Quest Journals

Journal of Research in Applied Mathematics

Volume 11 ~ Issue 11 (November 2025) pp: 181-197
ISSN (Online): 2394-0743 ISSN (Print): 2394-0735
www.questjournals.org

Research Paper

On An Operator-Valued T1 Theory of Densely Kernels for
Symmetric Czos

Mohammed Hussin () and ShawgyHussein®
(1) Sudan University of Science and Technology.
(2) Sudan University of Science and Technology, College of Science, Department of Mathematics, Sudan.

Abstract

We setup and follow the perfect study of the pioneer authors [63] who provide a natural BMO-criterion for the
L,-boundedness of Calderon-Zygmund operators with operator-valued densely kernels satisfying a symmetric
property. Our arguments involve both classical and quantum probability theory. They give a proof of the L,-
boundedness of the commutators [Rj, b] whenever b belongs to the Bourgain's vector-valued BMO space, where
R; is the j-th Riesz transform. A common ingredient is the operator-valued Haar multiplier studied by Blasco
and Pott.
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I.  Introduction
An improvement of the generalization of the classical Calderon-Zygmund singular integral theories to
the operator-valued (or d by d matrix-valued) setting are establish. The situation is quite subtle and many
straightforward generalizations are turned out to be under interest. For example, (see [S1, 14]) that, for each 0 <
€ < oo, there exists a scalar-valued Fourier multiplier T that is bounded on L;,.(R) but T @ ids,,  is not
bounded on L,,.(R,S;,.). Here, S;,. denotes the Schatten- (1 + €) classes and L,,.(R,S;,.) denotes the
space of S, .-valued (1 + €)-integrable functions. Another example is the dyadic paraproduct

Rb.f) =) Y dubEasf,

n>0 s
Here, E,, denotes the conditional expectation with respect to the usual dyadic filtration on the real line R and d,,

is the difference E, — E,,_;. It is well known that = maps L,(R) X L,(R) to L;(R), and this extends to the
vector valued setting that m maps L, (R, #;) X L,(R,¥;) to L, (R,#;). However, 7 fails to map L,(R,S,) X
L,(R,S,) to L, (R, S;), see [41] and [45], [46]. This pathological property of 7 prevents a desirable operator-
valued T'1-theory with a natural BMO testingcondition.

[63] notice that this kind of pathological property could be rectified for operators T with a dense "symmetric"
kernel K(x,x + €) s.t. K(x,x + €) = K(x + €, x), including the Beuling transforms, the Haar multipliers, and
the commutator [Rj, b] where R; is the j-Riesz transform. We formulate a T1 theory with a natural BMO test
condition for operator valued Calderon-Zygmund operators T satisfying the symmetric property (T1)* = T*1.
[25], Hytonen and Weiss already established an operatorvalued T'1 theory in a quite general setting, i.e. for
operator valued singular integral operators on vector valued function space L,,.(R, X). Their BMO space seems
to be quite complicated and does not contain the space of uniformly bounded B(#,) valued functions in the
most interesting case X = ¥,. This is necessary because of the bad behavior of operator valued paraproducts
mentioned above. The authors hope that this work may complement Hyténen and Weis' work for the case of
symmetric singular integrals. On the other hand, even the commutator [Rj, b] is not a singular integral operator,
we are still able to show its L,-boundedness whenever b satisfies a natural BMO test condition in the samespirit.
This result might be essentially known to experts, and we will provide a proof in the Appendix.

We investigate noncommutative 71 theorem in the semicommutative case, which would provide ideas or
insights in searching for T1 type theorem in the more general noncommutative setting such as on quantum
Euclidean spaces, where a T1-theory is in high demand but still missing (see [60], [61], [13], [58], [39]). The
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commutative T'1 theorem due to [10] is a revolutionary result and finds many applications in classical harmonic
analysis [7],[9]. Let K : R* X R™\ {(x,x):x € R"} - C be a densely kernel satisfying the standard
assumptions:

1
|K(x,x+€)|$W,V6¢O; (1.1
, N
IK(x,x+€)—K(x',x+¢e)|+|K(x+¢€x)—Klx+ex) SW (1.2)

V]el = 2|x — x|, with some a € (0,1]. HereA < B means that there exists an absolute constant C > 0 such that
A < CB. A linear operator T initially defined on "nice" functions is called a Calderén-Zygmund operator (CZO)
associated with K, if T satisfies the densely kernel representation, for a.e.x & suppfs,

Tf,(x) = fan KQox + )f,(x + )d(x + )

The T1 theorem states that T extends to a bounded operator on L, .(R™) for one (or equivalently all) 0 < € <
oo if and only if
T1,T*1 € BMO(R™), and (1.3)

1
T has the Weak Boundedness Property sup —
I cube |I|

Along the current research line of noncommutative harmonic analysis, we devoted to the study of a matrix
(operator)-valued T1 theorem. We are interested in the matrix-valued densely kernels denselyK: R™ x R™ \
{(x,x): x € R"} - B(¥,) verifying natural assumptions:

1
1K (x, x + €)llpee, = W.VE #0 (1.5)

[{1;,T1;)| < oo. (14)

lx —x'|*
|e|n+a

IK(e,x +€) = K(x', x + )llpee,) + IK(x + €,x) = K(x + €,x)lpe, S (1.6)

V|e| = 2|x — x'|. We are interested in operators T such that, for all Sg,)-valued step functions f; and a.e. x &
suppfs,

Tfs(x)=fwz K(x,x+e)fs(x+e)d(x+e)=fwz ZZ K (o, x + O (F) (x +€) | ® e d(x + €)(1.7)
s i,j k s

Here Sp(s,) denotes the set of all the elements with finite trace support in B(¢,). We aim to find a natural BMO
condition such as (1.3), (1.4) such that T extends toa bounded operator on the noncommutative L;,. spaces.
Here, the noncommutative L, . spaces are associated to the von Neumann algebra

A = Lo, (R™) @ B(£)
which consists of all essentially bounded functions f;: R™ — B(#,). See[5], [3], [6], [2] for more information on
noncommutative L, . spaces.
The modern development of quantum probability and noncommutative harmonic analysis begun by [52], where
noncommutative Burkholder-Gundy inequality and Fefferman-Stein duality were established. Many inequalities
in classical martingale theory have been transferred into the noncommutative setting [26],[35],[36], [55], [56],
[20], [15], [16], [34], etc. Meanwhile, noncommutative harmonic analysis has gained rapid developments
ranging from the noncommutative H*-calculus [27], [11], operator-valued harmonic analysis [42],[21], [17],
[48] to Riesz transform/Fourier multipliers on group von Neumann algebras [30],[31],[28], hypercontractivity of
quantum Markov semigroups [33],[32],[57], and harmonic analysis on quantum Euclidean spaces/torus [6],
[61],[13].
The operator-valued (or semi-commutative) harmonic analysis often provides deep insights in harmonic analysis
in the general noncommutative setting, and sometimes plays essential role based on the transference principles.
The main ideas of [30], [8], [61], [13] are to reduce the problems in their setting to the corresponding problems
in the operator-valued setting.
An interesting case is that the functions f; are £,-valued. This case has been extensively studied in [59], [46],
[49],[12],[45],etc since 97's. In these works, many results in classical harmonic analysis such as weighted norm
inequalities, Carleson embedding theorem, Hankel operators, commutators, paraproducts have been extended to
the matrix-valued setting. A common character of all these results is that the behavior depends on the dimension
of the underlying matrix. In [45], among many other related results, the authors consider the dyadic paraproduct
with symbol in noncommutative BMO acting on C%-valued functions and show that the bound of the
paraproduct operator is of order O(log d). Since we will not work with noncommutative BMO space
BMO“" (A), see[42] for the definition and properties.
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Now, let D be the collection of dyadic intervals in R. For any dyadic interval I € D, let h;: = |I|~Y 2(1, M
1,_)be the associated Haar function, where I, _are left and right halves of the interval /. Let b be a d X d-
matrix-valued function on R and f; be a C%-valued function on R, the paraproduct is defined as

m)= ) D DBE )
IED s

where D;(b): = (h;,b)h; = fR b(x)h;(x)dxh; is a d X d-matrix-valued function on R and E;(f;):=
<|11—’|, fs> 1, = (f).f;(x)dx1, is a C%-valued function on R. [45], [41], showed that it may happen

sl (rict)- 1, (rict) = NPlLeonylog d (1.8)
This tells us that a naive generalization of classical T1 theorem in the semicommutative setting is not true, that
is, T1,T*1 € BMO“"(A) can not guarantee the boundedness of matrix-valued CZOs since the paraproduct is a
typical example ofperfect dyadic CZOs and L, (A) is contained in BMO®" (A). A CZO on R being perfect
dyadic means its densely kernel satisfies the condition (instead of (1.6))

IK(x,x +€) — K(x',x + €)llge, + IK(x +€x) — K(x + €,x)lze, =0, (1.9)
whenever x,x’ € I and (x + €) € J for some disjoint dyadic intervals I and J. Perfect dyadic densely kernels
were introduced in [1] and include martingale transforns, as well as paraproducts and their adjoints.

[22], [25], have proven an operator valued T1-theorem. However, the BMO-space in their work is a bit artificial
and it may not contain L.-functions, though this is necessary due to the abnormality of matrix-valued
paraproducts.

The first result is that under the symmetric assumption (T1)* = T*1, the perfect dyadic CZOs T are bounded on
L,(A) provided T1 € BMO(A, 2 4), the usual dyadic vector-valued BMO spaces which contains L., (A). Here
" 1" means the identity of the algebra A, and the BMO space BMO(A, £ 4) is the dyadic version of the one first

studied by Bourgain[4], whose norm of an operator-valued function g on R is defined as
1

2
lgsllBmo(az) = SIEZI)) E <J( lgs(x) — (gs)1||%(€2)dx)
I
S

On the other hand, providing suitable analogue of (1.4) for L,,.(A)-boundedness of matrix-valued CZOs when
€ #1 is also subtle, since there are some noncommutative martingale transforms with noncommuting
coefficients-another type of examples of perfect dyadic CZOs with T*1 =T1 = 0-failing Ly, .(A)-
boundedness for € # 1, see [48]. That implies that a natural Weak Boundedness Property
1

sup — {1, T1)Ipce,) < o

1ep 1|
can not guarantee the L, .(A)-boundedness of matrix-valued CZOs for € # 1. We are content with the second
best- showing the boundedness between L;,.(A) and noncommutative Hardy spaces under the natural Weak
Boundedness Property.
Assuming the symmetric condition, we build a weakened form of T1 theorem first for the toy model-matrix-
valued perfect dyadic CZOs.
Theorem 1.1 (see [63]). Let T be an operator-valued perfect dyadic CZO satisfying

Symmetric condition : (T1)* =T*1; (1.10)
BMO condition : T1 € BMO(A, X 4); (1.11)
1
WBP condition : supm 1K1, T1) 5 e,y < o0. (1.12)
€D

Then T is bounded on L,(A). Moreover,

e T isbounded from L, .(A) to H, (A, Z4) whenever 0 < € < oo;

e T isbounded from Hf, (A, 2 4) to L1, (A) whenever 0 < € < 1.
Here H{,.(A,Z ) is the noncommutative martingale Hardy spaces that. A useful observation in the proof is
Lemma 2.3, which states that dyadic martingale transforms, dyadic paraproducts or their adjoints are essentially
the only perfect dyadic CZOs. Then we are reduced to show the boundedness of noncommutative
Haarmulitplier-the sum of paraproduct and its adjoint-in Lemma 2.2 where the symmetry is exploited, and the
boundedness of noncommutative martingale transform in Lemma 2.1.
The proof of this toy model is relatively easy but essential for the understanding of our arguments for (higher-
dimensional) general CZOs and commutators.
For continuous CZO, that is the general singular integrals satisfying (1.7) with densely kernels verifying the
standard size and smooth conditions (1.5) (1.6), we establish a similar result.
Theorem 1.2. Let T be a continuous CZ0 on R" satisfying

Symmetric condition : (T1)* = T*1; (1.13)
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BMO condition : T1 € BMO(R™; B(¥,)); (1.14)
1
WBP condition : sup T {1, T1 Mg,y < oo (1.15)
I cube

Then T is bounded on L, (A). Moreover,

e T isbounded from L, .(A) to H§+E(R”; B(#z)) whenever 0 < € < oo;

e T isbounded from Hf+E(R"; B({’Z)) to Ly4e(A) whenever 0 < € < 1.
Here, the BMO and Hardy spaces are the continuous version of the dyadic spaces in the toy model case that we
will recall in the body of the proof. Decompose T = T, + T, as the sum of even and odd parts associated with

the densely kernels
K, x+e€)+K(x +¢€x) K(x,x +€)—K(x +¢€,x)
> JKo(x,x+€) = .
It is easy to see that T, satisfies our symmetric assumption (T,1)* = T, 1. We then reduce the L,-boundedness
of Tto T,1 € BMO(R” ; B(#z)) and the L,-boundedness of T,. In particular, together with Remark 1.37 in [25],
we get the following corollary (see [63]).
Corollary 1.3. Let T be a continuous CZ0 on R" satisfyingSymmetric condition:

K.(x,x+¢€) =

K, € L,(R*™;B(¢,)) or T,1,T;1 € BMO(R™; Sy, (£2))0 < € < oo (1.16)
BMO condition : T,1 € BMO(R™; B(£,)); (1.17)

1
WBP condition : sup — [[{1;, T1;}||z(z,) < . (1.18)

I cube |I|
Then T is bounded on L, (A).

Theorem 1.1. and Corollary 1.3 hold for general operator-valued functions, e.g. replacing B(#,) by any
semifinite von Neumann algebra M . Our proof will be written in this general framework.

As in classical harmonic analysis [1, from the result in the dyadic settingTheorem 1.1 it is usually not difficult to
guess similar result-Theorem 1.2-in thecontinuous setting. In scalar-valued harmonic analysis, we can realize
this passage from the dyadic setting to the continuous one by dealing with issues such as rapidly decreasing tails
or using the Vitali covering lemma. In the case of vector-valued harmonic analysis, this passage requires deep
understanding on the connection between martingale theory and harmonic analysis as done in [4], [5],[6], [18],
[19],[62],[38], etc. In noncommutative harmonic analysis, in addition to the idea or the techniques developed in
vector-valued theory, new idea, techniques or tools developed in noncommutative analysis are usually needed to
realize this passage such as in [42], [21]. The main idea or technique from vector-valued theory we need is the
method of random dyadic cubes firstly introduced in [47], later modified in [24, 23].

We will show Theorem 1.1 and 1.2 in Section 2 and 3 respectively. The definitions of BMO spaces and Hardy
spaces as well as the method of random dyadic cubes will be properly recalled. In the Appendix, we will show
that the commutator [R]-, b] is L,-bounded whenever b belongs to Bourgain's vector-valued BMO space BMO
(R™; M). This result might be essentially known to experts, (see the Appendix).

II.  Perfect dyadic CZOs: proof of Theorem 1.1

ForM be a semifinite von Neumann algebra equipped with a normal semifinite faithful trace T. Consider the
algebra of essentially bounded functions R — M equipped with the n.s.f. trace

o= Y @)

Its weak-operator closure is a von Neumann algebra A. If 0 < € < oo, we write Ly, .(M) and L, .(A) for the
noncommutative L;,. spaces associated to the pairs (M, T) and (A, ¢). The set of all the elements with finite
trace support in M is written as Sy,. The set of dyadic intervals in R is denoted by D and we use D, for the k-th
generation, formed by intervals I with side length #(I) =27%. We consider the associated filtration
(Low(Di) ® M)kEZ of A, which will be simplified as £ 4 = (Ay)yez. ForE, and D, denote the corresponding

conditional expectations and martingale difference operators.
2.1. Two auxiliary results.We first show two auxiliary results with respect to the following two kinds of
operators:

(a) Noncommuting martingale transforms

Mefi=) D GeaDi(f)

KEZ s
(b) Haar multipliers with noncommuting symbol
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M=) D DB

KEZ s
Here &, € A is an adapted sequence. The symbols ¢ and b do not necessarily commute with the function. Our

arguments on the operator-valued A, follow the ideas from [2,3] and [42].
For noncommutative martingale Hardy spaces. Let 0 < € < oo. The column Hardy space Hf, (A, Z4) is
defined to be the completion of all finite L, .-martingales under the norm

1/2
TAIRTE (ZZ mz@*mﬂ)

kEZ s 14e

Taking adjoint - so that the * switches from left to right - we find the row-Hardy space norm and the space. The
noncommutative Hardy space Hy,.(A, Z4), defined through column and row spaces differently for 0 < e < 1
and € > 0, was introduced in [52]. And similarly also introduced noncommutative martingale BMO spaces, and
show the noncommutative Burkholder-Gundy inequality and Fefferman-Stein duality. According to 44 it has the
expected interpolation behavior in the scale of noncommutative L, . spaces.

Vector-valued BMO spaces. The M -valued martingale BMO space BMO ( A, X4 ) is defined to the set of M-
valued locally integrable functions with norm

1/2
Ifllsmocas,oi=sup . NEIf = Bisfill 3l
N

This space is related to the vector-valued Hardy space HT" (A, X ;) whose norm is defined as

’ilég Z H o/l LI(M)”LI(]R)

In fact, [4] and Garcia-Cuerva proved independently that BMO(A, £ 4) embeds continuously into the dual of
HT' (A, Z4). That is

||ﬁ€||H{n(ﬂ,Zﬁ): =

> 0ed| 5. Iillsmocazollgsllupeaz. 21
N N
We also need the following Doob's inequality for L;,.(M)-valued function: For all 0 < e < oo and f; €
Lie(A)
Jsupl Y Bl ool S D Wl 22)
N N

Proposition 2.1 (see [63]). If sup||&;|l; < oo, then
k

e M; is bounded from Ly, (A) to Hf, (A, Z4) whenever 0 < € < oo;

e M; is bounded from H{, (A, Z4) to L1 c(A) whenever 0 < € < 1.
Proof. We only give the proof of the case 0 < € < oo, another case can be shown similarly. Let f; € Ly, (A).
Using the fact (a®)*ca® < (a®)*a’||c||« for any a® € A and ¢ € A* and &, € A, it is easy to check

1/2
> M) =D (Z Dkﬁf;z_lfk_lu»kﬁ>

H¢13+E(cﬂ_2ﬂ) s k€EZ 1te

1/2
<sup ) eelloea (Z Dkf;ﬂ»kfs> A
N

k€EZ 1te s

We have used the Holder inequality and Burkholder-Gundy inequality in the inequalities.
Proposition 2.2 (see [63]). If b € BMO(A, £ ), then we have
e A, isbounded from Lq,.(A) to HY, (A, Z 4) whenever 0 < € < oo;
e A, isbounded from Hf,.(A,Z4) to Ly, (A) whenever 0 < € < 1.
Proof. We only provide the proof of the case 0 < € < oo, since another case can be shown similarly. Let (1 +
€) be the conjugate index of (1 + €). Let f; € L1, .(A), and g, € H{, (A, X 4). By duality, it suffices to show

‘Z w(Ab(}fs)g;‘)‘SZ ||fs||L1+E(c/1)||gs||H§+e(ﬂ,zﬂ)

N N
Using the assumption that D, (b)D, (f;) € Aj_, for each k, we have
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=D D BB
kEZ s
=D e®BE ()i + DeBIDL (g
KEZ s
=D o(PeE (D) + D BIDi (B (92))
KEZ s

=le(5) ) (Eea (D) + D (f)Erees (9)

KEZ s
Hence by duality between vector-valued BMO space and Hardy space, we have

D ()

D B (D9 + ) DB 1(g9)

k€Z KEZ

= ”b”BMO(ﬂ,Zﬂ)I Z sup
R s YEL

Using the identity for each 1{’ EZ

Z D B (D) + z Z Dy (f)Ex-1(g9)

k=—o s

=) E(fE) - Z > DD

k=—o0

< Z IbllBMO (.5 0)

S HM(AZ4)

I3 £
D B + Y DB ()| dx.
k=—o0 k=—c0

Ly (M)

we are reduced to show
[ sl B ondx s D Whlhcollgllng,como 23)
R €
N N
(3
[s DY meom@d|  axsY Ul coloslhs,ano )
R = S L1 () s

The first estimate is relatively easy to handle. Using twice the Holder inequalities and vector-valued Doob's
inequality (2.2), the left hand side of (2.3) is controlled by

1/1+€ 1/1+€
SZ (j sup||E4(]§)||,{ffE(M) ) <j S{}Elg”]Eé(gs)”ﬂfE(M)dx>
R
S

SO Wil lsllireery S D Wil gl ccaz,o

N N
where we used noncommutative Burkholder-Gundy inequality for € < 1 in the last inequality.

To show the second estimate (2.4), we only need to show for any ¢
1/2
D (g5)! 2) :

1/2
Z Z DD <) (Z |Dk(fs)|2> (Z
L1 (M) S Ly4e(M) L1+e(M)

k=-c0 keZ kEZ
since then we can follow similar arguments as in the (2.3). By duality and the Holder inequality,

and
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£
> DD

le=—eo s Ly ()
£ £
= sup fr{u > DD |[= sup [r| YD Delod @D ()
wllullarsa = 5 wllullarsa he—e 3
(1 £
= sup r@ul | D D@D @en || D ub(f) ®ew 0
wllullarsr 45 k= —oo k=—o0
£ £
< sup > D) ® en uDe(f) ® e
u,||u||]v[s1 s k=—o0 L1+6(M®‘B(€2)) k=—o0 L1+E(M®'B(€2))
1/2 1/2
<> (Z |Dk(fs)|2> (Z |Dk<gs)|2>
s kez Liye(M) ker Li+e(M)

2.2. Representation of perfect dyadic CZOs. The notion of perfect dyadic CZO was defined in [1]. Classical
perfect dyadic CZOs include Haar multipliers/martingale transforms and dyadic paraproducts or their adjoints.
They also show that these operators and their combinations are the only perfect dyadic CZOs. That is, any
operator-valued perfect dyadic CZO is a sum of one noncommutative dyadic martingale transform, one
noncommutative dyadic paraproduct and its adjoint.

Nowif f;: R - M is integrable on [ € D, we set the average

Bi=f Y hedx
[f0<e<oandf; € Li;.(A) ’

E(f= ) > EBG= ) D D= ) > D= ) > (i fh,

IEDE s IEDE s IEDk—_1 S I€EDk_1 S
where h;:= |I|7Y 2(1,+ - 1,_)is the Haar function and (-,-) denotes the operator-valued inner product anti-

linear in first coordinate. We will use ({-,-)) to denote the inner product in L, (A) anti-linear in first coordinate.
Lemma 2.3 (see [63]). Let T be an operator-valued perfect dyadic CZ0. Then for f;, g € S(R) @ Syr,

Cos TEM = ). <g2 <h,,T(h,)><h,,fs>h,>

I€ED

+z <gs,z D,(Tl)IE,(fs)> (2.5)

s I1eD

N

4 Z <gs, z D, ((T*1)))Dy(f,)

I€ED

This representation (2.5) has been essentially verified in [1] using the language of wave package. Here, we give
a proof using an alternate approach due to [6], which motivates us to deduce a similar representation formula for
general matrix-valued Calderon-Zygmund operators.

Proof. Without loss of generality, we can assume that both f; and g, are of the form h @& m with h being scalar-
valued function and m being an operator. Then the convergence of E;, (h) to h as k = o and to 0 as k - —oo
(both a.e. and in L, .(R) ) leads to Figiel's representation of T as the telescopic series

€oaTEN= D" D ({(Bxgs TEf)) = ((Bxorge TE. 1 £))

k=—o s

- i Z (((Dkgs.mkfs.)HZ ((Ek_lgs,TDkfs>)+Z ((DkgS,T]Ek_lfs))>

k=—oc s
:=A+B+C,
where, upon expanding in terms of the Haar functions,
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A= 3 (G rin TR R, fobhr i)

meZ I€ED s

DI e e

meZ I€ED s

9030 DTS T

mezZ IED s
Here I+m: = I + £(I)m is the translation of a dyadic interval I by m € Z times its sidelength £#(I). Now by the

perfect property of the densely kernel (1.9)- T'1; is supported in J for any dyadic interval J, we see that only the
term m = 0 in the summation contributes. Then observing that |h;|?> = 1,;/|I|, we see clearly

B=Y <9Z D, (T DD (f)

and

€D
and
c=> <gz lD)z(Tl)lEz(fs)>
s I€D
finishing the proof.

2.3. Proof of Theorem 1.1 (see [63]). From the representation (2.5), using the symmetric condition (1.10), we
clearly have T(f;) = M:(f;) + Ay (f;) with

§= ) (T),b=T1
I1€Dy
Then observing that || - ||zgaz,) = Il - 2,4y, We finish the proof using Proposition (2.1) and (2.2) since WBP

condition (1.12) ensures sup ||, ]l < oo, while BMO condition (1.11) ensures b € BMO(A, Z 4).
K

III.  General CZOs: proof of Theorem 1.2 (see [63])

As in the proof of classical T1 theorem, the most difficult part of Theorem 1.2 is the case € = 1, and other cases
will follow by standard arguments. We will summarize the proof at the end. For the case € = 1, as mentioned,
we will use the method of random dyadic cubes first introduced in [47], later modified in [23]. 3.1. Radom
dyadic system [63]. Let D°: = Uz D/, D}: = {277([0,1)™ + m) : m € Z™} be the standard system of dyadic
cubes-the one in the previous section when n = 1. For every f§ = (Bf)jez € ({0,1}™)Z, consider the dyadic
system DF = {I + B:1 € D°} where I + f: =1+ Yi2-ice(n) 276,
The product probability Pg on ({0,137 induces a probability on the family of all dyadic systems D?. Consider
for a moment a fixed dyadic system D = DF for some B. A cube I € D is called 'bad' (with parameters r €
Z,and y € (0,1) ) if there holds

dist(1,]¢) < £(DYL(J) Y for some ] = [0 k > r,
where I®) denotes the k-th dyadic ancestor of [I. Otherwise, I is said to be 'good'.
Fixing a I € D°, consider the random event that its shift I + 8 is bad in Df. Because of the symmetry it is
obvious that the probability Pg(I + f is bad ) is independent of the cube I, and we denote it by 7,4 ; similarly
one defines Myy0q = 1 — Tpaq - The only thing that is needed about this number in the present as in [47],[24] is
that m,,q <1, and hence my,,q > 0, as soon as r is chosen sufficiently large. We henceforth consider the
parameters ¥ and r being fixed in such a way.
Note that

Toood = Pl + B is good ) = Eplyeeq (I + B)

which is independent of the particular cube I. Then as in [23], using the fact that the event that [ + 8 is good is
independent of the position of the cube I + S, hence of the function ¢ (I + f3), for ¢(I) defined on all the cubes,
we have
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TaiBp D 1) = > gl ( +BEd(I + )

1eDB 1€D0

= Ep(leo U+ HISU+ ) =Fg D 6D 3.1

0
IED IED'B
good

This identity is the only thing from the probabilistic approach that we will use.

3.2. Representation of general CZOs (see [63]). Fix a 8 € ({0,1}")%. For D = D¥, let E, be the associated
conditional expectation with respect to Dy, and D,: = E, — E,_;. These operators can be represented by the
Haar functions h?, 8 € {0,1}", which is defined as follows: Whenn = 1,

1 1
h?:=|I|21;,h}: = |1|2(11+ -1.)

Whenn > 2,
n
0n 6;
B Gy = R Gy ) = [ ] A
i=1
Then
B =) > RGLADGL= > > > h(Af).
IEDK s 1€Dp_, 6€{0,1}\{0} s
The translation of a dyadic cube I by m € Z" times its sidelength £(I), is defined similarly as I+m:=1 +
me(1).

As in Lemma 2.3, we also have Figiel's representation of an operator-valued Calderdn-Zygmund operator. Let
fo 95 € S(R™) @ Sy

Coo TN = > ) (((Dkgs,mkfsmz (Eirgs, TDRSN) + ) <<m>kgs,mk_1ﬂ>>>
k=—oc0 s s N

= A+B+C (3.2)

where
4= Z Z Z Z <(9S'(h7+m'Thf>(hufs) ,+m>>-
1,0€{0,1}"\{0} m€Z™ I€ED s
B > 3D o Bl T £
0€{0,1}"\{0} mEZ" I€ED s
= YD e A TN )~ 180)
0€{0,1}"\{0} mEZ" IED s
* Z ZZ <(95'(h?'(T*l)*xth;ﬂ)lz/ll I> =B + P;
0€{0,1}"\{0} IeD s
and

c= 3 SIS (00 T )8 £02))

0€{0,1]"\{0} meZ" IED s

DI (ORI R ENATE)

0€{0,1]\{0} meZ" IED s

" Z Z Z ((gs'(hf,Tl)u,/lI I,fs)hf> — 040
0€{0,1}"\{0} I€ED s

Taking integral [Eg on both sides of identity (3.2), and then using the identity (3.1), we get

((gS' Tf:s‘» = [E:B(Agood + Bgood + Cgood) + ]Eﬁ(P + Q)!

200!
where for instance

Aot = Aoy = Z DD DI (A AT

1,0€{0,1""\{0} mEZ"™ ;cpB s

good

The desired estimate
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D TN S D sl sl

N N
is reduced to the corresponding uniform estimate (in ) for Agooq Bgood , CgoOod and P + Q.

n

Estimate of Ayyq [63]. This term can be estimated directly since {h, J-rm}IeD

form a martingale difference
sequence for fixed n, m.

|Ag00d |S Z Z Z s Z (h7+m’ Thl&)(h?’fs)hyﬁ'-m

1,0€{0,1}""\{0} meZ™ s 1€Dgg0d
n 6 [ n
=S S A TRV S SN | I S (i VAT
s 7,0€{0,1}""\{0} MEZ™ ||IE€Dgn0d Ly(A)
2
1
2
2
=3 S A TIPS S 1 1 9% ) 0 2 I S (A
s n.6e(0.m\ (0} mezn < 1€Dgo0d
SO Mgl D D A+ Ml S ). Mgl
s 1,0€{0,1}"\{0} meZ" s
Here we used the fact
sup supll{h}, TR lae S (1 + |m])™™@ (3.3)

1,0€{0,1}* cubes I+m

which was essentially observed by Figiel following from the size condition (1.5), the smooth condition (1.6) and
the Weak Boundedness Condition (1.15).
Estimates of Bg(,od [63]. This term can not be estimated directly since h{,,, —h? do not form a martingale
difference sequence when I runs over all elements in Dy,q , but can be achieved when I runs over elements in
some subcollections which partition Do, as in [23].
For each m, let M = M(m): = max{r, [(1 —y) logi |m|]}. Let then a®(I):=log, ¢()modM + 1, and
define b(I) to be alternatingly 0 and 1 along each orbit of the permutation I — I+m of D. It has been proved in
[23]if (@*(1), b(I)) = (a®(J), b(J)) for two different cubes I,] € Dy,oq , then the cubes satisfy the following m-
compatibility condition: either the sets I U (I+m) and J U (J+m) are disjoint, or one of them, say I U (I+m), is
contained in a dyadic subcube of J or J+m.
We can hence decompose D,,,¢ into collections of pairwise m-compatible cubes by setting

Dy ={I € Dypoq:a*(I) = k,b(I) = v}k =0,--,M(m),v =0,1.
The total number of these collections is 2(1 + M(m)) < (1 + log* |m|).
Note that for fixed k, v, {h?,,, — hV} repl®, form a martingale difference sequence. Thus

Bl > > > > e DL (i THENAL, £) (k. — 1)

0€{0,1}"\{0} meEZ" kv s 1€D,

S gl Y, A+ mh™ e +log* ImD = Y Igallcollfille
mezn

N N
where we used again the fact (3.3)Estimate of Cgood . This term can be dealt with similarly as Bgood since we can
rewrite

o= D I (e R TR 0 65) 1 — D)),
0€{0,1}™"\{0} meZ™ IeED s
zgood .
Estimate of P + Q [63]. The estimate of P + Q is completed through a similar argument used for Haar
multiplier in Proposition 2.2

Lemma 3.1 (see [63]). We have
|P+Q|= Z fsllzcapllgsll, e ITIBMo(A ) S Z /sl gsll2 11Tl morn;ae) (34)

in the same form with B

S N
with some constant independent of 8. Here X 4 is the filtration associated to the dyadic system D¥.

Proof. We first rewrite P, Q as follows:
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p= S NS (g £ g n)

ge{0,1j"\{0} 1€D s

_ <T*1,Z > Dk(fs)IEk_l(g;)>

k€EZ s
and

o= > > (@ gon, i)

0€{0,1}"\{0} I€D s

- <(m*,z > Ek_lcfsmk(g;)>

KEZ s
Then by the symmetry condition (1.13), we get

P+ 01 IT" lpmocaz. ). HZ Dy (f)Beor (9D + ) Bia (FIDi(92)

k€Z kEZ

)

HTM(AZ4)

which is controlled by

| fsll e |95yt 1T Ll BMo (500
by the same arguments in the proof of Proposition 2.2. Noting that for b = T*1

1

1 2
1Bllssoesac): = sup (— [ b~ bfllfwdx)
J /1 J

where the supremum is taken over all the cubes J, while in the definition of BMO(A, X 4)-norm, J runs over all
the elements in D¥. We get

IT* 1l emocaz) < 1T 1lIsmMo®rr M) < ©
by the assumption (1.14), and thus finish the proof.
Remark 3.2 [63]. (i). Let 0 < € < o and (1 + €) be the conjugate index of (1 + €). Then using the arguments
in the proof of Proposition 2.2, actually we are able to show

IP+Q| s {”fs||L1+e(cﬂ)||9s||H€+E(«A.zﬂ)||T1||BM0(1R";M)' whenever 0 < € < o0

||fs|||—1§+e(c;z,zﬂ)||95||L1+e(c/1)||T1||BM0(1R";M)' whenever 0 <e <1

(i1). Here it is worthy to point out that in the argument above we did not use directly the boundedness of higher-
dimensional Haar multiplier but the proof for one-dimensional Haar multiplier. We will see in the appendix that
higherdimensional Haar multiplier is more difficult to handle.

3.3. Proof of Theorem 1.2 (see [63]). Combine the estimates of the four parts Agyoq 5 Bgood s Cgoood and P + Q,

goo
we proved

||Z Tfillse S Z A (35)

To prove other cases 1 < € # 1 < 0. We will use the atomlc characterization of H{(R"; M), which was first
introduced by one of us [42]. Let us first recall the definition. Let 0 < € < oo. The Hardy space Hf,.(R™; M) is
defined to be the space of functions f; € L, (A) for which we have

1
” o o o 2
af: of. af: of dxdt
j

N

Liye(A)
with T' = {(x,t) € R¥*!||x < t}and fi(x,t) = P.f,(x) for the Poisson semigroup (P,);»o.
According to [42], these Hardy spaces have nice duality and interpolation behavior. Observing that the adjoint
operator T* and its kernel have same properties as T and K, thus to finish the proof, it suffices to show
T:HE(R™; M) - Ly (A).

On the other hand, H{(R™; M) has an atomic characterization. We say that a® € L, (M; L5(R™)) is an atom if
there exists a cube I so that

e suppa’® €1,

o [ Y a’(x+e)d(x+e) =0,

9%l fuscam) = 7O B leix + OPdGe + ) < =
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By [42, Theorem 2.8], we have

s 1ltg mrsney ~ inf{Z Al | fs = Z Z Axai with ai atoms }
k s

k
Therefore, we only need to find a uniform upper estimate for the L; norm of T'(a®) valid for an arbitrary atom

Il Z T(as)”Ll(m < Z ”T(as)121”L1(ﬂ) + Z ”T(as)lmn\y”h(ﬂ)
S S S

The second term is dominated by

T (@) 1grn\2s "Ll(d‘l)z ! fR”\Zl Z

Sf f Z |KCe,x +€) — K(x, c)llpdx | T]a’(x + €)|d(x + €)
1 \Jrm2r <

SZ T<J |a5(x+e)|d(x+e)>sz ||t (f |a5(x+e)|2d(x+€)>E <1

where we have used Kadison-Schwarz inequality in the third inequality. As for the first term, it suffices to show
that T: L, (M; LS (R")) - L (M; LS (Rn)), since then we find again

IT@) Loty = r( [ > |T(a5)(x)|dx>
(f > |T(a5)(x)|2dx>2
21 S
< JI20]t (fz |a5(x)|2dx>2 <1
I N

The L, (M; L5 (R™))-boundedness of T follows from the duality

||T02)||L1(M;L5(Rn))s< sp Y ||T*(gs)||Lw(M;Lg(Rn))> 1ll (peasam)

ll‘gS”Loo(Lg)S]' S
Recall that the adjoint T* has the same properties as T, and thus is bounded on L, (cA). This gives rise to

IT* @, (rensmm) = (fRnZ |T*(gs)(x)|2dx>

dx

f K(x,x +€)a’(x + e)d(x +¢€)

< .2t

M
1
5 2
= sup fz (IT*(gs)(x)| wu dx
lullL, <1 \ /R 3
L (M)
2
—  sup j DI @I, o dx
lully (o)1 \VR™ 45
1
5 2
S sup Z <f ”gs(x)u”Lz(M)dx>
lullLy st <5 R™
1
2
=y <f |gs(x)|2dx)
S R

M
The third identity above uses the right M'-module nature of T.
Remark 3.3 [63]. It is a quite interesting question to give a direct proof of Theorem 1.2 inthe case 0 < € # 1 <
oo without using atomic decomposition, interpolation and duality like the one for perfect dyadic CZOs.
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IV.  Appendix
We show the following commutator estimate.
Theorem 4.1 (see [63]). If b € BMO(R"™; M), then the commutator [Rj, b] is bounded on L, (A). Moreover we

have the estimate
> [rublr:

N

< lbllewoganon ). Isllisen (1)
La(A) s
When n = 1, the Riesz transforms reduce to the Hilbert transform. By noting the boundedness of the Haar
multiplier-Proposition 2.2, the result has been essentially proven by Petermichl, see Section 2.3 of [49]. When
n > 1, the situation becomes a little bit more complicated. Firstly, reviewing the proof of the boundedness of
one-dimensional Haar multiplier, the higher-dimensional case is not trivial since D, bD;f; is not k — 1-th
measurable; Secondly, the higher-dimensional Haar systems are also more complicated.
[50] showed that the Riesz transforms also lie in the closed convex hull of some dyadic shifts. We write down
explicitly the form of this class of dyadic shifts: Fix a dyadic system D, let 8, € {0,1}" be the element with first
coordinate 1 and others 0 ,

Sf, = Z Z Z ef <hf °.fs>h? (4.2)
I€D 6€{0,11"\{0} s
where [ is the dyadic father of I and £ = +1.
Associated to this fixed dyadic system D, the Haar multiplier with noncommmuting symbol b is defined as

ME =D DBIE(S)

KEZ s
As in the one-dimensional case-Proposition 2.2 one also gets

Proposition 4.2 (see [63]). If b € BMO(R"; M), then we have

e A, isbounded from L, (A) to HS, (A, Z ) whenever 0 < € < o,

o A, isbounded from HS, (A, Z4) to L1 (A) whenever 0 < € < 1.
Proof. It suffices to show the case 0 < € < oo, since another case can be shown similarly. Let (1 + €) be the
conjugate index of (1 + €). Let f; € L1, (A), and g; € Hi, (A, X 4). By approximation, we can assume b, f
and g, are "nice", so that we do not to justify the infinite sum in the following calculations. By duality, it
suffices to show

D oD 5D Whilliy el llng, cazo
N N

Noting that A, f; = bf; — Y Erx_1(D)Di(f;), we have

D o)

N

=> el 6£ - BB |

s k

= | letrad o[ b)) Bea@fOD)
k

=> el o[ £9: =) B @efIDi))
k

Now decompose f;gs, one gets

L= ) Bea(DeDe()) = ). > Du(Be(fDelgd)
k s k S

N

DD Bea (D) + ) DB (g
s keZ keZ

The second term can be estimated as in the one-dimensional case. For the first term, note that
Dy (]D)k(fs)]]))k(g;")) is a martingale difference, by duality and the fact that the dyadic BMO-norm is controlled
by usual BMO-norm, we have
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> 0| b)) DDIDD) || S Ibllsmognon ).
k N

N

=”b”BMO(]R{”;M)J- Z sup
R" s LEL

Splitting

P ACHALNER)

k

HT'(AZ4)

dx
L (M)

Y
Z Dk(]D)k(f:?)]D)k(g;))

k=—o0

£ £

i Y D@IDeD) = D D DB = ) > B a(De(f)Dil9d)
k s k=—o s

k=—c0 s =—o00

noting that the first term can be dealt with as in Proposition 2.2, and we are reduced to show
axs ) hlcolglng 43

£
[ sup PIDIRLCACLACY) )

Using twice the Holder inequalities and vector-valued Doob's inequality (2.2), it suffices to show for any ¢

i z [Ek—l(m)k(fs)m)k(g;))

k=—o0 s

L (M)

1/2 1/2
<> (Z |m>k<fs)|2> / (Z |Dk(gs>|2>

s keZ kEeZ
Li+e(M) Li+e(M)

By duality and the Holder inequality, using the trace-preserving property of conditional expectation,

i Z Er—1(Di (£)Di ()

k=-o0 s L1 (M)
i3
= sup ' fe{u Y B (De(Dlg))
wliullarss 45 ket

s k=—o0
£

sup | Y Delg)E D)

wliullarss 45

k=—00

¢
u'”illtlv)[ﬂz T Z ]Ek1(u)(Dk(fs)Dk(9;))>

£ 2
sup > [e@tr| [ Y Do) ®ene || ) Eea@Di(h) @ e

wllullarss

s k=—c0 k=—o00
£ [
< sip > 1) Dilg) ®en By (D) ® e
wlitloess 55 k==co L1+6(M®B(fz)) k==co L1+€(M®B(€2))
1/2 1/2
<> (Z |Dk(fs)|2> (Z |m>k(gs)|2>
s ket Ligen) 1 VFEE Lise(M)

This finishes the proof by noncommutative Burkholder-Gundy inequality.

Now we prove Theorem 4.1 (see [63])

Proof. Since the Riesz transforms [50] are shown to be in the convex hull of the dyadic shift operators such as
(4.2), it suffices to estimate [S,b] for one fixed dyadic shift operator S. Without loss of generality, we can
assume b = b*. Let f; € L,(A). By approximation, we can assume b and f; are "nice" so that we can
decompose bf; = Ay fs + Ry fs, where

RE=) D EBa®D() = > > > byl fn,
k S

6e{0,1}"\{0} IeD s
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. 1
with (b}, = mfl b. Thus

[S, blfs =[S, Aplfs + [S, Ry fs
Observe that from the L, (A)-boundedness of S and A, we have

DU =2) IS S Wllswoenan Y. Willie
N N

N

La(A)
For another term, we claim that

SRIL= ) > > (WLShI(b), — (b)) L], (44)
6,ne{0,1}*\{0} I,JeD s
from which, we can conclude the proof. Indeed, by the orthogonality of the Haar basis h{ s,

SRIE= > D> @)Wy — (ke f)h]
0',60,n€{0,1}*\{0} IED s
where

0’0, rf, 8 !
(as)l - 816 <h’l 0,h19> <h;’,h1€ ),
which equals £+1 or 0 . Then the fact for any e € L,(M) with norm 1,
b); = (bYDellf, ey S b IIgmocrman)

3
s L (A)

Now let us show the formula (4.4). Note that [S, R, |f; = SR, fs — R, Sf;. It is straightforward to compute
RiSf= D D ()]SI
NE0M\(0} JED s
- Z z (7, ShY)(b), (hf, £},
0.n€(0,1}™\{0} LjED s
For another term, we test it on gs = Ype0,1)7\(0} 2jep s (h?,gs)h}7 € L,(A), and obtain

(guSRof= D > ) <((h}’,gs>h;’,<b>1<h?,fs)5h?)>
6,nef{0,1}™"\{0} I,JeED s

DD IR (R R
0,mn€{0,13™"\{0} I,JED s

yields

S bllawonan Y. Wfillea
N

which yields
SRfy= Y DL D (WLSKEYON(RE AN,

6,ne€{0,1}"\{0} 1,JED s
From the above two identities, we get (4.4).

Remark 4.3 [63]. (i). The above argument works also for general dyadic shifts such as those introduced in [37].
But at the time of writing, the authors have no idea how to show similar results for general Calderén-Zygmund
singular integral operators.

(i1). In the framework of noncommutative harmonic analysis, it would be also interesting to show the result for
€ # 1. But now the proof is not trivial at all.
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