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Abstract

The poineers authors in [43] investigate the notion of mean Li-Yorke chaos for operators on Banach spaces.
They show that it differs from the notion of distributional chaos of type 2, contrary to what happens of
topological dynamics on compact metric spaces. They prove that an operator is mean Li-Yorke chaotic if and
only if it has an absolutely mean irregular vector. So, absolutely Cesaro bounded operators are never mean Li-
Yorke chaotic. Dense mean Li-Yorke chaos is shown to be equivalent to the existence of a dense (or residual) set
of absolutely mean irregular vectors. As a consequence, every mean Li-Yorke chaotic operator is densely mean
Li-Yorke chaotic on some infinite-dimensional closed invariant subspaces. They obtained a sufficient condition
for the existence of a dense absolutely mean irregular manifold,and construct an example of others of an
invertible hypercyclic operator such that every nonzero vector is absolutely mean irregular for both the
operator and its inverse. Hence, mean Li-Yorke chaos is imbeded for Cy-semigroups of operators on Banach
spaces. On the way of [43] we apply an application.
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I. Introduction

We investigate in the area of dynamical systems notions related to averages involving orbits or pseudo-
orbits, such as mean Li-Yorke chaos [24],[29], mean equicontinuity and mean sensitivity [31], and notions of
shadowing with average error in tracing [39]. [43] investigate the notion of mean Li-Yorke chaos for operators
on Banach spaces. It turns out that this notion is intimately related to the notion of absolutely mean irregular
vector. Moreover, we also establish some results on absolutely Cesaro bounded operators.
Westate the relevant definitions.
Definition 1. An operator T on a Banach space X is said to be mean Li-Yorke chaotic if there is an uncountable
subset S of X (a mean Li-Yorke set for T) such that every pair(x”, y") of distinct points in S is a mean Li-Yorke
pair for T, in the sense that

N N
1 . . 1 . .
liminf~ ) [|x" = 7/y"[| =0 and fimsup— > [T/x" =TIy > 0.
Noow N £ Now N £
rj=1 rj=1

If S can be chosen to be dense (resp. residual) in X, then we say that T is densely (resp. generically) mean Li-
Yorke chaotic.
Definition 2. Given an operator T and a vector x”, we say that x" is an absolutely mean irregular (resp.
absolutely mean semi-irregular) vector for T if

N N
1 . 1 .
l%vniigfﬁ Z ||T1xr|| =0 and liIr\]rLs,gpN Z ||T1xr|| = oo (resp. > 0).
r,j=1 rj=1
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Definition 3. [28] An operator T is said to be absolutely Cesaro bounded if there exists a constant € > —1such
that

N
1 .
sup — E IT7x" | < (1 +e) § [lx" || for allx™ € X.
N_’NNrjzl r

The notion of distributional chaos has closer relations. For at least four different notions of distributional chaos,
namely DC1, DC2, DCZ%and DC3. For (nonlinear) dynamical systems on compact metric spaces, mean Li-

Yorke chaos is equivalent to DC2 [20], which is not equivalent to DC1 [36]. Here The situation is different. [13]
show that DC1 and DC2 are always equivalent for operators on Banach spaces, but we will show that DC2 is
not equivalent to mean Li-Yorke chaos.

As it show before no absolutely Cesaro bounded operator is mean Li-Yorke chaotic. We also establish a Mean
Li-Yorke Chaos Criterion and show several examples, including an example of a DC1 (= DC2) operator which
is not mean Li-Yorke chaotic. Finally, we show that the Frequent Hypercyclicity Criterion implies mean Li-
Yorke chaos.

We also establish a Dense Mean Li-Yorke Criterion and several sufficient conditions for dense mean Li-Yorke
chaos. As an application, we show an example of a densely mean Li-Yorke chaotic operator which is not Cesaro
Hypercyclic.

We establish a sufficient condition for the existence of a dense absolutely mean irregular manifold. As an
application, we obtain a dichotomy for unilateral weighted backward shifts (B,),, which says that

either%Zf} j=1||((BT)W)j xT” — Ofor allx™ € Xor (B,),, admits a dense absolutely mean irregular manifold. So,

we give an example of a densely mean Li-Yorke chaotic operator which is not hypercyclic.

We give some characterizations for generic mean Li-Yorke chaos and construct an example of an invertible
hypercyclic operator T such that both T and T~ are completely absolutely mean irregular.

We study the mean Li-Yorke chaos forC,-semigroups of operators on Banach spaces.

II.  Notations and Preliminaries
LetXbe an arbitrary Banach space and L(X) is the space of all bounded linear operators on X.Let T € L(X) be
Li-Yorke chaotic if there exists an uncountable set I' © Xsuch that for every pair (x7,y") € I' X I' of distinct
points, we have

lim ian”T(“Ze)xr —T(+26)y7|| = 0 andlim supZ”T(“ze)xr — TA+26y7|| > 0.
€E—00
T T

€00

I is called a scrambled set for T and each such pair(x”, y") is called a Li-Yorke pair for T.
The lower and the upper densities of a set A,, € N are defined as
card(4, n[1,(1+2¢)]) —— . card(4, N [1, (1 + 26)])
1+ 20 anddens(4,) = lnen_i})lp a+20 ,
respectively. GivenT € L(X),x",y" € Xand§ > 0, the lower and the upper distributional functions ofx”,y”

dens(4,) = lim inf
€E—0

associated toTare defined by
Furyr(8) :=dens({j e N : |T/x" = T/y"|| < 6}),
Fir r(8) =dens({j € N : |[T/x" — TIy"|| < &},
respectively. If the pair(x", y")satisfies
(DC1) Fyr v = 1andF,r ,r(e) = Ofor somee > 0, or
(DC2) Fyr,r = landF,ryr(e) < 1 for somee > 0, or
(DCZ%) There existc > 0 and € > Osuch thatF,r,r(8) < ¢ < F;r_yr (6) forall0 <5 <1+e¢€,o0r
(DC3) Fyryr(6) < F;r'yr (6)for all 6 in a nondegenerate interval] < (0, o),
then (x”,y") is called a distributionally chaotic pair of type (1 + €) € {1, 2,2 %, 3} for T. The operator T is said

to be distributionally chaotic of type(1 + €)(DC(1 + €)) if there exists an uncountable setI” € X such that every
pair(x”, y") of distinct points in I' is a distributionally chaotic pair of type (1 + €) for T. In this case, I is a
distributionally scrambled set of type (1 + €) for T. Distributional chaos of type 1 is often called simply
distributional chaos.
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For operators on Banach spaces, DC1 and DC2 are always equivalent [13], and imply Li-Yorke chaos. Li-Yorke
chaos and distributional chaos for linear operators have been studied in [6,8,10,11,12,13,14,27,
28,32,33,38,40,41,42], for instance.

We also recall that T € L(X) is frequently hypercyclic (FH), upper-frequently hypercyclic (UFH), reiteratively
hypercyclic (RH) or hypercyclic (H) if there existsx” € X such that for every nonempty open subset U of X, the
set{(1 + 2¢) € N : T1+26)x™ € U} has positive lower density, has positive upper density, has positive upper

Banach density or is nonempty, respectively. T is Cesaro hypercyclic if there existsx” € X such that the
1
(1+2¢)

fszo T’xr) is dense in X. Moreover, T is mixing if for every nonempty open sets
(1+2€)eN

U,V c X, there existsn, € N such thatT+2€) (U) NV = @ for all (1 + 2€) = n,,T is weakly-mixing if T @ T
is hypercyclic, and T is Devaney chaotic if it is hypercyclic and has a dense set of periodic points. See
[4,5,15,16,25,26], for instance.

Finally, the orbit of x" is distributionally near to 0 if there is A, € N with dens(4,) = lsuch
thatlim(Hzg)E,,rT(”Zf)xr = 0. We say thatx” has a distributionally unbounded orbit if there is B, € N with

sequence(

dens(B,) = 1 such that lim(eyep, T**29x™ = co. If the orbit of x” has both properties, then x” is a

distributionally irregular vector for T. It was proved in [11] that T is distributionally chaotic if and only if T has
a distributionally irregular vector.

III.  Mean Li-Yorke Chaotic Operators and Absolutely Mean Irregular Vectors
We begin with some useful characterizations of absolutely Cesaro bounded operators.

Theorem 4 (see [43]). For everyT € L(X), the following assertions are equivalent:
(1) T is not absolutely Cesaro bounded;
(i) There is a vector x” € X such that

- EN |77
— = o0;
§2§N”=1 x ’

(iii) The set of all vectors y" € X such that

N
supl Z |T7y7|| = oo
nen N £
r,j=1
is residual in X.
Proof. The implications (iii) = (ii) = (i) are trivial.
(1) = (i1): Since T is not absolutely Cesaro bounded, givend > O0ande = 0, there existx” € XandN € N so that

N
1 .
[|x"|| < Sandﬁ Z ||T1xr|| >1+e
rj=1
Let us assume that (ii) is false, that is,

N
1 .

sup — z ||T1xr|| < oo forallx” € X.

nen N =

Then, we can define inductively sequences (x(;45¢)) in Xand(N(q4,¢)) in Nso that ||x(r1+26)|| < 27426 f6;
all(1 + 2¢), and

Nite
N Z |77 (x] + -+ x(r1+2€))|| > 1 + ewhenever € = 0.
1+e rj=1
Letx" := X0 X(142¢) € X. Then
Nite
N Z |T’x7|| > 1+€ forall (1+€)€N.
1+e€ rj=1

This is a contradiction, since we are assuming that (ii) is false.
(i1) = (iii): Let A, denote the set considered in (iii). Since
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(oo}

a=)

€=0 N=
we have that A,is a Ggset. Ifz" € X\ A, then

N
1 .
yexsg Y Pyl te
1

r,j=1

1w,
sup — > [[T727]| < .
j=1

NEN

Let x™ € X be a vector given by (ii). Then
N
1 .
sup —Z”Tf (z" + Ax")|| = o wheneverd # 0
nven N =

which implies that z" € A,.. Thus, A, is dense in X.
Weshow that mean Li-Yorke chaos is equivalent to the existence of an absolutely mean irregular vector.
TheoremS5 (see [43]). For every T € L(X), the following assertions are equivalent:

(1) T is mean Li-Yorke chaotic;

(i1) T has a mean Li-Yorke pair;

(ii1) T has an absolutely mean semi-irregular vector;

(iv) T has an absolutely mean irregular vector;

v) The restriction of T to some infinite-dimensional closed T-invariant subspace Y has a residual set of

absolutely mean irregular vectors.
Proof. The implications (v) = (iv) = (iii) are trivial.
(iii) = (ii): If x™ is an absolutely mean semi-irregular vector for T, it is clear that (x", 0)is a mean Li-Yorke pair
forT.
(ii) = (i): If(x",y") is a mean Li-Yorke pair for T, then u” := x" — y" is an absolutely mean semi-irregular
vector for T. Hence, it follows easily that {Au” : A € K} is an uncountable mean Li-Yorke set for T.
(1) = (v): Let (x",y") be a mean Li-Yorke pair for T and put u” := x" — y". Let

Y :==span(Orb(u", T)),
which is an infinite-dimensional closed T-invariant subspace of X. Consider the operator S € L(Y)obtained by
restricting TtoY. We claim that S is not absolutely Cesarobounded. Indeed, suppose that this is not the case and
let € = 0 be such that

N
1 )
sup — z ||szr|| <1+ e)lezrll forallz" €Y
nen N £
rj=1 T
Since (x",y") is a mean Li-Yorke pair for T, we have that
N N

o1 . ) 1 .

liminf— Z ||Sfur|| =0 andlimsup— Z ||Sfur|| > ¢,

N-o N - Nooo N -

r,j=1 r,j=1

for some € > 0. Let § > 0 be so small that

N
1 )
limsup— > [|s/er| > 6+ .
N-oo N -
r,j=1
There areN € Nande > 0 such that

N N+e
=N s < sand > [ISh]| > 5+
N £ N+e L '

r,j=1 rj=1

LetK € {1,..., N} be the largest integer such that||S¥u"|| < &. Then

K
=l <5
- .

rj=1
Since
N+e
sre<z > [shw]
N+e £
r,j=1
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N+e N+e
K P 1 i
=(N+—e)22”5u I+5=— Z I/
rj=1 r,j=K+1
N+e
(N+6) K Z 71l
J=K+1
wehavethat
N+e (N+e)-K
m Z 17" _m Z [Is7s* ]| < (1+€)ZIISK "I < +e)s.
rj=K+1 rj=K+1

Hence, € > E — 1. Sinced > Ocan be chosen arbitrarily close to 0, we have a contradiction. This proves that S is

not absolutely Cesaro bounded. Therefore, the set
N
1 .
A, :=<4z" €Y :sup— Z ||szr|| =
nven N £
r,j=1
is residual in Y by Theorem 4. On the other hand, let

N
1 .
B, :=<{z" EY:IblngNN Z Isiz|| =0

r,j=1
Since
N
. 1
B—ﬂUzEY Z||51zr||< ,
g 1+e€
€=0 N= r,]:l
we have that B,.is a G5 set. Since there is an increasing sequence (N;,.) in N such that
Nite
lim Z Is/ur|| = o,
e>w Nyje
r,j=1

it follows that span(Orb(u”, S)) is contained in B,. Hence, B, is a residual set in Y. Our conclusion is thatA4, N
B, is a residual set in Y, which is formed by absolutely mean irregular vectors for S (hence for T).

Corollary 6. No absolutely Cesaro bounded operator on a Banach space is mean Li-Yorke chaotic.

The proof of Theorem 5 clearly implies the following result:

Theorem 7. For every T € L(X), the set of all absolutely mean irregular vectors for T is dense in the set of all
absolutely mean semi-irregular vectors for T.

Definition 8. We say that T € L(X) satisfies the Mean Li-Yorke Chaos Criterion (MLYCC) if there exists a
subset X,0fX with the following properties:

(a) lilvrrlioglf%Zﬁj=1||Tfur|| = 0 for every x" € X,;

(b) there are sequences (y],.) in span(X,)and(N;,.) in N such that

Nite

1 .
— D Vel > Y Iyl forevery (1+€) € N
€ "
r,j=1 T

Weshow that this criterion characterizes mean Li-Yorke chaos.

Theorem 9 (see [43]). An operator T € L(X) is mean Li-Yorke chaotic if and only if it satisfies the MLYCC.
Proof. (=): By Theorem 5, T has an absolutely mean irregular vector x". So, it is enough to considerX, :=
{x"}.

(<): If T has an absolutely mean semi-irregular vector, then T is mean Li-Yorke chaotic by Theorem 5. So, let
us assume that this is not the case. Then, (a) implies that

lim — Z ||T1x || =0 foreveryx" € X,.

N-ooo N
rj=1

Let

DOI: 10.35629/0743-11128299 www.questjournals.org 86 | Page



On Mean Li-Yorke Chaos in Banach Spaces

N

1 .
= r : I — IxT|| =
Vi=dxre X lim o ) T = 0,
r,j=1
which is a closed T-invariant subspace of X. Consider the operatorS € L(Y) obtained by restricting TtoY. Since
the sequence (y1,¢)lies inY, (1 + €) implies that S is not absolutely Cesaro bounded. Hence, by Theorem 4, the
set

N
1 )
A, =<4y " €Y :sup = Z |S7y7|| = o
nen N £
r,j=1
is residual in Y. On the other hand, since the set

N
o= et g YISy =0

r,j=1
is obviously dense in Y, it is residual in Y. Thus,4, N B, is residual in Y, which proves the existence of an
absolutely mean irregular vector for T. This contradicts our assumption that there are no absolutely mean semi-
irregular vector for T.
Example 10 [43]. There are mixing operators that are not mean Li-Yorke chaotic. Indeed, in [13] it was given
some examples of mixing operators that are absolutely Cesaro bounded. One of them was taken from [33], and
appears in the PhD Thesis of Beltran Meneu with a proof provided by the third author (Theorem 3.7.3 in [7]).
By Corollary 6, these operators are not mean Li-Yorke chaotic.
Examplel1 [43]. There are Devaney chaotic operators that are not mean Li-Yorke chaotic. Indeed, let T be the
Devaney chaotic operator constructed by [34]. Suppose that x™ # 0 and

limi 1 N AT || =

iminf— > [[Tx7]| = 0.
rj=1

For everyd > 0, since

. N . N
card({1 <j<N:|Tx"|28p _1 2 -5 Dol
N =N £ § 8N ’
r,j=1 r,j=1

we have that
1
dens <{e > —3! [|T1+2exT|| = 5}) =0.

This contradicts Claim 10 in [34]. Hence, T is not mean Li-Yorke chaotic.
Example 12 [43]. There are frequently hypercyclic operators that are not mean Li-Yorke chaotic.

Indeed, [6] proved that there exists a frequently hypercyclic operator (thus this operator is DC2 %by [13]) such

that the orbit of no x™ # 0 is distributionally near of 0. Hence, it is not DC1 and not mean Li-Yorke chaotic
[13].

Example 13 [43]. There are distributionally chaotic operators that are not mean Li-Yorke chaotic.

We recall the following result that was obtained in [13]: IfX = ¢o(N) (X = co(Z))orX = £1*¢(N) (X =
£1%€(Z))for some0 < € < oo, then there exists an (invertible) operator T € L(X) which is distributionally
chaotic and satisfies

N
lim % Dl = e forallx € x\{o0}

rj=1
Since these operators do not have an absolutely mean irregular vector, Theorem 5 guarantees that they are not
mean Li-Yorke chaotic. Since DC1 and DC2 are equivalent for operators on Banach spaces [13], this implies
that the notions of mean Li-Yorke chaos and DC2 are not equivalent for operators on Banach spaces, contrary to
what happens in the context of topological dynamics on compact metric spaces [20].
Remark 14.The above examples are Li-Yorke chaotic, but not mean Li-Yorke chaotic.
We recall that an operator T on a separable Banach space X is said to satisfy the Frequent Hypercyclicity

Criterion (FHC) if there exist a dense subsetXyofX and a map S : X, — X,such that, for any x” € X,,,
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. Y 14ze=0 T1H2€ x"converges unconditionally,
. Y 14ze=0 S T2 x" converges unconditionally,
o TSx" =x".

If T satisfies this criterion, then T is frequently hypercyclic, Devaney chaotic, mixing and distributionally
chaotic [11],[16]. Since we have just seen that there are examples of frequently hypercyclic operators, Devaney
chaotic operators, mixing operators and distributionally chaotic operators that are not mean Li-Yorke chaotic, it
is natural to ask if the Frequent Hypercyclicity Criterion implies mean Li-Yorke chaos. We now see that the
answer is yes.

Proposition 15 (see [43]). IfT € L(X) satisfies the Frequent Hypercyclicity Criterion, then T has a residual set
of absolutely mean irregular vectors.

Proof. If T satisfies the Frequent Hypercyclicity Criterion, then the set

{x’ € X : lim||T 2x7|| = 0}
€500

is dense in X and T is distributionally chaotic. Hence, we can apply [13].
FHC

mixing Devaney chaotic FH DCl= DC2 mean Li-Yorke

Ww-mixing

Li-Yorke chaotic
Figure 1 (see [43]). Implications between different definitions related with hypercyclicity and chaos for
operators on Banach spaces.

Concerning Figure 1, it is easy to construct a mean Li-Yorke chaotic operator which is not hypercyclic. Indeed,
let T € L(X) be any mean Li-Yorke chaotic operator and consider the operator T @ IonX @ X, where I denotes
the identity operator on X. However, the following question remains open.

Question 16.Is there a Banach (or Hilbert) space operator which is mean Li-Yorke chaotic but is not
distributionally chaotic?

Related to Question 16, we have the following result from [13]: IfX = ¢y(N) (X = ¢o(Z)) or X =
L1TE(N) (X = £1%€(Z))for some0 < € < oo,then there exists an (invertible) operator T € L(X)which admits an
absolutely mean irregular vector whose orbit is not distributionally unbounded.

In particular, this shows that an absolutely mean irregular vector is not necessarily distributionally
irregular. However, we don’t know if the operator admits other vectors with distributionally unbounded orbit, or
if it has a distributionally irregular vector.

IV.  Densely Mean Li-Yorke Chaotic Operators
We show that, in separable spaces, dense mean Li-Yorke chaos is equivalent to the existence of a
residual set of absolutely mean irregular vectors.
Theorem 17 (see [43]). Assume X separable. For every T € L(X), the following assertions are equivalent
(1) T is densely mean Li-Yorke chaotic;
(i1) T has a dense set of mean Li-Yorke pairs;
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(1ii) T has a residual set of mean Li-Yorke pairs;

(iv) T has a dense set of absolutely mean semi-irregular vectors;
v) T has a dense set of absolutely mean irregular vectors;

(vi) T has a residual set of absolutely mean irregular vectors.

Proof. (ii) & (iv): It follows easily from the fact that (x", y") is a mean Li-Yorke pair for T if and only if x" —
y"is an absolutely mean semi-irregular vector for T.

(iv) & (v): It follows from Theorem 7.

(1) ©(vi): The set Rof all absolutely mean irregular vectors for T is the intersection of the sets

N N
A, ={x"T€X: supl Z |T7x7|| = o pandB, :={x" € X : infl Z |IT7x"|| =0
nen N & NeNN £
r,j=1 r,j=1
It follows from Theorem 4 that A, is residual in X whenever it is nonempty. And we saw in the proof of
Theorem 5 that B, is residual in X whenever it is dense in X. Thus, R is residual in X whenever it is dense in X.

(vi) = (iii): If (U; ) is a sequence of dense open sets in X such that every vector in N U; is absolutely
mean irregular for T, then the sets V; := {(x",y") € X X X : x" —y" € U;} are open and dense in X X X, and
every point in N V; is a mean Li-Yorke pair for T.

The implications (iii) = (ii) and (i) = (ii) are obvious.

(vi) = (i): Let R be the set of all absolutely mean irregular vectors for T and let (y;)be a dense
sequence in X.LetD := QorQ + iQ, depending on whether the scalar fieldKisRorC, respectively. Since R is
residual in X, we can choose inductively linearly independent vectorsxj,x},x3,...€ Xsuch thatx] €
B.(y{;1) N R and

x§(1+5) € B, (y;(ue);ﬁ) ﬂ (a1x] + -+ A142eX{42¢ + R) (1 +2€) EN
(@1, @142¢)EDIT2E
Hence,
N+ € :={a;x] + -+ ayreXise: € 2 0anday, ..., a1, € D}
is a dense D-vector subspace of X consisting (up to 0) of absolutely mean irregular vectors for T. In particular,
N + € is a dense mean Li-Yorke set for T. Since N + € is countable, we need to enlarge N + € in order to obtain
an uncountable dense mean Li-Yorke set for T. Let
N :={a,x} + -+ a; x{,c:€ = 0anda,,...,a;, € D}
For each y" € N\{0}, let (4,),r := {4 € K: y" — Ax] is absolutely mean irregular for T'}. Since (4,),r is a
Gsset in k containing D, (A,),r is residual ink. Thus, A, := Nyrem(0j(4,)yr is also a residual set in k
containing D. By Zorn’s Lemma, there is a maximal D-vector subspace H of k such that D c H c A,.. If H
were countable, then

B, = (] s+an
BED\{0} aeH

would be residual in K. By choosingy € B,\H, we would have that H' := H + {By : B € D} is a D-vector
subspace of K satisfyingD ¢ H' ¢ A,andH & H', which would contradict the maximality of H. Thus, N + ¢’ :=
{ax{ : « € H} + N is the uncountable mean Li-Yorke set for T we were looking for.
Remark 18. Note that in the previous theorem the separability of X was used only in the proof that (vi) = (i).
The equivalences

(i) & (iii) & (iv) & (v) & (vi)
are valid for any Banach space.

In view of Theorem 35, it is true that an operator T € L(X) is mean Li-Yorke chaotic if and only if there
is a mean Li-Yorke set for T which is a one-dimensional subspace of X. We shall now show that the chaotic
behaviour always occurs in a much larger subspace of X.

Theorem 19 (see [43]). Every mean Li-Yorke chaotic operatorT € L(X)is densely mean Li-Yorke chaotic on
some infinite-dimensional closed T-invariant subspace of X.

Proof. By Theorem 5, the restriction of T to a certain infinite-dimensional closed Tinvariant subspace Y of X
has a residual set of absolutely mean irregular vectors. The proof of Theorem 5 actually constructs a separable
such Y. Hence, we can apply Theorem 17 and conclude that T is densely mean Li-Yorke chaotic on Y.
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Definition 20. We say that T € L(X)satisfies the Dense Mean Li-Yorke Chaos Criterion (DMLYCC) if there
exists a dense subset X,0fX with properties (a) and (b) of Definition 8.
Theorem 21 (see [43]). Assume X separable. An operator T € L(X) is densely mean Li-Yorke chaotic if and
only if it satisfies the DMLYCC.
Proof. (=): By Theorem 17, T has a dense set X, of absolutely mean irregular vectors. Clearly, X, satisfies
properties (a) and (b) of Definition 8.

(<): Since X, is dense in X, condition (a) implies that the set

N
1 .
B, :={x"€X: I}']relgﬁ Z |IT7x"|| =0
rj=1

is residual in X. By (b),T is not absolutely Cesaro bounded. Hence, by Theorem 4, the set

N
1 .
Ar =<4 xT EXAI,E&N Z ”TJxT” = 0o
rj=1

is also residual in X. Thus, T has a residual set of absolutely mean irregular vectors. By Theorem 17, we
conclude that T is densely mean Li-Yorke chaotic.
Theorem 22 (see [43]). If T € L(X) and

N
Xo:i={x"€X: liNm_)ci)onf% Z |T7x7|| =0
r,j=1
is dense in X, then the following assertions are equivalent:
(1) T is mean Li-Yorke chaotic;
(i1) T has a residual set of absolutely mean irregular vectors;
(1ii) T is not absolutely Cesaro bounded;
(iv) lirgﬁ?pﬁzlr‘{jzl IT7v3|| > 0 for someyy € X

Proof. (i) = (iii): It follows from Corollary 6.
(iii) = (ii): Since X, is dense in X by hypothesis, it is residual in X. Hence, (ii) follows from Theorem

The implication (ii) = (i) follows from Theorem 5.

The implication (i) = (iv) is trivial.

(iv) = (i): Suppose that T is not mean Li-Yorke chaotic. By Theorem 5, there is no absolutely mean
semi-irregular vector for T, and so

N
1 .
Xoi={xm e X:lim & > |[Pxr]| = o,
r,j=1

Thus, X, is a residual subspace of X, which implies thatX, = X and contradicts (iv).
Remark 23. InthecasethatthespaceXisseparable, Theorem17showsthatcondition
(ii)intheabovetheoremcanbereplacedby

(i1”) T is densely mean Li-Yorke chaotic.

As an immediate consequence of the previous theorem, we have the following dichotomy for unilateral
weighted backward shifts on Banach sequence spaces.
Corollary 24 [43]. Let X be a Banach sequence space in which (el+26)(1+26)€Nis a basis [26]. Suppose that the
unilateral weighted backward shift

(B (x, x5, x5,...) 1= (Woxh, waxd, wyxl,...)

is an operator on X. Then either
(a) (B,) is mean Li-Yorke chaotic, or
(b) (B,) is absolutely Cesaro bounded.
If {x" : T**2€x™ > 0} is a dense set in X, then:
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Devaney chaos

Cesaro hypercyclicity

W-mixing DCl= DCQE DC3

H Mean Li-Yorke chaos

Li-Yorke chaos

Figure 2 (see [43]). Implications between different definitions related with hypercyclicity and chaos for
operators on Banach spaces when {x" : T1*2€x" — 0}is a dense set in X.

Another consequence of Theorem 22 is given in the following corollary. Items (a) and (b) improve Theorems 27

and 28 of [13], respectively.

Corollary 25 [43]. Let T € L(X) be such that

N
o1 )
x"TeX: thﬁéoan Z ||T1x’"|| =0
rj=1

is dense in X. If any of the following conditions is true:

(a) T is distributionally chaotic,
(b) T is Cesaro hypercyclic,
1+2€
(©) X is a Banach space and lim sup I =24 >0,
€—00 1+2€
. . . T 1+2€
(d) X is a Hilbert space andlim sup ”—1” >0,

€-®  (142€)2
(e) T has an eigenvalue A with |1] = 1,
then there is a residual set of absolutely mean irregular vectors for T. If, in addition, X is separable, then T is
densely mean Li-Yorke chaotic.
Proof. Any of these conditions implies that

N
1 .
lim sup— Z ||T1y5|| > Ofor somey] € X
N—-oo N =1

(for items (c) and (d) this follows from Theorem 2.4 and Corollary 2.6 of [9]). Thus, the result follows from
Theorem 22.

Example 26 [43].There are densely mean Li-Yorke chaotic operators that are not Cesaro hypercyclic.

Indeed, let T be the weighted backward shift on#!(N) defined by
1+e€
Te; =0andTe e = (T) ecfore > 0.

Since||T1*2€|| = 2(1 + e)for all(1 + 2¢€) € N, Corollary 25(c) implies thatT is densely mean Li-Yorke chaotic.
+2€,.1

1
Moreover, the equalities||T1*2¢|| = 2(1 + €), (1 + 2¢) € Nalso imply that(T1+2: )is not dense in#*(N), for

everyx” € £1(N). Thus, T is not Cesaro hypercyclic [30].
Question 27. Is the operator defined in the above example distributionally chaotic?
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5 Dense Lineability of Absolutely Mean Irregular Vectors
Definition 28. An absolutely mean irregular manifold for T € L(X) is a vector subspace Y of X such that every
nonzero vector in Y is absolutely mean irregular for T.

Such a manifold is clearly a mean Li-Yorke set for T. The following dichotomy gives us a sufficient
condition for the existence of a dense absolutely mean irregular manifold.
Theorem 29 (see [43]). Assume X separable.If T € L(X) and

N
1 .
Xoi=<{x"€X: I\llim N Z ||for|| =0

is dense in X, then either

(a) I\IIEEO%Z?IY,JEI |T7x7|| = 0 for every x™ € X, or

(b) T admits a dense absolutely mean irregular manifold.

Proof. Suppose that (a) is false and let us prove (b). By Theorem 22, T has an absolutely mean irregular vector.
Lete := ||T|| > 0. Then, we can construct a sequence (xj,)of normalized vectors in X, and an increasing
sequence(N,,) of positive integers so that

Z |Tixn|| > m2(1 + €)™ and — Z |Tixg|| < —for k=1,. - 1.
mori=1 " ri=1

Given a,f € {0,1} N, we say thatf < aiffs; < a;for alli € N. Let(r; )be a sequence of positive integers such
thatrj,, = 1+7 + Nrj+1for allj € N. Leta € {0, 1} be defined bya,,,. = 1 if and only ifl + 2¢ = 7; for some
j € N. For eachf € {0, 1}Vsuch that@ < aandfcontains an infinite number of 1’s, we define

r._ Pi ro_ J T
K _Z(Z(He))f’cf ‘Z(Z(He))”"”'

Take(1 + €) € Nwithp,,,, = 1. Since Nm fjl+;||T x> (200 + ©) and— ivfﬁle”T el <
Tltsforeach 1+ € < 14, we have that
N7'1+€ NTI+€ N‘rl+é
— > Irix = Zn o, Z > |rixg,
r1+e r,i=1 (2(1 + )) e N +€ *€ ri=1 1 j#*1+e (2(1 + 6)) !

> ) Z i
e .
M e (21 + e)) 2"

r,j<1l+e r,j>1+€
2 T1+E - 1.

Nrjtet+1
YT x| < o foreach € <m, then

. 1
On the other hand, since
NT1+6+1

Nritet+1 Nritet+1 Nrite+1

1 . 1 BT] |Tlx7r] 1 ,Br] Tix;j
A > > ol >y
N N QT N @)

T14etl ri=1 Ti4etl ri=1 j<lte ri=1 j>1+€

Nrite+1

r1+€+12(20)1 r1+6+1 Z Z

ri=1 j>1l+4€

xr
r]

< Tiie t 1
Thus, xE is an absolutely mean irregular for T.
Now, let (wy,,.) be a dense sequence inX, and choose ¥;,¢ € {0,1}", (1 + 2€) € N such that each
Y1+2¢contains an infinite number of 1°s,y;,,. < afor every (1 + 2¢) €N, and the sequences y;,, have

. y 1
mutually disjoint supports. Define vy 45, := Xr; (z(lfj;y jand ylypc i= Witze + T5-Vis2e (1 +26) EN.
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Then Y := span{y],,. : (1 + 2¢) € N}is a dense subspace of X. Moreover, if y" € Y\{0}, then we can
Pi+e
(2(1+e))tte

number of values (each of them infinitely many times). As in the above proof we can show that the vector v :=

Zrylﬂﬁx{ﬁ is absolutely mean irregular for T. Sincey” = w, + v and w, € X, we conclude that y"

is also absolutely mean irregular for 7.

Here is an application of the previous theorem.
Corollary 30 [43]. If (B,),, is a unilateral weighted backward shift on a Banach sequence space X in which
(e142¢) (1426)enls a basis, then either

write 7 = wy + Xr14e X1+e, Where wy € Xpand the sequence of scalars (p;,.) takes only a finite

(a) }lllrgo %Zﬁj=1||((3r)w)jxr|| = 0 for everyx” € X, or
(b) (B,),, admits a dense absolutely mean irregular manifold.

Example 31 [43]. There are densely mean Li-Yorke chaotic operators that are not hypercyclic.
Indeed, let X = ¢y(N) or X = #1*¢(N) for some 0 < e < . Consider the unilateral weighted
backward shift(B,),, : X — X whose weight sequence is given by
111 111
W i= (E'Z'E'E'Z' 25,552 2,2,...,)
with successive blocks of%’sand 2’s. Since Supq4zeen ]‘[}-;’fe |w;| =1 < o, (B,),, is not hypercyclic [26]. On

the other hand, if we define x™ € X by putting # in the position of the last 2 in the (1 + 2€)™ block of 2’s,

for each (1 + 2¢€) € N, and 0 otherwise, then
1((B),)Y2¢xT|| = 1 forall (1 + 2¢€) € N.
Hence, Corollary 30 guarantees that (B,.),, is densely mean Li-Yorke chaotic.
Remark 32. In Corollary 25, if X is separable and we assume the stronger property that

X" €X: lim = i |T7x7|| =0
' N-oo N
rj=1

is dense in X, then we can conclude that T has a dense absolutely mean irregular manifold.

6 Generically Mean Li-Yorke Chaotic Operators
We have the following characterizations of generic mean Li-Yorke chaos.
Theorem 33 [43]. For every T € L(X), the following assertions are equivalent:

(1) T is generically mean Li-Yorke chaotic;
(i1) Every non-zero vector is absolutely mean semi-irregular for T;
(iii) X is a mean Li-Yorke set for T.

The proof is analogous to that of [12].

Definition 34. We say that an operator T € L(X) is completely absolutely mean irregular if every vectorx” €
X\{0} is absolutely mean irregular for T.

Thus, every completely absolutely mean irregular operator is generically mean LiYorke chaotic. The
converse is not true in general (see Remark 40). Our next goal is to construct an invertible hypercyclic operator
T such that both T and T~?! are completely absolutely mean irregular. The construction is a modification of the
type of examples of completely distributionally irregular operators provided in [33]. We first recall one of the
main results in [33].

Theorem 35.[33] Let v = (v} ) jezbe a weight sequence that satisfies the following conditions:
(a) there are sequences of integers (1 )jez and (m; ) ez with ny <m; <n;,4,j € Z, ande > Osuch
that (1 + e)vm_me) = vjfor everyj € [m_(14¢), M), (1 + €) € N, and if we consider
Sl+e ‘= sup {%:]E ](1 + 6)—(1+e)’ (1 + 6)6]}' (1 + 6) € N;
then for every € > Owe find(1 + €) € Nwithv(;,,¢,,. < € and
min{v; (14+€)_q40 i< 1+ E)E}}

V(1+26)14¢

(1+e)((1+2€)1+e—(1+€)—(1+¢€))
1+€

S Smin{1+€,

DOI: 10.35629/0743-11128299 www.questjournals.org 93 | Page



On Mean Li-Yorke Chaos in Banach Spaces

(b) for every N € N, there exists(1 + €) € Nsuch thatv; > N, for1+¢€ < j < Ny,..
Then the forward shift T : £1*€(v, Z) - £*¢(v,Z) is completely distributionally irregular. Actually, it was
shown that, given an arbitrary non-zero vector x” € £1*¢(v,Z), and an arbitrary § > 0,there is (1 + €) € N as
big as we want such that

(1) NIBixII™*e < §foranyl € [(1+26)14e — (1 + €110 (1 + (L +26)14e — (1 + €)_140)]-

The type of examples that we will consider involve the inverse too, and we also need to recall the
following result:
Corollary 36. [33] Let v = (v; ) jez be a weight sequence that satisfies the following conditions:

(a) there are sequences of integers (n; ) jez and (m;) jez With n; <m; < n;,4,j € Z, ande > Osuch that
1+ e)vmme) = v;for everyj € [M_(14¢), My4el, (1 + €) € N, and if we consider

Si4e = inf{%;j% ]m—(1+e)'m1+e]}' (1+e)€EN,
then for every ¢ > 0 we find(1 + €) € Nwithv(1+26)_(1+é) < gand
min{v;; (1+€) g i< (1+ 6)1+e}}
V@a+26)_(146) '

(b) for every N € N, there exits (1 + €) € N such thatv; > N, for —N(1 +¢€) <j < —(1+¢€). Then
the backward shiftB, = T~1: £1*€(v, Z) - £1*¢(v,Z) is completely distributionally irregular.

In this case, it turns out that, given an arbitrary non-zero vector x” € £1%€(v, Z), and an arbitraryd > 0,
there is(1 + €) € Nas big as we want such that

IBLxT||*He < & for anyl € [(1 + €)14e — (1 + 26) 146y, (1 + E)((1 + E)14e — (1 +26)_(140))]-  (12)

These results allow us to provide examples of completely absolutely mean irregular operators, which

are a modification of Example 3.5 of [33]. The sequences of integers (n;);czand(m;);ezwithn; <m; <

S(1+E)((1+2€)1+e—(1+€)—(1+e))
1+e

< min {1 + €,

Nj41,J € Z, are such that for every (1 + €) € Z we have

vy S vjwhen(1 + 2€) 14 <Jj < (1 + €)14¢, andvj_; = vywhen(l + €)1 <j < (1 + 26) 14
In other words, the positions v(q4¢),,, represent “hills” of the weight sequence, and the positions vnk are
“valleys”.
Theorem 37 (see [43]).There exists a bilateral shift T onf'*€ (v,Z) such that both TandT~! are completely
absolutely mean irregular, completely distributionally irregular and hypercyclic.
Proof. We first consider

1 1
@) ng=-1my=1n =4m_=—4v, =10y, =24v, =273, vy_y =2"* and
1 1
(b) 1+ 6)14e = —(1+26) (116, 1 + €) €EZ,V(142¢),,. = QL+ €) 3, V140, = B+ €)%

V(1426)_(140) = (22 + e)_g, V(14€)_y4e = 2+ e)%, A +e) ENv /vy = v;/vj_4ifl,j €](1 + 26) (146, (1 +
€)1zel, orifi,j EJ(1 + €)14e, (1 + 2€)14¢], (1 +€) EZ, and

(C) (1 + E)1+e - (1 + 26)1+e > 2((1 + 6)6 - (1 + 26)6‘)' (1 + 26)2+e - (1 + 6)1+e > 2((1 + 26)1+e -
(1+6€)),(1+€)EN.

We will check that the hypotheses of Theorem 35 and Corollary 36 are satisfied.

min (v ;(1+€)_14e 515 (A+6)e) _ YA+20_(are) _ (_;:i)l/ ® for every (14 ¢€) €N, and

Condition (b) gives

Y(1+2€)1+e V(1+2€)1+€

the supremum of the slope of v outside the interval [(1+ €)_(14¢), (1 + €)] is Siie = vj/vj_for any(1 +
26)14e <j S (1 + €10 (1+€) EN.  We sete = land, sinceS{ O+ (112914e - Jatenre — (21 4

V(1+2€)1+e

€)Y/3 (3 + €)Y/* ,we need that

A+6)((1+26)14e=(1+€)—_(14¢))
1+e€

(A+6)(142€)14¢

= ((2(1 + €))?/3(3 + €)1/?)(+1+e-(1+20)1+€)
< min{vi; A+e) reo=sis(1+ e)e}

S

V(1+2€)14¢

2@+ e\’
_<(1+26)) '
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This can be obtained for, e.g., (1 + €)1, = (161 + €3 + D 142¢),,0 (1 + €) € N. Indeed, for this selection and
for any € > 1 (the case € = 0 trivially satisfies the above inequality), we have

(1+e)((1+2€)1+e—(1+€)—(1+€))
1+e

2(1 + e))1/3

<QA+OE+)E < @+ )Y < <m

Thus, T satisfies (I1). If | < (1 + 2€)14¢ — (1 + €)_(1+4¢), then
v,
[T || < =258 )| < 2(1 + )22 17 I,

(1+26)14¢
which yields that, given an arbitrary non-zero vector x” € ¢1*€(v,Z) and an arbitrary § > 0, there is 1 + € € N

N
1 A +e)s .
3 2Tl <= Zn I+,

r,j=1

as big as we want such that

for N = (1 +€)((1+ 2€)14e — (1 + €)_(1+¢)), and we obtain that T is completely absolutely mean irregular as
soon as we show that condition (b) in Theorem 35 is satisfied. For this, we notice that
vy, = v(1+e)1+é(1 + 6)10 (1+6)1+e > (3 + 6)1/4(1 + E)i-(+16+6)(1+6)1+6

La (200
> (3 +¢e) <—(3+26))

f(1+€)14e <1y <B+26)(1+6)14e
which yields that T is completely absolutely mean irregular.

min {v; ;(1+€)_ sis(l+e v 2(1+€)\1/3
0iiG+9)-ato (*Iurd _ Yar2onre _ ( ¢ E)) for every(1 + €) € N, and the
V(1+26)_(14¢) V(1+2€)_(1+¢) (1+2€)

infimum of the slope of v outside the interval[(1 + €)_(14¢), (1 + €)14c] iS(1 + €)14¢ = vj/vj_;for any(1 +
e <J < (1 +26)146,(1+€) EN. Again, we sete = land, since(1 + E)&T;E)“E_(HZE)“E =22+
)3 (3 + €)Y/*), we need that

(1+¢e)

Analogously,

(1+6)(1+26)_(14+6)~(1+6)14¢) —2(1+6)(1+
Lee (1+€) 1+e) _ (1+6)1+5 €)(1+€)14+¢

(1+6)(1+6)1+¢ (3 + 2¢) 13
= (22 2/3(3 4 €)1/2)(@F29 (s -(rore) < (2T 2E0)
= (22 +e)PB+e)?) 2(1+e)

which is easily satisfied if we set, e.g., (1 +2€)14¢ = (161 +€>+ 1)(1 + €)14¢, (1 + €) €N. Thus, B, =
“satisfies(12). Ifl < (1 + €)14e — (1 + 2€)_(14¢), then

v
BTl < 221 x| < (2(1 + €)) 2312 |l
(1+2€)14¢
As before, we obtain that B, = T lis completely absolutely mean irregular in case that condition (b) in

Corollary 36 is satisfied. Indeed, we easily have that
2(1+¢€)

1/3
G+ 2¢ )) if (3 + 26)(1+ €)—(14e) 70 < (1 + 140y

Vry > 2+ E))1/4<

which implies condition (b).

For the hypercyclicity of T, since it is invertible, it suffices to show that there is an increasing sequence
(U1+e)1+¢in N such that limy, vy, =limy, . v_; = 0(SeeTheorem 3.2 in [22]). Let jii¢ := ((1 4 €)14e +
(14 26)146)/2 = (81 + €3+ 1)(1 + 2€)14c. We have

1
e—(1+26)14¢ —
Yjitee = Slji: " Va+2e)140e = ((21 + 6)1/6(3 + 6)1/8) (21 + e)1/3

that tends to 0 as 1+ € goes to infinity. Note thatR,,. = v;/v;_ihas the same value for anyj € |(1+
2€)_(1+¢), (1 + €)_(14¢)], and thus for all(1 + €) € N wehaveR,,, < Sy cand

_ R—f1+e—(1+2€)—(1+e) S(1+e)1+e jite 1 .
Vojiee = Rige Va+26)_(14e) < O14¢ (3 + 2e)1/3

Therefore, limy . v;,, = lim;, v = 0, which concludes the hypercyclicity of T

—J1+e
Corollary 38 [43]. There exists an operator T on a Banach space X such that the whole space X is a mean Li-
Yorke set for T.
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Remark 39.Since meanLi-YorkechaosandDC2areequivalent for dynamical systems oncompact metricspaces, it
follows from[23,Theorem3.1] that theconclusionof the abovecorollaryisnotpossibleforsuchdynamical systems.
Remark 40. It is possible to modify slightly the example in Theorem 37 in order to obtain T such that every
non-zero vector is absolutely mean semi-irregular for both T and T~ (thus, both operators are generically mean
Li-Yorke chaotic), but neither T nor T~! are completely absolutely mean irregular. To do this, the only change
would be to set V(14¢),,, = 1, (1 + €) € Z. That is,

1
(a) ng=—-1my=14n,=4m_=—-4v, =1Lvy =1Lv, =23v, =1and

1
(b) 1+ &)14e = —(1+26)_(14ep 1+ 6) €L, V420, = (2(1+6) % va40,,. = L V(1+26)_(140) =

v

L= if §je](1+26) 140 (146)4c], or if i,j€](1+

1

(3 + 2¢) 5 V(+e) 40 = b (1+¢€)€EN, P
€)e) (1 +26)14¢],(1+€) €EZ, and
(©) 1+ 6)14e =161+ + D1 +26) 146, (1 +26)24e) = 16(1+ ) + D1+ €)14, (1 +€) €
N.
In that case, the vectors of the unit basis are not absolutely mean irregular. Also, we observe that the
hypercyclicity condition is preserved.
7 Mean Li-Yorke Chaotic Semigroups

We recall that a one-parameter family (T;).»q0f operators onXis called aC,-semigroup ifT, =
LTiTive = Terase) (61 + € = 0)andlim,y 4 Tex™ = Ty x"(x" € X and € > 0). It is well-known that such a
semigroup is always locally equicontinuous, in the sense that

sup |IT]l <o  foreverye > 0.
te[0,1+€]

See [21] for a detailed study of C,- semigroups. In the sequel, T = (T;);»o Will denote an arbitrary Cy —
semigroup, unless otherwise specified.

Definition 41.7 is said to be mean Li-Yorke chaotic if there is an uncountable subsetS of X (a mean Li-Yorke
set for T') such that every pair (x", y™) of distinct points in S is a mean Li-Yorke pair for T, in the sense that

1+e€ 1 1+e€
f Znnxr ~T,y"lldt = 0 andlimsup— J ZIITth — Ty lldt > 0.
0 - €00 €Jo -

If S can be chosen to be dense (resp. residual) in X, then we say that T is densely (resp. generically) mean Li-
Yorke chaotic.

Li-Yorke chaos and distributional chaos forCy-semigroups were studied in [1],[2], [3],[17],[19],[37],
for instance.
Definition 42.7 is called absolutely Cesaro bounded if there ise = 0 such that

liminf
€00 + €

1 1+e
sup J ZHTtxrll dt < (1+ E)Zerll forall x" € X.
€0 1 + € 0
T T
Definition 43. We say that x” € X is an absolutely mean irregular (resp. absolutely mean semi-irregular) vector
forT if
1+e 1+e€
liminf f ZItherI dt =0 and limsup f ZlITtxrll dt = (resp. > 0).
0 T 0 T

€—00 € €n00 €

Definition 44. An absolutely mean irregular manifold for T is a vector subspace Y of X such that every nonzero
vector in Y is absolutely mean irregular for .

As we did in [18] for hypercyclicity, or in [1] for distributional chaos, we will establish equivalences
between the above notions for Cy-semigroups and the corresponding ones for the operators of the semigroup.
The following simple lemma will be very useful for this purpose.

Lemma 45 [43].For each € > 0, let (1 + €)14¢ = Supseo,1+¢] lIT¢ll < . Then

N 1+e N
: : Yl <if iirdde< @ +e lZn(r Y|
(1 + E)1+E N + 1 rj=1 1+e - 1 + € 0 - t - 1+e€ N 1+€ )]

r.j=0

Wheneverx” € XandN;,, <1+¢e < (N + 1), withN > 1.

The next two propositions follow easily from this lemma.
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Proposition 46. Given x” € Xand a C,-semigroup T, the following are equivalent:

(a) x" is an absolutely mean semi-irregular (resp. irregular) vector for T

(b) there exists € > 0 such that x” is an absolutely mean semi-irregular (resp. irregular) vector for T, ;

(c) x" is an absolutely mean semi-irregular (resp. irregular) vector for T, ., for all € > 0.

Proposition 47. Given aC,-semigroup , the following are equivalent:

(a) T is absolutely Cesaro bounded (resp. (densely, generically) mean Li-Yorke chaotic, admits a dense
absolutely mean irregular manifold);

(b) there exists € > 0 such that T, is absolutely Cesaro bounded (resp. (densely, generically) mean Li-
Yorke chaotic, admits a dense absolutely mean irregular manifold);

(©) T;+¢ 1s absolutely Cesaro bounded (resp. (densely, generically) mean Li-Yorke chaotic, admits a dense

absolutely mean irregular manifold), for alle > 0.

Remark 48.Withthese propositions at hand, it is easy to transport many of our previous theorems on operators
to the semigroup setting. For instance, Theorems 5 (without (v)), 17 and 33 remain valid if we replace the
operator T by the semigroup T. In particular, absolutely Cesaro bounded C,-semigroups are never mean Li-
Yorke chaotic.

Theorem 49 (see [43]). Suppose that the set {xr € X : lim ifolﬁ YATex™|| dt = O}isdense in X. If any of
€E—>00

the following conditions is true:

(a) lirerfoljp 1—;[;“ Y ATeys |l dt > Ofor somey] € X,

(b) X is a Banach space and liin sup @ >0,

() X is a Hilbert space andlim sup @ >0,

(d) there is some A € 01+E(A:)_)\:;itth;/1 > 0, whereA, is the infinitesimal generator of T,

then T has a residual set of absolutely mean irregular vectors. If, in addition, X is separable, then T admits a

dense absolutely mean irregular manifold.
r(1+26)
Proof. It is a consequence of Theorem 22 and Corollary 25 (note that (b) and (c) imply that lim sup %
€E—00
||T(1+2€) ||
0 and lim sup " > 0, respectively).
€200 (1426)2

As an immediate consequence of the previous theorem, we have the following dichotomy for
translation semigroups on weighted L1*¢ spaces.
Corollary 50. Let v : R, —» R be an admissible weight function and consider the translation semigroup T,
givenby
T(HE) =flx"+0),  tx" =0,
on the space LL*€(R,) [26]. Then either
(a) ellrgloﬁfouelthfll dt = 0 for every f € LLT¢(R,), or

(b) T admits a dense absolutely mean irregular manifold.
As a consequence of Theorem 49(b) and [35], we obtain
Corollary 51. The Cy-semigroup T defined onL!(1, ) by

x" +t
rfen =

)rer+o
is mean Li-Yorke chaotic.
Question 52. Is there a Cy-semigroup which is mean Li-Yorke chaotic but is not distributionally chaotic? Is the
semigroup defined in the above corollary distributionally chaotic?
Theorem 53 (see [43]). There exists a mixing absolutely Cesarobounded C,-semigroupT on L'*€(1, o) for 0 <
€ < 0o,
Proof. Let 0 < £ < 1 and consider the weighted translation semigroup (T;) on L1*€(1, o) defined by
X"+t ire
R e ()

Given f € L**€(1, ©)with||f]l;+ = 1, ande = 0,we have that
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J:+€||th||1+6 at = IHGZ (J. )1_8 If (x" + t)l”fde) dt
- N (f Z e t) |f(xr)|1+fdxr> at

min{x"—1,1+€} 1 1-¢
zf Z(xr)l—s |f(xr)|1+ef < - ) dtdx”
1 0 x" =t

1-¢

< fHZ(HE)Z(xT)1 EIf (x| e fx - (xrl_ t) dedx"

r 1-¢&

1+e x
o Z Fenr [ (Fory)  der
1+2(1+¢€) xt —t

< JHZ(HE)Z T |f(xr)|1+5dx +2(1+¢) < <2 + ) (1+e).

T

So,

1+e

1 1+e€ 1 1+e€ 2
— T.fl dt < — T fII*edt <2 +—-
() wmana) s [ imarearsze

Thus, (T;) is an absolutely Cesaro bounded C,-semigroup. Let us now see that (T;)is mixing. If v(x") :=

1

1-¢
(x—r) , thenT; can be rewritten as

(PO YR
e = (oo g) SE .
Since v is an admissible weight function, the translation semigroup defined as
T f (") = f(x" + 1)
isa Cy-semigroup on L1*€ (1, 0). Moreover, T, on L1*€(1, )andt, on L1*¢ (1, o) are topologically conjugate.
Since (t;) is mixing because lim,r_,v(x") = 0 [26], we conclude that (T};) is also mixing.
Corollary 54. There exists a mixing not absolutely mean irregular C,-semigroup T on L**€(1, 00)for0 < € < oo,
Theorem 55 (see [43]). There exists a forward translation Cy-semigroupTonLi*€(R,)which isdistributionally
chaotic and not mean Li-Yorke chaotic.
Proof. It was proved in [13] that there is a sequence W = (W(112¢))(142¢)en Of positive weights such that the
unilateral weighted forward shift
E,: (x],x3,...) € L1Y¢(N) > (0, wy, wy, wyx3,...) € £17€(N)
is distributionallychaotic and satisﬁes

lim — Z |(F)/x7|| =00  forallx” € £1*¢(N)\{0}.

N—)oo
r,j=1

By using conjugacy, we see that there is a sequence v’ = (V(112¢))(1+26)en0f positive weights such that the
unweighted forward shift on£1*€(v’, N)is distributionally chaotic and not mean LiYorke chaotic. Now, if we
consider as admissible weight function v the polygonal formed by the sequence v’, then the forward translation
Co-semigroup on LL*€(R,) is distributionally chaotic and not mean Li-Yorke chaotic.

Remark 56. The example in Theorem 37 can be easily adapted to the semigroup setting in order to construct a
completely absolutely mean irregular Cy-semigroup T. Indeed, the translation semigroup on L1*¢(R) does the
job if we fix v(1 + €) = vy, (1 + €) € Z, where (V14¢)(1+¢)ez 1S the sequence of weights of the example in
Theorem 37, and we set v(x™) = v(1 + €),x" €](e),1 +€],(1+¢€) € Z.
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