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Abstract

For G be a Hausdortt -"etale groupoid that is minimal and topologically principal. We show
that the sequence C;(G) is purely infinite simple if and only if all the nonzero positive
elements of CO(G(O)) are infinite in the sequence of C;(G). If G is a Hausdorff-ample
groupoid, then we also show that the sequence of C; () is purely infinite simple if and only
if every nonzero projection in CO(G(O)) 1s infinite in the sequence G, (G). We then also show
how this result applies to k-graph C*-algebras. Finally, we investigate strongly purely infinite
groupoid C™-algebras.
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I. INTRODUCTION

Purely infinite simple C*-algebras were introduced by [7] where he showed that the Kj
group of such algebras can be computed within the algebra itself without resorting to the
usual direct limit construction. The K-theory groups of € -algebras have long been known to
be computable invariants and Cuntz’s result shows that this computation is easier when the
C*-algebra is purely infinite simiple. Elliott initiated a program to find a suitably large class
of C-algebras on which the K-theory groups provide a complete isomorphism invariant
(see[8]).This program has achieved remarkable success. in a theorem of [11.20] which states
that every Kirchberg algebra satisfving the Universal Coefficient Theorem (UCT) is
classified by the isomorphism classes of its ordered K-theory groups .A Kirchberg algebra is
a separable, nuclear.purely infinite simple C*-algebra .The best of classification by the
Kirchberg-Phillips theorem has lead many to study when various constructions of C*-
algebras vield purely infinite simple algebras. Kumjian. Pask and Raeburm show that a graph
C"-algebra of a cofinal graph is purely infinite simple if and only if every vertex can be
reached from a loop with an entrance [17. Theorem 3.9]. Carlsen and Thomsen show that if
the C*-algebra constiucted from a locally injective surjection fon a compact metric space of
finite covering dimension is simple. then it is purely infinite simple if and only if @ is not a
homeomorphism [5]. [24] show that if a countable exact group H acts by an essentially free
action on the Cantor set Xand the type semigroup of clopen subsets of Xis almost
imperforated. then Cy(X) X, H is purely infinite if and only if every clopen set Ein X is
paradoxical .The constructions in each of the above examples are special cases of groupoid
C*-algebras.
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We investigate purely infinite C”-algebras associated to Hausdorff - “etale groupoids .We
restrict our attention to simple groupoid € -algebras. Characterising simplicity of groupoid
C"-algebras 1s known and we use the following theorem from [4]:
Theoreml.1(Brown-Clark-Farthing-Sims).Let G be a second-countable. locally compact .
Hausdorff -’etale groupoid .Then C*(G) is simple if and only if all of the following
conditions are satisfied .

1 G =¢6(6);

(ii) G is topologically principal :

(111) G is minimal .
However, necessary and sufficient conditions on the groupoid for the associated algebra to be
purely infinite simple are not known. Anantharaman-Delaroche showed that ‘locally
contracting’ is a sufficient condition on the groupoid in [1] but whether locally contracting is
necessary remains an open question . Part of the difficulty in characterizing those groupoids
that give rise to purely infinite simple C*-algebras is relating arbitrary projections in the
groupoid C*-algebra to the groupoid itself . We show a necessary and sufficient conditions
for ensuring pure infiniteness of groupoid C*-algebras .We show that for a Hausdorff -"etale,
topologically principal. and minimal groupoid G the C*-algebra of the sequence of G, (G) is
purely infinite simple if and only if all the non-zero positive elements of CD(G{:U)) are infinite
in the sequence C,;(G) .We specialize to Hausdorff-ample groupoids . This is an important
class of examples because every Kirchberg algebra in UCT is Morita equivalent to an algebra
associated to a Hausdorff-ample groupoid (see [26]). We show in Theorem 4.1 for a
Hausdortf-ample groupoid G. that is also topologically principal and minimal. the C*-algebra
as the sequence C;(G) is purely infinite if and only if every nonzero projection
in CO(G(OJ) is infinite in the sequence C,;(G) .Theorem 4.1 is a generalization of [10] about
partial actions. We demonstrate how Theorem 3.3 applies to k-graph C”-algebras .‘We turn
our attention to the non-simple case. In [13]. the other introduce three separate notions of
purely infinite € -algebras: weakly purely infinite.purely infinite and strongly purely infinite,
Of these notions, the last one appears to be the most useful in the classification theory of
non-simple C*-algebras. Indeed [12] showed that two separable, nuclear. strongly purely
infinite C*-algebras with the same primitive ideal space X are isomorphic if and only if they
are KKy- equivalent ‘We provide a characterization of when groupoid C”-algebras are
strongly purely infinite in Proposition 6.3,
2.1. Groupoids . A groupoid G is a small category in which every morphism is invertible .
The set of objects in Gis identified with the set of identity morphisms and both are denoted
by 6. We call G©@ the unit space of G . Each morphism 7; in the category has a range

and source denoted T(}’j) and s(}}-) respectively and thus r and s define maps G — G0, A
topological groupoid is a groupoid with a topology in which composition is continuous and
inversion is a homeomorphism . An open bisection in a topological groupoid G is an open set
Bsuch that both r and s restricted to B are homeomorphisms: in particular these restrictions
are injective .An ‘etale groupoid is a topological groupoid where s is a local homeomorphism
. If a groupoid G is Hausdorff - "etale. then the unit space G(°) is open and closed in G. If G is
a locally compact . Hausdorff groupoid. then G is “etale if and only if there is a basis for the
topology on G consisting of open bisections with compact closure. A topological groupoid is

called ample if it has a basis of compact open bisections. If G is locally compact. Hausdorff -
‘etale groupoid. then we note that G is ample if and only if 6% is totally disconnected (see
[13]). For a subsets L, K € G, denote

LK = {}ﬁ- Y= §¢; withé; € L,(; € H,s(fj) = T({'j)} . With a slight abuse of notation .
flor u € G0 we write u; G and Guy; for {uj}G and G{uj} respectively and denote by u; Gy
the set

{r€6:r(y) =s(y) =u}.
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A topological groupoid G is topologically principal if the set {-uj eGg: w Gy = {ujjjl 1s
dense in 69, and minimal if G. W = {r(}«}-): s(yj) = 'uj} is dense in G for all y € GO
Recall. for a second countable. locally compact. Hausdorff-"etale groupoid G the algebra
C*(G)is simple if and only if G is minimal. topologically principal. and C*(G) = C;(G) .

2.2. Groupoid C-algebras. Let G be locally compact . Hausdorff -"etale groupoid and let
Cc, (G) denote the set of compactly supported continuous functions from G to C . Since every

element y; of Ghas a neighbourhood B such that r|g, is injective . the set rt ('u}-) is discrete
for every y; €6 @ Thus if f; € C, (G) then supp(}j—) n ?'_1(uj)is finite for all u; € G
Hence we are able to define a convolution and involution on C. (G) such that for f, g; €
C. (G),

Ga)0) =D, D £0n)g(nj n)and £(r) = £057)

Jor(y)=r(r;)
Under these operations. C; (G) is a *-algebra . Next define forf; € C, (G),

5l = sup >33 D151 D 150l pand
uJ,—EG(”’j

yiEGU; ¥ EGU;
Al = supi||m(f; )||: ™ is a || .||; — decreasing representation} .
J iy i I
Then C;(G) is the completion of €, (G) in the || . ||-norm .

Given a unit y; € G, the regular representation T, of C, (G) on £2 (G'uj) associated to

my(5)8, =) D (5)o,-
- s(ny)=r(y;)

The reduced C*-norm on C._(G) is ||jj Hr = sup {| Ty, (f})" y; € G{m} and C;(G) is the
completion of C, (G) in the || . |[-norm .We focused on the reduced C"-algebra and situations
where the reduced and full algebras coincide . Also. we assuming G is second-countable,
implying C; (G) is separable [21] . Below we recall a few standard results. (see [28] .
Lemma2.1 (cf[21]. Let G be a locally compact. Hausdorff - "etale groupoid . Then
(1) The extension map from C,_ ((;{:0)) mto C. (G) (where a function is defined to be zero on
G — G extends to an embedding of Ce, (G (03) into C;(G).
(ii) The restriction map Ep: C. (G) — C., (G (Oj) extends to a conditional expectation
E: C(G)—C. (6).

w; 1s characterized by

(iii) The map E from item (ii) is faithful. That is . E(b;b,) = 0 mplies b, = 0 for b, €
Cr(G). _
(iv) For every closed invariant set D € G‘?) we have the following commuting diagram :
. Ir . Pr .
0—-Ci(Gly) — C(G) — Cr(Glp)—0
Eyl El Epl

I ; [
0-CW) —— (6@)——— ¢o(D)—0

Where U = G© — D, [, and p, are determined on continuous functions by extension and
restriction respectively. Moreover. image(l,.) € kerp, .

(v) The subalgebra C, (G(O)) contains an approximate unit for €7 (G) .

Proof: (i) Since G is Hausdorff -‘etale .G@is open and closed in G. Thus. the
mapC,_ (G(m) mtoC,_(G) is well defined . For f;, g; € C, (Gm)), a quick computation gives

(£ +9,)(%) :Z{ﬁ (?’;3.?’1 (), if y €G6O;

otherwise,
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so the map from CCP(G{:U)) mto C. (G) 1s a *~-homomorphism .We claim the map 1s isometric,

that is. we claim the reduced norm agrees with the infinity norm for functions inC,_ (Gm)).
T ev ' ' ses in £2 - 7 . = || £ - f,

By evaluating at point masses in £ (Guj.) , one can show that ||f} ||m = "f; ||T for f; € C. (G)

The reverse inequality can be verified for f; € C, (G(O}) and the claim follows. Thus the=-

homomorphism from C, (G (0)) into C., (G) € (/(G) extends by continuity to an

isometric(hence injective)=-homomorphism from C (G{U)) into C,; (G) .

(ii) Once again using that G is Hausdorff - "etale . we have that G(®) is open and closed in
G and hence Ej is well defined . One may easily verify that Ej is (a) positive(b) linear (c)
idempotent. and (d) of norm one. Therefore Ey extends by continuity to a map E : G (G) —
C., (G{-U)) with the same properties (a)—(d). By (iil) we conclude that E is a conditional
expectation .

(111) Let b, € C(G) such that E(b;b,) = 0. We need to show that b, = 0. Let

,:C— £? (Gs(h)) be givenby ¢, — ¢, 5, .

Then V},:w = w(}?) . Since

b1l = SUPy, 6@ ||, (b,.)" and

2
|7, @8y, || = b, B8, 70, (8)8,,) = G, (i, 8,,) = Vi, (BB, 1,

it suffices to show that V' m, (b;b,)V, =0 forall u; € ¢ and Y; EG.For f; € C. (G)

RUNS Gm), and ¢, € C, we have

W, (f.; )I{J; e = VM, (f} )CT‘SHJ' - Z Y Z £ (nj )Cr Sy, | =1 (“j )Cr
J s(n; )=u;
=E(f)()er - 2.1)
Thus by the continuity of E, for all a,, € C; (&) ,E(a.,)(uj) = Ir;,: Ty, (af)VHJ_ as operators on
C. For every open bisection Bandy, € B ,pick a function ¢y,.8 € C, (G) such that
Py ,.B (7}-) = 1,supp (t;b],j,g) CB,and 0= ¢y, = 1. Now if f; €C, (G) and Bis an
open bisection with ¥ EB Jthen
. _ —1 —1 —1
(E(#r,8580,5)) @) =D D #,sEG)AEE) ¢y,5G0).
Jor(g)=r(s )=y,

which is zero unless ;,; € B™!. Since 'r(fj) = T(@'j) = w; ,we have that & = ¢; is the
unique element of w; B~ l.So

(E (‘P;,-,Bf}‘f’n-ﬁ)) () =, 5(&Df (5(@)) #5851 = E(f) (5(5;'))
= [lECAH)II. - (2.2)
Now ifa, € C;(G) then Py, Ar Ar Py p is positive so E ((I)?,}__B aj ar,,.tpy}__g) =0.
Therefore by the continuity of Ewe can apply (2.2) to obtain
0 = E (¢}, 8bibrdy, 5) = IE(b; bl = 0.
Thus E (q‘)]‘,j_g b; b, c;‘)}‘,j_B) = 0 for all open bisections B and y; € B.For y; € ¢ pick an

open bisection B such thaty; € B. Noticeforc, € C
7oty (87,8) Vetrer = sy (81,8) €8sty
i s(m;)=s(y;)
Thus Ts(y,) ((P}.PB) Vs(}_j) =V,, as operators . Now by equation (2.1) and the above
observation we get for all y; € G that
i 20004, Vi s, (85,8 55 by,8) Vi, = B (85, b0 ) =0
as desired . Therefore b, = 0 and hence Eis faithful .
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(iv) The diagram conunutes when restricting to continuous functions with compact support
. Commutatively then passes to the respective completions by continuity. Since we know

or (I?, (j? )) = 0 forall f; € C; (G|y) we obtain image (I.) € ker p, by continuity.

(v) Let C be the set of compact sets in G @ ordered by inclusion . For each G € C pick a
function ec i G (G{ZO)) such that0 = ec =1 and e¢|., = 1. Fix f; € C. (G) vanishing
outside a compact set K © G . For C such that s(K) c C, f; * ec = f;. It follows that (e¢) is
an approximate unit for C; (G).

2.3. Purely infinite simple C’-algebras .Given a C"-algebra A we denote its positive
elements by A*. If Bis a subalgebra of A then BT © A™. In particular. if Cy(X) is an abelian

subalgebra of Aand f; € Cy(X) such that f;(x,) =0 for all x, €X, then f; € A% For
positive elements a, € M, (A) and b, € M, (A), a, is Cuntz below b,. denoted a, < b, , if
there exists a sequence of elements x;, in My, , (A) such that xz b, — a, in norm . Notice
that < is transitive : if @. = b, and b, = ¢, there exist sequences of element x,  and y,,
such that x,zob,,xku = a, and ¥, ¢, Vp, — b, in norm, 50 X, Vo € Vn, Xn, — @ in norm , that
isa, = ¢,. We say A is purely infinite if there are no characters on A and for all a,, b, €
A" a, < b, if and only if a, € Ab,A[14]. A non-zero positive element a, € A is properly
infinite if a,@a, = a, . By [14] A is purely infinite if and only if every non-zero positive
element in A is properly infinite. A projection p in a C*-algebra A is infinite if it is Murray-
von Neumann equivalent to a proper subprojection of itself. i.e.. if there exists a partial
isometrics such that s*s = p but ss™ < p. By [14] a C*-algebra A is purely infinite if every
non-zero hereditary C*-subalgebra in every quotient of A contains an infinite projection . For
simple C*-algebras the converse is also true. thus a simple C*-algebra is purely infinite
precisely when every hereditary subalgebra contains an infinite projection .We consider,
locally compact. Hausdorff - “etale groupoids .We will show that we can determine when
C; (G) is purely infinite simple by restricting our attention to elements of CU(G(G}). Before
we do that, we need the following technical lemmas .(see [28] ).
Lemma3.1. Let G be a locally compact . Hausdorff - “etale groupoid and
E:C;(G) — CO(G(O]') be the faithful conditional expectation extending restriction . Suppose
that Gis topologically principal. For every € >0 and ¢, € C;(G)*, there exists f; €
CO(G(O})+ such that :

(i) DAIRE

(ii) |ficrf; — HE@)f || <e;

() [FE@f] > IE@) €.
Proof: Let € > 0. For ¢, = 0 the result is trivial so let ¢, € C;(G)™ such that ¢, # 0.
Define

C-r
a, = ———— .
N VACS]|
To find an appropriate f;, we use the construction in the proof of [14] : we include the details

below . Find b, € C. (G) N C'(6)" sothat ||la, — b, || < m Then

€
IE(B)HI = 1 T 20E@H]

because E is linear and||E(a,.)|| = 1. Now . let K := supp(b, — E(b,)), which is a
compact subset of G \G . Let

T © &
o {uj- EGVEMD)(y) =1 2||E(cr)||}'

Since G is topologically principal.[14.Lemuma(2.3)] implies that there exists a nonempty open
set V€ U; such that VKV = @. Using regularity. fix a nonempty open set W such that

W C V Using normality. select a positive (nonzero) real-valued functionf; € C,, (G{m)
such that f;|lgm =1 ,supp(}‘}'—) CV,and 0 = fj(x,) =1 for all x, € G Therefore. f;i is
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positive in €, (G) and satisfies item (i) . To see that item (ii) holds . a direct computation
gives
fib.fi = FE(b,)f;. (3.1)

= 1and E is norm decreasing we have

"fE(a'r)f FEDI| < 55—
Combining equations (3.1) and (3.2) we get

Ifiarfy = fiE@I N = lfarfy = fibefy + fibefy — FE(B) + FE(BS — fE (@) |
€

) B €
Since |la, — b, || < 2MECe, )l "

an( ST 3.2)

<.
IE (eI

Thus multiplying by|[E (c,)|| gives || fie f; — GE(e)f;

(ii1) notice that since suppf; € U we have

FEG) = (1= o) 7

Since || f ” = 1 ,from the above equation and equation (2) we get
€ € € €

15 E N> W EGLN = iz =~ 2iEeon 2E@on el
Multiplying by ||E (¢) ||we obtain ||)j—£'(c,.)fj || = ||E (e, )]| — € as needed .
Lemma3.2. (see [28] ). Let G be a locally compact. Hausdorff -"etale groupoid and E :
C(G) = G (Gm)) be the faithful conditional expectation extending restriction .
Suppose that G is topologically principal . For every non-zero a, € C, (G)*, there exists non-
zero h, € CU(G{ID)Jr such that h, = a, .
Proof: Let a, € C;(G)* such that aI # 0. Since E is faithful . E(a,) is non-zero .

Applying Lemma 3.1 to ¢, : =z ('" i and € =1/4gives us an f; € CO(G (0}) such that

items (1). (i1) and (iii) of Lemuma 3.2 hold . In particular ” FE(e)f; H = %. Following [14].

< € as needed 1n (i1).To see item

foreachd, € CD(G(O))JFWE: define the element
T
(dy — 1/2)4 = ¢p1,2(d,) € Co(G?)

Where ¢ /,(t) = max{t —1/2} for t € R*. Notice that

|#1/2(d)| = max{lld, Il - 1/2 0},
for eachd, € CO(G(O]')+. Now let h, := (fj-E(cr)fj- — 1/2)+ € Gy (G(O))+. Using item (ii) of
Lemma 3.1 and [13]. we can find g; € C;(G) so that h, = g; ficrf; gj - Therefore h, =
a, .Finally.h_., # 0 since
O = 1/2) || 2 I EC@Hfl - 1722 174 > 0.
Theorem 3.3. (see [28] ) Let G be a locally compact, Hausdorff - “etale groupoid. Suppose
that G .is 111111111131 and topologically principal . Then C;(G) is purely infinite if and only if

every non-zero positive element of CO(G(O}) is infinite in C; (G) .
Proof: The forward implication is trivial . To see the reverse . leta, € C;(G)™ such that
a, = 0. Using Lemma 3.2 we can find a non-zero

h, € Cy(G®)"
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such that h, = a, . By assumption ., we know h, is infinite. Since €, (&) is simple by [21].
h,. is properly infinite by [14]. Thus a, is properly infinite by [14].hence C;(G) is purely
infinite .Recall that a Kirchberg algebra is a separable . nuclear . purely infinite simple C€*-
algebra \We combine Theorem 3.3 with results from [2.4.21] to obtain the following
characteri-zation of groupoid Kirchberg algebras .
Corollary3.4.(see [28] ). Let G be a second-countable. locally compact. Hausdorff -etale
groupoid .Then C*(G)is a Kirchberg algebra if and only if G is minimal . topologically
principal. measure-wise amenable and every non-zero positive element of €, (G (0)) 1s infinite
in C*(G).
Proof: Suppose C*(G) is a Kirchberg algebra .Then C*(G) is simple by definition and so
C*(6) = C/(G),G 1is minimal and G topologically principal [4]. Since C*(G)1is
nuclear. C; (G) is also nuclear hence G is measure-wise amenable by [2]. Finally. we apply
Theorem 3.3 to see that every non-zero positive element of CD(G{:UJ) is mfinite in
C*(G) . Conversely. suppose G is minimal. topologically principal. measure-wise amenable
and that every non-zero positive element of CU(G{D)) is infinite in C*(G). Then C;(G) =
C*(G) 1s nuclear by [2]. simple by [24]. separable because G is second countable [21] and
purely infinite by Theorem 3.3 \We will restrict our attention to ample groupoids . Although
this might seem a very restrictive class of groupoids . it actually includes a lot of important
examples .Again. every Kirchberg algebra in UCT is Morita equivalent to a C”-algebra
associated to a Hausdorff - ample groupoid (see[26]). The ample case is far more manageable
than the general case. In particular there 1s a large number of projections in the associated
algebra. Let G be a locally compact. Hausdorff -'etale groupoid . If G is ample. then the
complex Steinberg algebra associated to G is
A(G) := span{yp : B is a compact open bisection} < C. (G)
where yp denotes the characteristic function of B. is dense in C;(G)see [6](see also [27]).
A quick computation shows that yp = yp = xgp and y3 = xg_y, so that if B € ¢@is
compact open. then g is a projection .
Theorem4.1(see [28] ). Let G be a second countable, Hausdorff-ample groupoid. Suppose
that G is topologically principal. minimal and that B is a basis of G'?) consisting of compact
open sets .Then C;(G)is purely infinite if and only if every non-zero projection
pin Cy (G{m) with supp(p) € B is infinite in €, (G).
Proof: The forward implication is trivial . To see the reverse. suppose every non-zero
projection p of Cy (G (Dj) with supp(p) = U for some U € B is infinite in C; (). By Theorem
3.3 it suffices to show that every positive element in C (G(m)+is infinite . Let a, €
Cy (G{m)+be a nonzero element . We show that a, is properly infinite . We claim there is a
non-zero projection p € CD(G {0))+ with supp(p) € U for some U € B such that p < a, . To

see this, first note that characteristic functions of the form yy are projections in CD(G(GJ) for

every compact open set V € 6%, Since B is a basis of compact open sets . there exists a
compact open set Uy € Band a non-zero s € R such that Xv, (tn) = sa,(x,) for every

x, € G'9. Then p := Xv, < sa, . Applying [14] we get that p < sa, and so p = a, as
claimed . Since p is infinite by assumption and C; (G) is simple.p is properly infinite by [14].
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Hence a,. is properly infinite by [14]. In the next corollary. we show how we can use the
minimality of G to strengthen our result .
Corollary 4.2 . (see [28] ). Let G be a second countable, Hausdorff- ample groupoid .
Suppose that Gis topologically principal and minimal . Then C;(G) is purely infinite if and
only if there exists a point x, € 6@ and a neighborhood basis D at x,, consisting of compact
open sets so that every non-zero projection g in CU(G{:D)) with supp(g) € D is infinite
inC;(G).
Proof: Again. the forward direction is trivial. For the reverse implication. suppose there exist
a point x, € G® and neighborhood basis Dof x,, consisting of compact open sets such that
that every non-zero projection q in Co(G'”) with supp(q) € D is infinite in C}(G) . Let B
be a basis of G® consisting of compact open sets and suppose p := y, is a non-zero
projection in G (G (0)) with U € B . By Theorem 4.1. it suffices to show that p is infinite .
Since G 1s minimal and ample . there exists a compact open bisection B such that x,, € s(B)
and r(B) N U # @ . By shrinking B,we may assume that r(B) € U . Since s(B)is a compact
open neighborhood of x,, there exists a V € D such that V C s(B) . By shrinking Bagain
.we may assume that s(B) = V. Thus. yy = xp x,@&)xs - Thatis yy < x,(s) . Hence. yx,(p)
is properly infinite by [15]. Finally. since yy = X,(g) + Xv—r(8), Xv 15 infinite ‘We apply
Theorem 4.1 to C”-algebras associated to k-graphs .We assume the reader is familiar with the
basic definitions and constructions of k-graphs and their C*-algebras found in [16], but we
recall a few facts here. Let A be a k-graph.Then the associated C*-algebra C*(A)is the
universal C*-algebra generated by a Cuntz-Krieger A-family {SAJ_ 14 € A} .To keep things
clean . we will restrict our attention to row-finite k-graphs with no sources but similar results
hold in the more general setting . We think our results will be useful in this setting because
necessary and sufficient conditions on A4 for C*(4) to be purely infinite simple are not
known. Following [16] we recall how €*(A4) can be realised as the C*-algebra of a second
countable. Hausdorff - ample groupoid G, as follows . Let A denote the infinite path space
of A and A (v) be the set of infinite paths with range v. Define

GA = {(xmnﬂayn) € A” x Nk X A® : OJan) = Jm”(yn),ﬂo =1- ?n{]}
where ¢ is the shift map . We view (x,, 1, ¥, ) as a morphisin with source y, and range x,,.
Composition is given by (x,,, Ng, Vi ) (W, Mg, Wy, ) = (x,, ng + My, w,, ). The unit space G‘L{{D)is
identified A” . For 4;,u; € A with s(ilj) = s(p}-) we define

2(3.15) = {(Ahza d(h) = d(w;).1y2,): 2, € 4~ (s(1))}

The (countable) collection of all such Z(4;,y;) generate a topology under which G, is a

second countable . Hausdorff - ample groupoid by [16]. Further. the relative topology on the

unit space A” has a basis of compact cylinder sets

Z(k) = {Ax, € A%:x, € A% (s(4))}
by wdentitymg Z(4;,4;) and Z(4;) from [16]. Note that G4 1s amenable by [16] and hence
C;(G4) = C"(Gy) . It was shown in [16] that
C(A) =C'(Gy).

More specifically. by [16.Corollary 5.3]. there is a (unique) isomorphism

¢ : C*(A) = C*(Gy) such that ¢ (slj) = in(,l}-.s(.ljj] . Note that
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¢ (% Sm) = Xz (1 5()) Xz (1.5 00)) — K2 (1y 5 C) )20 s )y) = X2 tyoy) = X20y) -
With all of this theory in place. along with the simplicity results of [23] and [4]. the
tollowing is an immediate corollary of Theorem 4.1 and Corollary 4.2 .
Corollary 5.1(see [28] ).Suppose 4 is a row-finite k-graph with no sources such that 4 is
aperiodic and co final in the sense of [23]. Then
(i) For u; € A, s, s, 1s infinite if and only if Ss(u,) 15 -
(ii) €*(A) is purely infinite simple if and only if s, is infinite for every v € A° .
(iii) C*(A) is purely infinite simple if and only if there exists x, € A” such that s, is
infinite for every vertex v on x,, .
Proof: For (1). we use a trick used in [25]. Recall that infiniteness is preserved under von
Neumann equivalence . hence Su; s;j is infinite if and only if sfjj Su; = Ss(u,) is infinite .For
(i1). we apply Theorem 4.1 to the second countable, Hausdorff - ample groupoid G4, first we
check the remaining hypotheses of Theorem 4.1 . Since A is cofinal and aperiodic. C*(G,) =
C*(A)is simple by [23].Thus C*(G4) = C;(G,) is simple and hence G, is topologically
principal and minimal by [4].We have that the collection of cylinder sets of the f01‘1112(ﬂj)
torm a basis B of consisting of compact open sets . Now we apply Theorem 4.1 to see
that C*(Gy) is purely infinite if and only if each 7 i) is infinite . Let

¢:C°(A) = C(Gy)
be the isomorphism characterized by‘spj = Xz, () - Since ¢ is an isomorphism. this gives

. . . . LIE -1 _ £ - . . _ £ - .
Xz, (u,) 18 infinite if and only if ¢ (}Yz“ (Ju;]) = Sy, Sy, 1 infinite. Fmally.sm_ Sy, if and only

if Ss(u,) is infinite by (i). For (ii1) ., given an infinite path x,,, the collection of compact open
sets of the form Z (xn (0, ng)) for ng € N* form a neighbourhood base at x,,. Now proceed
as in the proof of (ii) replacing Theorem 4.1 with Corollary 4.2 and g; with x, (0, ng).

Let A be a C’-algebra .A pair of positive elements (a;,a;) € A X A has the matrix
diagonalization property in A in the sense of [15] if for every positive matrix ( ;; 11 1;122)
with b;; € A and every €y, €;,6 > 0 there exists dy,d; € A with

lld; a;d; — a;|l < gand||d;b;d;|| <& .
A subset F.of A" is a filling family for A. in the sense of [15]. if for every hereditary C*-
subalgebra Hof A and every primitive ideal Jof A with H & [there exist f; € Fand z, € A
with z,z, € H and z,z, = f; & I. By Proposition 3.13 and Lemma 3.12 [15], if AT contains
a filling family F. that is closed under g-cut-downs and every pair of elements(ay,ay) €
F. X F,. has the matrix diagonalization property. then A is strongly purely infinite .
We provide a characterization of when the reduced groupoid € -algebra is strongly purely
infinite (Proposition (6.3)). In our proof of Proposition 6.3 we will use results from [4] to
describe ideals of reduced groupoid €™ -algebras . First we need the following lemma. Recall
theta subset D € G© is said to be invariant if
G.D := {r(yj) : s('yj) € D} cD.

Lemma 6.1 (see [28] ). Let G be a second countable. locally compact. Hausdorff - “etale
groupoid such that C*(G) = C;(G) .Then the following properties are equivalent :

(i) For every closed invariant set D € @
C*(Glp) = 7 (Glp) .
(ii) For every closed invariant set D € G‘? the sequence
* [ * Pr %
0= (Glso_p) — G (6) —— C(Glp) =0
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is exact where ¢, and p, are determined on continuous functions by extension and restriction
respectively. Remark 6.2 in [22.Remark 4.10].Renault mentions that if G|p is amenable for
every closed invariant set D € 6%, then item (ii) of Lemma 6.1 follows . Thus Lemma 6.1
is a strengthening of Renault’s comment .
Proof: Fix a closed invariant set D € 6 and let U = 6°) — D. Consider the following
diagram :
0-C'El)—— @5 6l -0
my 4 ml mp 4 (6.1)

0- GGl —— GG —"— D)-0
where my, w and mp are the respective quotient maps. and ¢, and p, p, extend extension
and restriction respectively. Since all of the maps involved are continuous . the diagram
commutes .We also have that the top row of (6.1) is exact by [18.Lemuma 1.10].(i1) =(1) :
We show the subjective map mp is injective. Fix any a, € C;(G|p) with mp(a,) = 0. Find
b, € C*(G) with p(b,) = a, . From
mp (p(b,,)) = p, (R(_b}.)) = 0, exactness of (6.1). subjectivity of my, and ¢, ety = wo 1, we
obtain
n'(br) € kerp, =1, (Crf(GlU}) =1 ° EU(C*(GIU)) Tet (C*(Glb‘)) -
Find ¢, € C*(G|y) with w(b,) =mwe . (c,). As 7 is an isomorphism by assumption we
obtain that b, = t.(c,) . Hence a, = p,(b,) = p, o 1,(c,) = 0. and
C*(Glp) = G (Glp) ()=(1) :

By assumption the maps w and mp are isomorphisms . Using the commutative diagram

(6.1) and the exactness of the top line of that diagram. the exactness of the bottom line

follows from a easy diagram chase. Let G be a second countable, locally compact,

Hausdorff -"etale groupoid and D be a closed invariant set of 6?0 and define U = 6© —

D . Recall from Lemma 2.1 (4) we have the communing diagram :

* Ir * Pr *
O_)Cr(Glﬂ)_’ C‘r(G)—) C}'(GID)_’O
Eyl El Epl (6.2)

0-CM) —  G(6@) —2" o) =0
Notice that the bottom row m (6.2) 1s exact . We will use this diagram several times . We
also use the notation Ideal [S]for the ideal in C(G) generated by S € C;(G).
Proposition 6.3(see[28] ).Let G be a second countable, locally compact, Hausdorff and "etale
groupoid such that C*(G) = C;(G) .Then the following properties are equivalent :
(1) The C*-algebra C, () is strongly purely infinite, and for every ideal I in C, (G),
I = Idea[I N Co(6@)].
(i) For every closed invariant set D € 6@ | G|} is topologically principal; the sequence

* by * Py ¥ -
0 -G (Gly) — C(6) — G (Glp) =0 (6.3)
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is exact where U = 6@ — D, and p, are determined on continuous functions by extension
and restriction respectively: and for every pair of elements a,,b,in Cg(G IE{)))Jr‘rhe 2-tuple
(a,, b,) has the matrix diagonalization property in C; (G) .
Proof: (i) =(ii) : Fix a closed invariant set D € 6@ and U = 6©) — D. For this D and U we
have a commuting diagram as in (6.2). Define [ :=kerp, C C(G). Using the
diagram, pg(E(I)) = Ep(p, (1)) = 0, implying that E(I) € p(Cy(U)) . Since E(b,) = b,
for b, € Cg (G{m) I NGy (G{m) C E(I) . Using assumption (1) we have
I = Ideal[ir n CD(G(G))] . Hence

kerp, = I = Ideal[I N 3(G?)] € Ideal[E(1)] € Ideal[ty (Co(1))] € ¢ (C(Gly)) ;
that is kerp, € image (i) .Thus (6.3) is exact .We know that each G|p is topologically
principal by [4] provided that C*(G|p) = C;(G|p) -The latter follows from Lemuna 6.1 since
(6.3) is exact .Since C;(G)is strongly purely infinite. Lemma 5.8 in [13] implies that every
pair (a,,b,) of positive elements in CU(G(U'}) has the matrix diagonalization property in
C(G) . (i1)=(1) : Since we assumed thatG|p is topologically principal for all closed
invariant D € G, by the proof of Corollary 5.9 in [4] . we know I = Icleal[;ir N Cy (G{:m)]
for every ideal I in C,.(G) = C*(G) provided that C*(G|p) = Cr(G|p)for every closed
invariant set D € G . But this follows from Lemma 6.1 since C*(G) = C (G) and (6.3) is
exact, which are assumed in (i1). Hence (i1) implies [ = Ideal [I n CO(G (03)] .
We prove C;(G) is strongly purely infinite . Define F, := Cg(G (O'J)+ C G (G).
By functional calculus we know

fila,) EF,., for f; € Co(R)F, a. €EF, .

In particular F,. is closed under s-cut-downs. i.e.. for eacha, € F., and ¢ € (0, ||a,.]]) we
have (a, — =)y €EF-. By (ii) each pair (a,, b.) with a,,b. €F has the matrix
diagonalization property (of [15]) . Now by Lemma 3.12 of [15] we know that F,. has the
matrix diagonalization property of [15]. If follows from Proposition 3.13 of [15]
that €, (G) 1s strongly purely infinite provided that F,. is a filling family for C;(G), which
we now show. Fix any hereditary C*-subalgebra H of C;(G) and any ideal Iof C;(G) with
H & I. We know I = Ideal[I N Cy(G®)], hence I = 1,(C}(G|y))for some open invariant
set UC GO . Let D = 6® — U and consider the corresponding commuting diagram (6.2).
Select d, € H",d, € I . Define ¢, := p.(d,). Asd, &€ I = kerp, by exactness in (ii). we
know p,.(d,) # 0. Since E}, is faithful and ¢, positive .

e = JIEs(e)l > 0.
By (11) the groupoid G| is topologically principal, hence Lemma 3.1 gives f; € Gy (D)* such
that
h, := a;fic fia, = (fj—ED(c,,)jj- — E)+ € Cy(D)T.
Notice that

Wn Nl = ||f EpCe)fs || — € = IEp ()]l — 26 > 0.
Using that p, restricts to the map Cp (Gm)) — Co(D), select b, € CU(G{U))_'—Sllch that
pr-(b.) = h, . Also as p, is surjective find w,, € €7 (&) such that p, (w,) = f;a, . Since
pr(by, —wyd,w,) = h, —aj;fic fja, = 0 we have b. = w;d,w, + v for some v € I . Let

{e‘z}_} denote an approximate unit of I = (G|y) with e; € Co(U)(see Lemma 2.1). Let 1 be

the unit of the unitization of €, (&). Then (1 — e;lj) u; (1 — eﬂj) — 0 . For suitable Ay and
e:=1— edy we get |lew,d,w,e — eb,.e|| = |leve]| < € .Use Lenuna 22 of [13] to find a
contraction 1; € C;(G) such that

g; = wew,d, wyeu, = (eb,e —€) € .fl‘o({?(':'):)Jr =7F, .
Since b,e; + edgb, —edgb,e;, € Cy(U) S kerp, we obtain that p,.(eb,e) = p,(b,.) =

h, .

Moreover by finctional calculus we know(h, — €)4 = (f} Ep(c ) f; — 2€)+ We conclude

ller (o)l = Nk — 4l = || (5 B (erdf; —2€) || = 155 Eo (e f5 | — 26 = Ep (eIl — 3¢
>0,

ensuring g; € I Finally with =z, := u*ew.,;d,}’rz € - (G) we obtain g; = z,z, and z,;z, €

H . By definition F.is a filling family for € (&) completing the proof .
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