B 1 > ar ~2 ] r ’ .
g e || 9ty } j=1..k
4 . || &2 , ey
e 5G] [0 Vi)
and for €., Ch,,i=1,2, need to solve the following equations to get
r . f Vv
1 0]lé, I|m_(t’“(2v (1)
tﬂl tﬂz Cl =| o0 t
- ' 20 f(t,u,v)
LU V(D) (2.15)
_1 0:||:6120:| lim g(,U( )1V(
=| t>0" t71
t}/l 72 62
L% gt u;,vy)

Let f,(t,u(t),v(t)) =ct* +&;t%, g, (t,u(t),v(t)) =Ct" +C5t"?, j=0,1.....k and brought
into (2.12), the following implicit scheme can be obtained

k
Ues = 0, () + (G HY +65HY).k=0,1,..,n—1
j=0

]

) , (2.16)
View = 05 (t0) + (S HE +6;,HZ),k=0,1,...,n-1
=0
The coefficient H,}k =12, 1=12 isobtained by the following formula
w_ 1 ot a-1.5
i —@ N (i, -5)“"s™ds
te
=Ty B(lJr,B,,(J()(Itj+l 1+ 6, a)-1 s 1+ 4, a))
(a) b s (2.17)
2k N (t.,-s)*“"s"ds |
|] F(a) tj k+1
t'?«’_:/l
=—B(:I-+7/|70‘)(It-+l A+r.a)-1, A+y,.a))
I'(x) wL] i

tk+1 tk+1
Now, to arrive at an explicit scheme, we let the interpolation function used in the interval [t,,t ;] be the
same as that used in the previous subinterval [t,_,,t,], and an explicit scheme can be obtained as follows
k-1
~1 1k ~1 1k ~1 1k ~1 1k
Uy =0, (t.,) + Z(Clj H;; +6; sz) +Cy,Hi +65Ha k=01,..,n-1
j=0
‘1 (2.18)
=2 2k =2 2k =2 2k =2 2k
Vir = 95 (t,) + Z(Clj Hlj +Gy; sz )+C,Hy +C  Hy  k=01..,n-1
j=0

Since (2.16) and (2.18) we can get a prediction-correction scheme to calculate U, ;,V,,;,K=1,...,n=1.
(1) Prediction stage

k-1

p _ =1 1k ~x1 1k ~1 1k ~1 1k

Uy = 0, (t,0) + Z (Clj H;; +6;H;; )+ € Hy +C5  Hop
=0

k-1
b <2102k | A2 1g2ky | A2 g2k | A2 2k
Vicw = gZ(tk+1)+Z(C1jH1j +Cy;H,; )+ G Hyy +C  Hy
i—0
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where the coefficient €}, 6;‘,1 ,i=1,2 isobtained by solving the following system of equations

% tkﬂz__cllkp}:{ f(t,u,v,) }

B ~1p p p
_tf-lf-l tk+2—l_ _C2k f (tk+l’ uk+17vk+1)

_tkn t(z__clip}:{ a(t,u.,v,) }

7 7 R2p p p
_tkirl tkil_ _C2k g(tk+l’uk+l’vk+l

(2) Correction stage

k-1
_ <1tk AL Lgiky , Alpgtk | Alppy ik
Uy = gl(tk+1)+Z(C1jH1j +C2jH2j)+C1k H, +C Hay
i—0

k-1
=2 2k =2 2k =2 2k =2 2k
Vin = gz(tk+1)+Z(C1jH1j +CszZj )+C S HL +C H
j=0
where the coefficient €, ,Cj, is obtained by (2.14).
Remark 2.1 The startup item U,,V, should be calculated through the following steps
(1) Let the initial predicted value u” =0,v,” =0.

(2) Obtain €,EP i =1,2 by solving the following system of equations

B 1 0 Cllop_ lim f(t,U(;l),V(t))
th ot || e = t
L 1 o) |, u?,v)

_1 O:||:C-2p_ _llm g(t,U(t),V(t))
t}’1

t17 1’_17 00— t—0"
1 2
(3) Calculate the initial correction value
_ ~1py10 |, xlppy10
U =0,(t) +Cg Hig +CoHy
_ ~2p1 120 |, x2ppy20
vl - gZ(tl) +C10 HlO +CZO H20
(4) Obtain €,,C,,,1=1,2 by solving the following system of equations

<2p
C20 _

a(t,u’,v’)

r 1 0 :||:C«110:|_ tllrg.l f(taut(;),v(t))

_tlﬂ1 tﬁl.ﬁ2 6;0 f (tl’ ul 'Vl )

r 1 0 :||:C~120:| Ilrg] g(t’us/)’\/(t))
= | t>0" 1

'tlyl tlyz 6220 g(tl’ u, ’Vl)

We refer to the algorithms (1)-(2) above as predictor-corrector schemes. Next, the stability and error of the
algorithm will be analyzed.

I11. Error estimation and stability analysis
3.1 Auxiliary results
We will mention some lemmas, which are essential for the analysis of stability and error. Let

A, z{ﬂl,ﬂz,...,ﬂn} and P, ={}/1,}/2,...,7/n} , where nel] , are two different non-negative real
numbers, and satisfy the following relationship
0<pB <p,<..<pB, 0<pB..-p <L i=1..,n-1
0<y, <y, <<y, O<y, -7 <1 i=1..,n-1
We define the space A, (or P,) of the continuous function on C([a,b],A,)(or C([a,b],P,)) as
follows
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C([a,b]. A,) ={f eC[a,b]|t #f eC[a,b], D, , ..D, ,(t*f)eC[ab]}.

The operator D, f,a >0 is defined in [1] as
D,f=t*f". (3.2)

Lemma 3.1 (Discrete Gronwall Inequality, [21]) Let ai,OSiS N, be a sequence of non-negative real

numbers satisfying
7-1

i—1
a; <b +MA Y (i—j) a l<i<N,
j=0

where  0<y<1,M >0 isbounded independently of At,and b,,0<i< N, isamonotonic increasing
sequence of non-negative real numbers. Then
a, <b, Ey(MF(y)(iAt)y),OSi <N,

where

o0

£, (@)= ZF Ok+1)

k=
is the Mittag-Leffler function of order 7 .

In particular, when ¥ =1, (3.4) becomes & <b. exp(MiAt),0<i < N.

3.2 Error Analysis
In the error analysis, we assume that equation system (1.1) satisfies the following Lipschitz condition with
respect to the second and third variables: that is, there exists a constant L that satisfies the following conditions

| f (t!ul'vl) —f (t,Uz,VZ) |S L(l u,—Vv, | +|U2 -V, |) vu1'V1’u2’V2 €R (3.6)

| g(t’ul’vl)_ g(t:uzvvz) |S I—(l u -V, I +|U2 -V, |) Vul,Vl,Uz,Vz €R |

Let Ay ={f.0,, B} and Py={7,,7,,7;} be real numbers satisfying (3.1), and assuming that the
right-hand ~ function of equation group (1.1) satisfies  f(t,u(t),v(t)) €([0,T],A;) and
g(t,u(t),v(t)) €([0,T],P,) , and combined with (3.6), the predictor-corrector scheme proposed in this
paper has the following error estimates

| u(tk+l) _uk+l |S Cnimin{ZYZ(aJr&)}l k = 1| reny n _1! (37)
| V(tk+1) _Vk+l |S Cnimin{ZVZ(mm}a k =l- - N -1, (3.8)

where C is a constant independentof k, N and grid size.
Rremark 3.3 The proof of (3.2) is easily obtained from ([20], Theorem 2). For a better understanding, the
following will briefly introduce.

Let: el :| ult,,)—Ue. | e2 v(t,.,) -V, ,k=01...,n=1, we have:

) Ik*l(tm $)* £ (5,u(s), v(s))ds From([20],

-3 (€ HI 6L HE) — G HE + S HY) |
j=0

1 k+1

F( )°°
—Z(cleluc Hlk)|+|2(clelk+c H3) - Z(clelu HI
j=0

Tgtk Al gl Alpprgik Alppgik .
+]ey Hy +C Hy —C0H —C Hy =1+ 1, + 1,

(.1 —9)“* f(s,u(s),v(s))ds (3.9)
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lemma 1) we know: |, < Clnfmi"{z’z(“%)} .

Using (2.8), (2.9), (2.14), (2.15) and the Lipschitz conditions of f , J with the Lipschitz constant L >0,
the following results hold
L, +1,

<] (G = Co)Hig + (€20 = Coo |+Z|(Cu CH

+(C;j _62]Hlk)|+|(clk — P Hy +(cy — G ) H

A G Y
e [+ e + et |+ e
[|tﬁ1(tﬂzﬂl_tﬂzﬁl)|(| REYE e SICTRED
tﬁz tﬂz H 1k _ H 1k . (310)
| |(efy [+l D+ | St —2 [ (e |+ ec])
oYt UMM, e 25

Hor —t7AH

| [(ut.)-u),
W) .

+ | V(tk+1) Vp

k+1

)

k
< '—[Z M7 (e [+1ef ) +Crpy (ulten) —u? [+ v(tes) -V, I)J

=

The coefficient M7, ., $ is defined in [20].

Assume [, < ¥, (the assumption here does not affect the numerical results), from ([20], Theorem 2), we

have
|e? |+ ejg < Cn—mln{Z,Z(oﬁﬂs)}’ i=1..k, (3.11)

Ut ) —uP |+[v(t,,)—VP |<Cn mme2esl, (3.12)

From (3.10), 3.11), (3.12) and the analysis of the coefficient M ;kﬂ in [20], the following error estimates
are obtained

lu(t,.,) — Uy, |< Cn MR (3.13)
In a similar way, we can derive
IV(t,,,) —V,,, |< Cn M2 (3.14)

3.3 Stability Analysis
For the convenience of stability analysis, we note that

RCCCRIO P

t—>0" .
J=0
tfl(tfz ~t+7)
Bo=Pi g 1K 1k 1k ﬂz By k
Nika =1l 2+lﬂ|: ﬂH—zﬂj | |Hﬁfjlﬂ ; ﬂHlﬂj_ll =1..k, (3.15)
SR R V) R (5 (S %)

k ) — k
H,e —t "H,,
(6 1)
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im MOV (s

t—0"

=0
G- ‘
Bo—B 1 1k 1k 1k B—B 1 1k
tj+1 Hlj_HZj sz—l_tj—l Hlj—l 1<j<k—2
B (4 PP Ba—P B (4 PP BBy’ -
tj (tj+1 _tj ) tj (tj _tj—l )

tfz_ﬁl Hlllf—l — Hélli—l + |

e (6 -t )

+| Hét—z itfgﬂl H;:—z ,
tlf}il(tkﬁil A _tkﬁfzﬁl)

Hpoy 2 M Hy  Ho -t P Hy

G -t R )

P Hy —Hy,
(T -t )

(3.16)

ikl — |

j=k

In same way, the definitions of Qj,, and Q,,,, similarto Nj, ., and N;, ., ie. replace S, f in

*

Njyk+1 and Nj,k+l with 7,0 respectively, we won't go into detail here, then the algorithm format can be

rewritten as follows
(1) Prediction stage

k
ukp+l = gl(t)+zN],k+1f(tJ’ujavj) ) (317)
j=0
k ~
Vkp+1 = gz(t)+ZQj,k+1g(tjaujan) . (318)
j=0
(2) Correction stage
k
uk+1 = gl(t) + Z N ;k-f-lf (tJ ' uj 1Vj ) + N;+1,k+1f (t] ’ ukp+1' Vkp+1) ' (3-19)
j=0
k
Vike =92 (t) + ZQ;kJrlg (tj ! uj 'Vj) + Q:+1,k+1g(tj ) ukp+1’ Vkp+l) ) (3.20)
j=0

where k=1,...,n-1.

Similar to the analysis of coefficient M ;M in [20], we can get that

N]'k,k+1 = C(Tj (tk+1 _tj+1)a_l + Tj—l(tk+l _tj)a_l) < C(Tj (tk+l _tj)a_l) ) (3.21)
N~j,k+1 <C(z;(t,., _tj+1)ail +7;,5 (b _tj)ail) <C(7; (t,, —t; ), (3.22)
where j=1,---,k,,for j=k+1, wehave
Nk <C(t,, —t,)* <Crl,. (3.23)
Similarly, Q}k,m and Q~j,k+l satisfy the following relationship
Q;k+1 < C(Tj (. _tj )a_l) , (3.24)
Qj,k+1 = C(Tj (t.s —t ), (3.25)
where j=1,---,k,, for j=Kk+1,, we have
Qka <C(t,,, 1) <Crl, . (3.26)

For the convenience of discussion, we transform the right-hand side of (1.1) into an equivalent model, as
follows:
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f(t,u(t),v(t)) = Au(t)
gt u(t), v(t)) == pu(t)’
where A and 4 are real numbers.

Theorem3.4 Let O<a <1, for f and 9 given by (3.27), the algorithm (3.19), (3.20) is stable with
respect to the initial value, that is, it satisfies

|u;I<Cuy, |v;[<Cu, j=1..n-1, (3.28)
where C onlydependson A (or #), & and T.
Proof: First prove that |U; [<CuU,, j=1..,n-1,

(3.27)

we can easily know that g, (t) satisfies

n-1 tk
FAGIS ;Uék) ] < Uo eXp(t) < Uy exp(T). (3.29)

Substituting (3.29) into (3.17), noting the definition of f in (3.27) and the estimation of the coefficients in
(3.22), we derive

k ~
|ul =9, () + AZ N kil |< Cu, exp(T)
7 (3.30)
+C[4] Z'[j(tkﬂ_tj)%1 | u; |
j=0

K
From ([22], Lemma 3.1, 3.2) we know that Z(Tj (tkﬂ—tj)a_l) is bounded when O < <1. Then we
=0
have
(7;(ts —tj)a_l) <SCk+2+ D "k+1- DM (j+D<Ckk+j-D*". (331
Substituting (3.31) into (3.30) yields

k
[uP [<Cu,exp(T)+C | 4| D (k+1—-)“u, ], (3.32)
j—0

applying the discrete Gronwall Lemma 3.1 to (3.33) gives
|u’, [<Cu,. (3.33)
Substituting (3.33) into (3.19) and paying attention to (3.21), (3.23) and (3.32) we have
k
U <1 GO T+ AT (NG ) Ty T+ T TN ) Ul |
j=0
k

<Uy(exp(T) + AC)+| A1 D (NS, [u; | . (3.34)

j=0
k

<Uy(exp(T) +AC)+C | 4| D (k+1-j)**u;|
=0

Applying the discrete Gronwall Lemma 3.1 to (3.34) gives

| Uy, I<Cu,. (3.35)
In a similar way, we can derive

|V, [£Cu,. (3.36)

IV.  Numerical results
In this section, we will verify the accuracy of the predictor-corrector scheme proposed in this paper through
numerical examples, and define the error and convergence order by
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e = max |u(t,,) U, | .

" o<k<n4

=n( w7}
ool

e = max |V(t, ) V.l

0<k<n-1

In order to calculate the singularity index of the right-hand function of (1.1) more conveniently, we design its

exact solution as

u(t) =t= +t7 +t% +t%,

V(L) =t +t7 +t73 +t7,

0<og,<0,<0;,<0,

ngl<p2<p3<p4l

where e:], R:],i =12 is the experimental error and the experimental convergence order, in addition, we

denote R,,i

=1,2 as the theoretical convergence order.

Example 1: Consider (1.1) with 0 < o <1, we set the right-hand function of (1.1) as (4.1).

£ (t u(t), V(1)) = i% e +tsin(iZ::t"i)
—tsin(u(t)) —tu(t) - tZt”‘ —tv(t)+tth'
g(t,u(t),v(t)) = ZF(I;(“G)) P +tsin(i2il:t”‘)
—tsin(v(t))—tu(t)+tZt"‘ —tv(t)+t24:tpi.

K111 .—110_2 - %12

3
L.

Log-Error

N
S
&

Log-Error

1078

102 103
n n
Figure 1: Comparison of experimental error and theoretical error of Case | (left) and Case Il (right) for
Example 1.
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Figure 2: The comparison of the experimental convergence order and the theoretical convergence order of

case | (left) and case Il (right) under different $n$ for example 1.
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We design two cases for different singularity exponents

=05, p,=06, p,=065, p,=135
Case(l),

0,=04, o0,=07, 0,=09, o0,=145

Case(ll) =04, p,=05, p,=06, p,=13
" |6,=05, o0,=055, 0,=075, o0,=135

In Fig.1, the experimental error Log (e;),i =1,2 and the theoretical expected error LOg (e:]),i =12
of Case(l) (left) and Case(ll) (right) under different N are compared, It is easy to see that the experimental
error eﬁ,enz of case(l) and case(ll) decays to O(n"™) and O(n"), respectively, which meets the

theoretical requirements. In addition, we show in Fig.2 that the experimental convergence order Rr: =12 of
Case(l) and Case(ll) gradually approaches the theoretical convergence order R,,i=1,2 with the change of
N . We observe that the experimental convergence order agrees with our theoretical results.

Table 1 The comparison of the experimental convergence order and the theoretical convergence order of
Example 1.

P 0.8 0.9 1 1.05 11 1.15 1.2 1.25

3

o 1.25 1.2 1.15 11 1.05 1 0.9 0.8
3

R! 1.6050 1.8114 2.0242 2.0168 2.0131 2.0098 2.0074 2.0060
n

R 1.6 1.8 2 2 2 2 2 2
1

R2 2.0120 2.0146 2.0183 2.0220 2.0251 2.0172 1.8077 1.6033
n

R 2 2 2 2 2 2 1.8 1.6
2

In Table 1, we analyzed the experimental convergence order and theoretical convergence order of the
equation group (1.1) under different p, and o, conditions in Example 1 when N =500,600, and it can
be seen from the table that the respective experimental convergence order of the equations at this time the order

of convergence matches the theoretical order of convergence.

Example 2: Consider (1.1) with 0 < o <1, we set the right-hand function of (1.1) as 4.2.

£ (t,u(t) V(D) = i%t” +tsin(2t"i)—tsin(u(t))

tu?(t) +t(Z4:t"i )2 +tv(t) -tit”‘

g(t,U(t),v(t))ziﬁ

~tv2(t) +t(z4:tpi )2 +tu(t) -titf’i
i=1 i=1

p=0.62, p,=065, p,=08, p,=15
where
0,=065, o0,=07, 0,=09, o,=15

7 +tsin(Z4:t”i )—tsin(v(t))

and o =0.6.
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Figure 3: Comparison of error(left) and convergence order (right) for Example 2.

In Fig.3 (left), the experimental error Log (e:]),i =12 and the theoretical expected error
Log(n™™),i=12 of example 2 under different N are compared, It is easy to see that the experimental

error eﬁ,eﬁ of example 2 decays to O(n_Ri) and O(n‘RZ) respectively, which meets the theoretical

requirements. In addition, we show in Fig.3 (right) that the experimental convergence order Rri],i =12$ of

example 2 gradually approaches the theoretical convergence order R.,i=1,2 with the change of N We
observe that the experimental convergence order agrees with our theoretical results.

Table 2 The comparison of the experimental convergence order and the theoretical convergence order of
Example 2.

0, 0.75 0.85 0.95 1.05 1.1 1.15 1.2 1.25
o, 1.25 1.2 1.15 1.1 1.05 0.95 0.85 0.75
R! 15028  1.7054  1.9115  2.0015 20015 20019  2.0025  2.0032
R, 15 1.7 1.9 2 2 2 2 2

R2 2.0066 2.0056 2.0047 2.0040 2.0037 1.9054 1.7027 1.5031
n

R 2 2 2 2 2 1.9 1.7 15
2

In Table 2, we analyzed the experimental convergence order and theoretical convergence order of the
equation group (1..1) under different p, and o, conditions in Example 2 when N =500,600, and it can

be seen from the table that the respective experimental convergence order of the equations at this time the order
of convergence matches the theoretical order of convergence.

V.  Concluding remarks
In order to better handle the low regularity of the solutions of coupled system of fractional differential
equations, we use a new interpolation family, namely fractional interpolation, which is applied to construct a
new predictor-corrector scheme to solve coupled system of fractional differential equations. The analysis of
error and stability of the proposed scheme are carried out, and some numerical examples are given to verify the
theoretical results. In the future, we will use this scheme to solve coupled system of fractional partial differential
equations.
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