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ABSTRACT : In this paper, we introduce the concept of an invariant integral on a topological simple rough 

group and we extent the classical Haar measure and invariant integral to the rough setting. The existence and 

uniqueness of such an invariant integral are established, and its fundamental properties are examined. 
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I. INTRODUCTION  
Rough set theory, introduced by Pawlak [9] in 1982, is founded on the concept of equivalence relations. 

Over the past three decades, the theory has been significantly developed and widely applied across various 

fields. In 1994, Biswas and Nanda [2] introduced the concepts of rough groups and rough subgroups, defining 

them primarily in terms of upper approximations. Later, in 2016, Bagirmaz et al. [8] extended this framework by 

introducing the notion of topological rough groups, thereby generalizing topological group structures to 

incorporate the algebraic aspects of rough groups.  

In this paper, we study the concept of an invariant integral on a topological simple rough group. 

Considering the upper approximation of a simple rough group as a complete topological group. Using this 

structure, we construct an invariant integral and also extends the classical Haar measure. The existence and 

uniqueness of an invariant integral are established, and its essential properties are discussed. This approach 

connects simple rough group theory with topological measure theory. 

  

II. PRELIMINARIES   
 

Definition 2.1.[3] Let  be an approximation space and  be a binary operation defined on U. A 

subset G of universe U is called a rough group if the following properties are satisfied: 

(i) x, y  G, x y  ; 

(ii) Association property holds in ; 

(iii) e such that x G, x e = e x = x; e is called the rough identity element of rough group G; 

(iv)  x  G, y G such that x y = y x = e; y is called the rough inverse element of x in G;   

Definition 2.2.[8] A topological rough group is a rough group (G, ) together with a topology T on  satisfying 

the following two properties: 

http://www.questjournals.org/
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(i) the mapping f: G  G   defined by f(x, y) = xy is continuous with respect to product topology on G  

G and the topology TG on G induced by T, 

(ii) the inverse mapping g: G  G defined by g(x) = x-1 is continuous with respect to the topology TG on G 

induced by T. 

Definition 2.3.[6] A rough group  is called a simple rough group if it contains no proper non-trivial rough 

normal subgroups.  

That is,  has only the rough normal subgroups {e} and . 

Definition 2.4.[6] A topological simple rough group is a simple rough group ( , ) together with a topology  

on  satisfying the following two properties: 

(i) The mapping f:    defined by f(x, y) = xy, x, y is continuous with respect to the 

product topology on  and the topology  on induced by  

(ii) The inverse mapping g:   defined by g(x) = x-1, x is continuous with respect to the 

topology  on  induced by . 

Definition 2.5.[4] Let  be a topological space. Let  be a metric space and  a subset of ; we say that 

 is -dense in  if for every  there exists an  such that . 

  A metric space  is totally bounded if for every  there exists a finite set  which is 

-dense in ; a metric  on a set  is totally bounded if the space  is totally bounded.  

Theorem 2.6.[4] Let  be a topological space. If  is a complete space, then for every closed subset  of 

 the space  is complete. 

Theorem 2.7.[6] Let  be a topological space. A metric space  is compact if and only if it is complete 

and totally bounded. 

Proposition 2.8.[10] Let  be a topological simple rough group. If U   is an open set with e  U, then 

there exists a symmetric open set V of e in  such that VV  U. 

Lemma 2.9.[11] Let  be a topological simple rough group such that  is open in  and  be a 

neighborhood of  in  . Then there is an open set  of  in  such that , for every 

. 

Theorem 2.10. [12] If X is a compact metric space and if {pn} is a Cauchy sequence in X, then {pn} converges 

to some point of X. 

Definition 2.11.[6] The metric space (X, d) is said to be complete if every cauchy sequence in X converges. 

Throughout this paper, we consider  be the universal set. Let  be a simple rough group with identity  and 

 be the upper rough approximation of . Also, the corresponding topologies are denoted by  for  and  

for  induced from .  
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III. INVARIANT INTEGRAL                                                                                                              

Definition 3.1. Let  be a topological simple rough group and . Then the real valued function  on 

  is continuous at  if there exists an identity open neighborhood  of  such that , 

for every  and . 

Definition 3.2. Let  be a topological simple rough group and  be a real valued function on .  The 

function  is called a uniformly continuous if for every , there exists an identity open neighborhood  of 

 such that  and , for . 

 Let  be the set of all continuous real valued functions on a compact topological group and 

. Then the functions  and  are defined as  and , for all 

. 

Definition 3.3. Let  be the set of all real valued functions on . This family is called uniformly 

bounded if there exists a positive real number  such that , for every   and . 

Proposition 3.4. Let  be a topological simple rough group and the real valued function  be uniformly 

continuous on . Then  is uniformly continuous. 

Proof: Given that the function  is uniformly continuous. So, there exists an identity open neighborhood  of 

 such that  and , for  and . Let . Since 

, . Therefore, 

. 

 Hence  is uniformly continuous. 

Remark: Let  be a continuous function on . Let be a finite subset in . Then  

 

and 

 

 

Also, define the family 

 and . 

Proposition 3.5. If  is a compact topological group, then the families  and  are uniformly continuous, 

for every . 

Proof: Since  is compact and  is continuous,   is uniformly continuous. Then for every , 

there exists an identity open neighborhood  such that 
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 whenever  

Let  be a finite subset in .  Therefore, 

 

Hence  is uniformly continuous. Similarly, we can prove  is also uniformly continuous. 

Proposition 3.6. Let  be a topological simple rough group such that  is a compact topological group and 

 be a finite subset in . Then for every , 

(i) ; 

(ii)   

Proof: Since  is a compact and ,  has minimum and maximum values on . Let 

 and . For each  and , we get . Then  

 

Similarly, . Therefore, . That is, 

 

Hence, . In the same way, we can prove 

. 

Remark: Let . Then  is a metric space with the metric  

 

Proposition 3.7. Let  be a compact topological simple rough group and  be a finite subset of . Define 

the mapping  by . Then  

(i) the mapping  is linear; 

(ii) , for any ; 

(iii) the mapping  is continuous. 

Proof:   

(i) Let  and  
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From these equations, we get  and . Hence, the 

mapping  is linear. 

(ii) For any , 

 

 

                                                            

 Therefore, . 

(iii) From (ii) and , the mapping  is continuous. 

Proposition 3.8. Let  be a compact topological simple rough group and . If  be two finite 

subsets of , then  

(i)  

(ii)  

(iii)  

Proof: 

 

        

 

                     

 

 

Remark: Let  be a compact topological simple rough group. Now, we define the two families  is the 

closure of  and  is the closure of  in the space . 

Proposition 3.9. Let  be a compact topological simple rough group. Then for every subset  of , 

 and , for every . 
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Proof: Let  and . Then, for every , 

. Therefore, . Now 

. Hence . 

Proposition 3.10. Let  be a compact topological simple rough group. Then, for every , the 

families  and  are uniformly continuous. 

Proof: By proposition 3.5,  is uniformly continuous. Let  be arbitrary. Then for every  

there exists an identity open neighborhood  such that  whenever  and 

. Consider  and  such that . Therefore, for every  with 

,  

 

                                                

Hence  is uniformly continuous. Similarly, we prove  is also uniformly continuous. 

Theorem 3.11. Let  be a compact topological simple rough group and . Then the metric space 

 is totally bounded and compact. 

Proof: Let . By proposition 3.6, for every , we get . 

Consider a finite set  which is an -net in . From proposition 3.10,  is uniformly 

continuous, so, there exists an identity open neighborhood  such that , for every 

 with the condition . Since  is compact, there exists a finite set  such that 

. Let  be the set of all functions from  to . Since  and  are finite,  is finite. Thus, for every 

, we choose a function  whenever , for all . Suppose the function 

 is not exist, consider  is a zero function on . Therefore,  is a subset of  which is 

denoted by . Since  and  is an -dense in , for every  there exists  such that 

. Let us consider another function , for every . Then . Since 

, there exists an element  such that  which implies .  Now we get, 

 and , for every .  

Also, 

. 

Therefore, 

  .  

That is,  which implies the finite set  is a -dense. Therefore, the metric space  is 

totally bounded. From the theorem 2.10 and definition 2.11, the metric space  is complete. Then using 

theorem 2.6, we get its closed subspace  is also complete. Hence, by theorem 2.7,  is compact. 
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Proposition 3.12. Let  be a compact topological simple rough group and . If  is not a constant 

function, then there exists a finite set  such that . Similarly, there exists a finite 

set  such that . 

Proof: Let . Since  is not a constant function, there exists an element  such that 

. Let  be an open neighborhood of  and , for all . Since  is compact, 

there exists a finite set  such that . Let  and consider the function . For 

each , there exists an element  and  such that . Then 

. Therefore, 

 

Hence, . In the similar way, we can prove 

.  

Remark: From theorem 3.11,  is compact, so for each  there exists an element  and 

 such that  

 

and                  

Theorem 3.13. Let  be a compact topological simple rough group and . Then 

(i) ,  are constant functions; 

(ii)  has only one constant function; 

(iii) . 

Proof:  

(i) By proposition 3.9 and 3.12, we get ,  must be constant functions.  

(ii) Let  be a constant function in  and  be arbitrary. Then there exist finite sets  

such that  and . Then, by proposition 3.8 and c is a constant 

function,  

 

Similarly,  

 

 

From these equations, we get . Since  is arbitrary, .  

(iii) In the same way of (ii), we can prove . Therefore, . 
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Corollary 3.14. Let  be a topological simple rough group and . Let  be a finite 

subset and . Then  

(i)  

(ii)  and, in general, , for every  

(iii)  

(iv) , for each . 

Proof:  

(i) Since the mapping  is linear,  and  is a constant function. 

By theorem 3.13(ii),  has only one constant function, so that constant function must be . 

Hence, . 

(ii) Obviously,  which implies  is also a constant function. But  has unique 

constant function. Hence . In general, for any ,   implies we get 

. 

(iii) Let  be arbitrary and . Then there exists a finite subset such that 

. Now consider . Then there exists a finite subset  such that 

. But, . Therefore, . 

By (ii), , so there exists a finite subset  such that  which 

implies . Now,  

 

Since  is arbitrary, . 

(iv) By proposition 3.6, we get . Since  

is constant, we have . 

Definition 3.15. Let  be a topological simple rough group and . Then  is called the rough 

invariant integral of  and is denoted by . That is, . 

Theorem 3.16. Let  be a topological simple rough group such that  is a compact topological group and 

. Then the following conditions are satisfied: 

(i) for all ,  

(ii)  

(iii) if , for all , then  

(iv) if , for all , then  

(v) , for all  

(vi) , for all  

(vii)  

(viii) if , for all , and , for some y , then  

Proof: From corollary 3.14(i),  and , we get (i) and (ii). Now, consider  is a 

non-negative function. Therefore, every function in  is also non-negative. Hence, we proved (iii).  



Invariant Integral On Topological Simple Rough Groups 

DOI: 10.35629/0743-1111198210                              www.questjournals.org                                         206 | Page 

In (iv), given that , for all  which implies it is a constant function. Since  has 

only one constant function, , for all , By definition 3.15, we get . By corollary 

3.14(ii), . Let . Then  and, similarly, . Therefore, we get 

(v) and (vi),  and .  

Define  by . Then  is continuous and  which implies 

. By theorem 3.13, . Therefore, . Hence,  

 

 Let . Then there exists a function  such that , for all  and 

there exists an element  such that . Let  be an open neighborhood of  and 

, for all . Now, consider a finite subset  such that . Let . Since 

, there exists an element  and  such that . Let  be a finite subset of . 

Since , for all , . Then  implies 

, that is . Therefore, . So, 

. Since  is compact, . By corollary 3.14,  implies 

. Therefore, . Hence, 

. 

Theorem 3.17. Let  be a compact topological simple rough group. Suppose the function  

satisfies the conditions (i) – (v) of theorem 3.16, Then , for all . 

Proof: From theorem 3.16, (i) and (iii), if , for all , then  and 

. Also, by (i) and (iv) of theorem 3.16, , where  is a constant function on 

 with value . And by the condition (v) of theorem 3.16, , for every  and  

is a finite subset of . Now to prove, . Let   and  . Then  

 

                                          .  

Hence . 

 

IV. HAAR MEASURE                                                                                              

Definition 4.1. Let  be a topological simple rough group and  be a compact topological group. Then for 

any closed subset  of . Then  

 

where . Here  lies between . The 

number  is called the Haar measure of the closed set  of . 
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In general, let  be any subset of . Then the Haar measure of  is defined by  

 

Proposition 4.2. Let  be a topological simple rough group and  be a compact topological group. If  and 

 are closed subsets of  such that , then . 

Proof: By the definition of Haar measure,  and m(T) are defined by 

 

 

Also, for any function , , for all  . Since  , , for all  which 

implies  . Therefore, . Now take infimum on both sides, we get . 

Proposition 4.3. Let  be a topological simple rough group and  be a compact topological group. Then the 

Haar measure, , that is, the Haar measure is invariant under translations. 

Proof: The Haar measure for any subset  is  

 

where, 

 

Let , for all . Since , for all , , for all . 

Therefore, . By theorem 3.16, , for all . This 

means . Therefore, . Hence 

. 

Proposition 4.4. Let  be a topological simple rough group and  be a compact topological group. For any 

closed subsets  and  of , we have . 

Proof: Let . Then by the definition of Haar measure, there exist functions  and  such that 

 and . Consider . Since  and  are 

continuous and non-negative functions, , for all . Therefore, . By theorem 

3.16(ii),  

 
 

Hence,  
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Since , . 

Proposition 4.5. Let  be a topological simple rough group and  be a compact topological group. For 

every closed subset  of  and , there is an open subset  of  such that  and 

. 

Proof: Let  such that , . Then , for all . By the 

continuity of , there exists an open neighborhood  of  such that , for all . 

Consider , for all . Thus,  and  

 

Therefore,  

 

Since , 

 

That is,  

 

Hence,  implies . 

Proposition 4.6. Let  be a topological simple rough group and  be a compact topological group. For any 

disjoint subsets  and  of , we have that . 

Proof: Let  be arbitrary and . Then . Also, there 

exist closed sets  and  such that  and . 

Since  and  are disjoint sets,  and  are disjoint and  is closed. So, we enough to show 

that . Let  be any positive integer. Then there is a function  such that 

. Since  is compact, the sets  and  are compact and disjoint. Let ,  be 

two continuous real valued function on  satisfying the following three conditions: 

For every  

(i) , for all  

(ii) , for all  

(iii) For every , either  or . 
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Let . Then , for all . Therefore, 

 

So,  

 

But  

 

and  , . Hence, , 

 

Since , . 

Proposition 4.7. Let  be a topological simple rough group and  be a compact topological group. For any 

disjoint closed subsets  and  in , we have . 

Proof: Given that  and  are disjoint closed subsets. Using propositions 4.4 and 4.6,  

 and . 

 So, combining these equations, we get, . 

Proposition 4.8. Let  be a topological simple rough group and  be a compact topological group. Let  

and  be arbitrary closed subsets of  such that . Then . 

Proof: Let  be arbitrary. Then there exists an open neighborhood  of  such that  

implies , where . Let  be closed. Then . Therefore, 

. But  implies  

 

Since , . By proposition 4.6, . Hence 

. 
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