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Abstract: The conception of fuzzy subsets was established by Zadeh in 1965 and the fuzzy hypothesis has 

developed in many guidelines and created applications in aextensivediversity of fields. The conception of lattice 

plays a worth mentioning role in the field of mathematics.In this manuscript, we describe𝐿-fuzzy bi-ideals in 

ℒ𝛢-rings and deliver some characterization of diverse classes of ℒ𝛢-ring in terms of𝐿-fuzzy left (resp. right, bi-, 

generalized bi-, (1,2)-) ideals. 
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I. Introduction 

The notion of fuzzy subsets was introduced by zadeh in 1965[16] and the fuzzy theory has developed 

in many directions and found applications in a wide variety of fields. The concept of lattice plays a significant 

role in mathematics. The perception of lattice was first defined by Dedekind in 1897, and then developed by 

Birkhoff [3] in 1933. In 1990, Yuan and Wu [15] applied the concept of fuzzy sets in lattice theory.J.AGoguen 

[4] replaced the valuation set [0,1] by means of a complete lattice in an attempt to make a generalized study of 

fuzzy set theory by studying 𝐿-fuzzy set. Liu[10], introduced the concept of fuzzy subrings. and fuzzy ideals of 

a ring. Many authors have explored the theory of fuzzy rings. Kuroki[8], characterized regular rings in terms of 

fuzzy left(right, quasi,bi-)ideals.Ideals in ℒΑ-semigroup have been investigated by [12] Kamran [5] extended the 

notion of ℒΑ-semigroup to the left almost group (ℒΑ-group).Shah et.al [13], initiated the concept of left almost 

ring [ abbreviated as ℒΑ-ring] of finitely non-zero functions, which is a generalization of a commutative 

semigroupring.A detail work about bi-ideal and fuzzy bi-ideals in a ring can be found by S.K Datta[2]. Further, 

NasreenKawsar [11] introduced the concept of fuzzy ℒΑ-subring and fuzzy bi-ideals in ℒΑ-rings. 

In this paper, we define 𝐿-fuzzy bi-ideals in ℒΑ-rings and give some characterization of different 

classes of ℒΑ-ring in terms of 𝐿- fuzzy left (right, bi-, generalized bi-, (1,2)-) ideals. 

 

II. Preliminaries 

In this section, we give some concepts and results which will be helpful in this paper. 

A fuzzy subset μ
𝒜

of an ℒΑ-ring ℛ, we mean a function 𝜇𝒜: ℛ → [0,1] and the complement of 𝜇𝒜is 

denoted byμ
𝒜

𝐶 , is also a fuzzy subset of ℛ  defined byμ
𝒜

𝐶(𝑥) = 1 − μ
𝒜

(𝑥)for all 𝑥 ∈ ℛ.  

 

A fuzzy  subset 𝜇𝒜 of an ℒΑ-ring ℛ is a fuzzy ℒΑ-subring of ℛ, if 
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𝜇𝒜(𝑥 − 𝑦) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦)} 

𝜇𝒜(𝑥𝑦) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦)} ∀ 𝑥, 𝑦 ∈ ℛ. 

A fuzzy  subset 𝜇𝒜is a fuzzy left (resp.right) ideal of ℛ, if  

𝜇𝒜(𝑥 − 𝑦) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦)} 

𝜇𝒜(𝑥𝑦) ≥ 𝜇𝒜(𝑦)(𝑟𝑒𝑠𝑝. 𝜇𝒜(𝑥𝑦) ≥ 𝜇𝒜(𝑥))∀ 𝑥, 𝑦 ∈ ℛ. 

A fuzzy ℒΑ-subring 𝜇𝒜 of an ℒΑ-ring ℛis a fuzzy bi-ideal of ℛif,  

                                   𝜇𝒜((𝑥𝑎)𝑦) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦)} ∀ 𝑎, 𝑥, 𝑦 ∈ ℛ. 

A fuzzy subset 𝜇𝒜 of an ℒΑ-ring ℛ is a fuzzy generalized bi-ideal of ℛ if,  

𝜇𝒜(𝑥 − 𝑦) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦)} 

                                       𝜇𝒜((𝑥𝑎)𝑦) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦)} ∀ 𝑎, 𝑥, 𝑦 ∈ ℛ. 

A fuzzy LA-subring 𝜇𝒜 of an ℒΑ-ring ℛis called a fuzzy (1,2)-ideal of ℛif, 

                                       𝜇𝒜((𝑥𝑎)(𝑦𝑧)) ≥ min{𝜇𝒜(𝑥), 𝜇𝒜(𝑦), 𝜇𝒜(𝑧)} ∀ 𝑎, 𝑥, 𝑦, 𝑧 ∈ ℛ. 

III. 𝐿- fuzzy ℒΑ-subring &𝐿- fuzzy bi-ideals in𝓛𝚨-rings 

 

Definition:3.1 

A fuzzy subset  𝜇𝒜of an 𝓛𝚨-ring ℛ is a 𝐿- fuzzy 𝓛𝚨-subring of ℛ,if 

𝜇𝒜(𝑥 − 𝑦) ≥  𝜇𝒜(𝑥) ∧ 𝜇𝒜(𝑦) and 

𝜇𝒜(𝑥𝑦) ≥  𝜇𝒜(𝑥) ∧  𝜇𝒜(𝑦)∀ 𝑥, 𝑦 ∈ ℛ. 

 

Definition:3.2 

A fuzzy 𝓛𝚨-subring  𝜇𝒜  of an 𝓛𝚨-ring ℛ is a 𝐿- fuzzy bi-ideal of ℛ if,  

 

                  𝜇𝒜((𝑥𝑎)𝑦) ≥  𝜇𝒜(𝑥) ∧  𝜇𝒜(𝑦) for all 𝑥, 𝑦, 𝑎 ∈ ℛ. 

 

Example:3.3 

Let ℛ = {0,1,2,3,4}Define + and   in ℛ as follows:  

+ 0 1 2 3 4 

0 0 1 2 3 4 

1 4 0 1 2 3 

2 3 4 0 1 2 

3 2 3 4 0 1 

4 1 2 3 4 0 

 

  0 1 2 3 4 

0 0 0 0 0 0 

1 4 0 1 2 3 
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2 3 4 0 1 2 

3 2 3 4 0 1 

4 1 2 3 4 0 

 

Then ℛ is an 𝓛𝚨-ring and  𝜇𝒜 be a 𝐿- fuzzy subset of ℛ. we define 

 

 𝜇𝒜(0)= 𝜇𝒜(2)=0.7,  𝜇𝒜(1)= 𝜇𝒜(3)= 𝜇𝒜(4)=0.6 

 

Then  𝜇𝒜is a 𝐿- fuzzy bi-ideal of ℛ. 

 

Lemma:3.4 

Every 𝐿- fuzzy left (resp.right,two sided) ideal of an 𝓛𝚨-ring ℛ is a 𝐿- fuzzy bi-ideal  

of ℛ.But the converse is not true in general. 

 

Proof: 

Direct . 

 

Proposition: 3.5 

Let ℛ be an 𝓛𝚨-ring satisfying the property 𝑎 = 𝑎2 for every𝑎 ∈ ℛ. Then every 𝐿- fuzzy (1,2) ideal of 

ℛ is a 𝐿- fuzzy bi-ideal of ℛ. 

 

Proof: 

Suppose that,  𝜇𝒜  is a 𝐿-fuzzy (1,2)-ideal of ℛ and𝑎, 𝑥, 𝑦 ∈ ℛ. Thus, 

                  𝜇𝒜((𝑥𝑎)𝑦) =  𝜇𝒜((𝑥𝑎)(𝑦𝑦) 

                                             ≥  𝜇𝒜(𝑥) ∧  𝜇𝒜(𝑦) ∧ 𝜇𝒜(𝑦) 

                          ≥  𝜇𝒜(𝑥) ∧  𝜇𝒜(𝑦) 

Therefore,  𝜇𝒜  is a 𝐿- fuzzy bi-ideal of ℛ. 

Lemma:3.6 

Every 𝐿- fuzzy bi-ideal of an 𝓛𝚨-ring ℛ is a 𝐿- fuzzy (1,2) of ℛ.But the converse is not true in general. 

 

Proof: 

Straight forward. 

 

IV. Characterization of 𝓛𝚨-rings: 

An 𝓛𝚨-ring ℛ is a left(resp. right) regular, if for every element𝑥 ∈ ℛ, there exists an element 𝑎 ∈ ℛ 

such that𝑥 = 𝑎𝑥2(𝑟𝑒𝑠𝑝. 𝑥2𝑎). 

An 𝓛𝚨-ring ℛ is completely regular if it is regular, left regular and right regular. 

An 𝓛𝚨-ring ℛ is a (2,2) regular if for every element𝑥 ∈ ℛ, there exists an element 𝑎 ∈ ℛsuch that𝑥 =

(𝑥2𝑎)𝑥2. 

An 𝓛𝚨-ring ℛ is a locally associative 𝓛𝚨-ring if (𝑎. 𝑎). 𝑎 = 𝑎. (𝑎. 𝑎) for all 𝑎 ∈ ℛ. 

 

Proposition:4.1 

Let ℛ be a regular 𝓛𝚨-ring having the property𝑎 = 𝑎2 for every𝑎 ∈ ℛ, with left identity 𝑒. Then every 

𝐿- fuzzy generalized bi-ideal of ℛis a 𝐿- fuzzy bi-ideal of ℛ. 

 

Proof: 

Let  𝜇𝒜  be a 𝐿- fuzzy generalized bi-ideal of ℛ and𝑥, 𝑦 ∈ ℛ,  this implies that there exists,𝑎 ∈ ℛ such 

that 𝑥 = (𝑥𝑎)𝑥.We have to show that,  𝜇𝒜  is a𝐿- fuzzy 𝓛𝚨-subring of ℛ.Thus, 
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 𝜇𝒜(𝑥𝑦) =  𝜇𝒜 (((𝑥𝑎)𝑥)𝑦) =  𝜇𝒜 (((𝑥𝑎)𝑥2)𝑦) =  𝜇𝒜(((𝑥𝑎)(𝑥𝑥)𝑦) 

= 𝜇𝒜((𝑥((𝑥𝑎)𝑥))𝑦) ≥ 𝜇𝒜(𝑥) ∧ 𝜇𝒜(𝑦) 

 

Hence  𝜇𝒜  is a 𝐿- fuzzy 𝓛𝚨-subring of ℛ. 

 

Proposition:4.2 

Let ℛ be a regular locally associative 𝓛𝚨-ring having the property𝑎 = 𝑎2 for every 𝑎 ∈ ℛ. The for 

every 𝐿-fuzzy bi-ideal 𝜇𝒜of ℛ, 𝜇𝒜(𝑎𝑛) =  𝜇𝒜(𝑎2𝑛)for all𝑎 ∈ ℛ,where 𝑛 is any positive integer. 

 

Proof: 

For 𝑛 = 1.Let 𝑎 ∈ ℛ, this implies that there exists an element 𝑥 ∈ ℛ,such that 𝑎 = (𝑎𝑥)𝑎. 

Now, 𝑎 = (𝑎𝑥)𝑎 = (𝑎2𝑥)𝑎2, because 𝑎 = 𝑎2. Thus 

 𝜇𝒜(𝑎) =  𝜇𝒜((𝑎2𝑥)𝑎2) 

≥ 𝜇𝒜(𝑎2) ∧  𝜇𝒜(𝑎2) = 𝜇𝒜(𝑎2) 

 =𝜇𝒜(𝑎𝑎) ≥ 𝜇𝒜(𝑎) ∧ 𝜇𝒜(𝑎) = 𝜇𝒜(𝑎) 

⇒ 𝜇𝒜(𝑎) = 𝜇𝒜(𝑎2). 

 

Now, 𝑎2 = 𝑎𝑎 = ((𝑎2𝑥)𝑎2)((𝑎2𝑥)𝑎2) = (𝑎4𝑥2)𝑎4, then the result is true for 𝑛 = 2. 

Suppose that the result is true for = 𝑘 , 

i.e., 𝜇𝒜(𝑎𝑘) = 𝜇𝒜(𝑎2𝑘). 

Now,𝑎𝑘+1 = 𝑎𝑘𝑎 = ((𝑎2𝑘𝑥𝑘)𝑎2𝑘)((𝑎2𝑥)𝑎2) = (𝑎2(𝑘+1)𝑥𝑘+1)𝑎2(𝑘+1). 

Thus, 

Now, 𝜇𝒜(𝑎𝑘+1) = 𝜇𝒜(𝑎2(𝑘+1)𝑥𝑘+1)𝑎2(𝑘+1). 

≥ 𝜇𝒜(𝑎2(𝑘+1)) ∧ 𝜇𝒜(𝑎2(𝑘+1)) 

= 𝜇𝒜(𝑎2(𝑘+1)) 

 =𝜇𝒜(𝑎𝑘+1𝑎𝑘+1) 

≥ 𝜇𝒜(𝑎𝑘+1) ∧ 𝜇𝒜(𝑎𝑘+1) 

                               = 𝜇𝒜(𝑎𝑘+1) 

⇒ 𝜇𝒜(𝑎𝑘+1) = 𝜇𝒜(𝑎2(𝑘+1). 

 

Hence by induction method, the result is true for all positive integers. 

 

Proposition:4.3 

Every 𝐿-fuzzy generalized bi-ideal of (2,2)-regular 𝓛𝚨-ring ℛwith left identity 𝑒, is a 𝐿-fuzzy bi-ideal 

of ℛ. 

 

Proof: 

Suppose that𝜇𝒜 is a 𝐿-fuzzy generalized bi-ideal of ℛ and 𝑥, 𝑦 ∈ ℛ,this an  means that there exists an 

element 𝑎 ∈ ℛsuch that𝑥 = (𝑥2𝑎)𝑥2. We have to show that 𝜇𝒜is a  𝐿-fuzzy LA-subring of ℛ. Thus  

𝜇𝒜(𝑥𝑦) = 𝜇𝒜 (((𝑥2𝑎)𝑥2)𝑦) = 𝜇𝒜 (((𝑥2𝑎)(𝑥𝑥))𝑦) 

                        =𝜇𝒜((𝑥(𝑥2𝑎)𝑥)𝑦) ≥ 𝜇𝒜(𝑥) ∧ 𝜇𝒜(𝑦) 

Therefore 𝜇𝒜is a 𝐿-fuzzy 𝓛𝚨-subring of ℛ. 

Proposition:4.4 

Let ℛ be a (2,2)- regular locally associative 𝓛𝚨-ring. Then for every 𝐿-fuzzy bi-ideal 𝜇𝒜of ℛ 

, 𝜇𝒜(𝑎𝑛) =  𝜇𝒜(𝑎2𝑛)for all 𝑎 ∈ ℛ,where 𝑛 is any positive integer. 

 

Proof: 

Similar to Proposition 4.2 
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Proposition:4.5 

Every 𝐿-fuzzy generalized bi-ideal of a right regular 𝓛𝚨-ring ℛwith left identity 𝑒, is a 𝐿-fuzzy bi-ideal 

of ℛ. 

 

Proof: 

Suppose that 𝜇𝒜is a 𝐿-fuzzy generalized bi-ideal of ℛand𝑥, 𝑦 ∈ ℛ,this means that there exists an 

element𝑎 ∈ ℛ such that 𝑥 = 𝑥2𝑎. We have to show that 𝜇𝒜is a 𝐿-fuzzy 𝓛𝚨-subring of ℛ. Thus  

𝜇𝒜(𝑥𝑦) = 𝜇𝒜((𝑥2𝑎)𝑦) = 𝜇𝒜 (((𝑥𝑥)(𝑒𝑎))𝑦) 

                        =𝜇𝒜((((𝑎𝑒)(𝑥𝑥))𝑦) ≥ 𝜇𝒜(𝑥) ∧ 𝜇𝒜(𝑦) 

Therefore 𝜇𝒜is a 𝐿-fuzzy 𝓛𝚨-subring of ℛ. 

Proposition:4.6 

Every 𝐿-fuzzy generalized bi-ideal of a left regular 𝓛𝚨-ring ℛ with left identity 𝑒, is a 𝐿-fuzzy bi-ideal 

of ℛ. 

 

Proof: 

Let𝜇𝒜be a 𝐿-fuzzy generalized bi-ideal of ℛand 𝑥, 𝑦 ∈ ℛ,this implies that there exists 𝑎 ∈ ℛsuch 

that𝑥 = 𝑎𝑥2. We have to show that 𝜇𝒜is a 𝐿-fuzzy 𝓛𝚨-subring of ℛ. Thus  

𝜇𝒜(𝑥𝑦) = 𝜇𝒜((𝑎𝑥2)𝑦) = 𝜇𝒜 ((𝑎(𝑥𝑥))𝑦) 

                        =𝜇𝒜((𝑥(𝑎𝑥))𝑦) ≥ 𝜇𝒜(𝑥) ∧ 𝜇𝒜(𝑦) 

Hence𝜇𝒜is a 𝐿-fuzzy 𝓛𝚨-subring of ℛ. 

 

Proposition:4.7 

Let ℛ be a regular and regular locally associative 𝓛𝚨-ring. Then for every 𝐿-fuzzy right ideal 𝜇𝒜of ℛ 

, 𝜇𝒜(𝑎𝑛) =  𝜇𝒜(𝑎3𝑛)for all 𝑎 ∈ ℛ,where 𝑛 is any positive integer. 

 

Proof: 

 

        For 𝑛 = 1. Let 𝑎 ∈ ℛ,this implies that there exists an element𝑥 ∈ ℛsuch that 

𝑎 = (𝑎𝑥)𝑎 and𝑎 = 𝑎2𝑥. 

         Now,   𝑎 = (𝑎𝑥)𝑎 = (𝑎𝑥)(𝑎2𝑥) = 𝑎3𝑥2. Thus 

 

 𝜇𝒜(𝑎) =  𝜇𝒜(𝑎3𝑥2) ≥ 𝜇𝒜(𝑎3) = 𝜇𝒜(𝑎𝑎2) ≥ 𝜇𝒜(𝑎) ∧ 𝜇𝒜(𝑎2) 

 

≥ 𝜇𝒜(𝑎) ∧ 𝜇𝒜(𝑎) ∧ 𝜇𝒜(𝑎)=𝜇𝒜(𝑎) 

 

⟹  𝜇𝒜(𝑎) =  𝜇𝒜(𝑎3). 

Here, 𝑎2 = 𝑎𝑎 = (𝑎3𝑥2)(𝑎3𝑥2) = 𝑎6𝑥4, then the result is true for 𝑛 = 2. 

Assume that the result is true for 𝑛 = 𝑘, 

ie, 𝜇𝒜(𝑎𝑘) =  𝜇𝒜(𝑎3𝑘). 

Now, 𝑎𝑘+1 = 𝑎𝑘𝑎 = (𝑎3𝑘𝑥2𝑘)(𝑎3𝑥2) = (𝑎3(𝑘+1)𝑥2(𝑘+1). Thus 

 𝜇𝒜(𝑎𝑘+1) =  𝜇𝒜(𝑎3(𝑘+1𝑥2(𝑘+1)) ≥  𝜇𝒜(𝑎3(𝑘+1)) =  𝜇𝒜(𝑎3𝑘+3). 

          =  𝜇𝒜(𝑎𝑘+1𝑎2𝑘+2) 

≥  𝜇𝒜(𝑎𝑘+1) ∧  𝜇𝒜(𝑎2𝑘+2) 

≥ 𝜇𝒜(𝑎𝑘+1) ∧ 𝜇𝒜(𝑎𝑘+1) ∧ 𝜇𝒜(𝑎𝑘+1) 

                           =𝜇𝒜(𝑎𝑘+1) 

⇒ 𝜇𝒜(𝑎𝑘+1) = 𝜇𝒜(𝑎3(𝑘+1). 

 

Hence by induction method, the result is true for all positive integers. 
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