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Abstract
By an order labeled graph C*-algebra we mean a C*-algebra associated to an order

labeled space (Eg, L£,, €) consisting of an order labeled graph(E,, £;) and the smallest
normal accommodating set € of vertex subsets. Every graph C*-algebra C*(E;) 1s an
order labeled graph C~-algebra and it is well known that C*(E;) 1s simple if and only 1f
the graph E_ 1s cofinal and satisfies Condition (L). Bates and Pask extend these conditions
of graphs E,; to the order labeled spaces, and show that if a set-finite and receiver set-
finite order labeled space (E;, L4, £) is cofinal and disagreeable, then its C-algebra
C*(Eq.Lg. &) 1s sumple. J. ATJeonga, G. H. Park [23] show that the converse 1s also frue.
On the same way as [23] we introduce a specific order of definiteness.
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1. Introduction

A class of C"-algebras associated to directed graphs including the Cuntz-Krieger algebras [9] was
seen m [18].[19]. and since then its generalizations have attracted mmuch attention. The C"-algebras
associated to ultragraphs, infinite matrices. higher-rank graphs, subshifts, Boolean dynamical systems, and
labeled spaces are examples (see [1].[3].[4].[7].[10],[11].20],[22]).

In the study of these generalized Cuntz-Krieger algebras is to describe the ideal structure of a C*-
algebra in question in terms of structural properties of the object to which the C*-algebra is associated. The
ideal structure of a graph C”-algebra is now well understood, and if we recall it for a row -finite order graph
E,; with no singular vertices, it says that there exists a one to one correspondence between the gauge-
mrvariant ideals of the graph C*-algebra C€*(E;) and the hereditary saturated vertex subsets of the order
graph E, ([2].[5].[10]), and moreover C°(E,) is simple if and only if E, is cofinal and satisfies Condition
(L) ([10].[18]). Here the gauge action i1s the action of the unit circle on a graph C*-algebra which alwavs
exists because of the universal property of a graph C"-algebra. Many put a great deal of effort to extend thas
result to the classes of generalized Cuntz-Krieger algebras, and we will look at the order labeled graph C~-
algebras and focus on the question of when these algebras are simple.

If (E;. L) is an order labeled graph, that is, £,: Eg — <A is an order labeling map of the edges E}
onto an alphabet -4, then we consider a collection B consisting of certain vertex subsets so that a universal
family of order projections {pAq tAg E ‘B} and order partial isometries [saq: ag € Jl} satisfying the relations
imposed by the triple (E,, £, B) exists and thus one can form the C*-algebra C*(Eg, £,, B) generated by
this universal family of operators [pAqJ Sa, } We call C*(E,, L4, B) the C*-algebra of an order labeled space
(Egq. Lg.B). So, if £ is the smallest normal accommodating set, we will simply call C*(Eg, £4, £) the order
labeled graph C*-algebra of (E,, L) for convenience. We will be mostly interested in these order labeled
graph C*-algebras C*(Eg, L4, £).

Every graph C*-algebra 1s a labeled graph C*-algebra ([1]) and the class of Morita equivalence
classes of C*-algebras of labeled spaces strictly contains the class of Mornta equivalence classes of graph
C*-algebras (see [1] and [13]). By the universal property of an order labeled graph C*-algebra C*(E,, £4.B).
there exists a gauge action of the unit circle on C*(Eg, £, B), and it 1s known [16] that if E, has no sinks
and (Eg, £4,B) 15 a set-finite and receiver set-finite order normal labeled space, there 1s a one fo one
correspondence between the gauge-invariant ideals of C*(Eg, £, B) and the hereditary saturated subsets of
B. (A gauge mvanant uniqueness theorem [3] used in [16] was turned out to be incorrect, but was corrected
in [6] for normal order labelad spaces and in [1] for general order labeled spaces.)

[4] considered the question of when a C*-algebra C*(E,, L., &) of a set-finite and receiver set-finite
order labeled space (E;. L, £) is simple, and proved that C*(E,, L. £) 1s simple if (E,, L, £) 1s cofinal
and disagreeable. The notion of a disagreeable order labeled space (Eg, L4, &) introduced in [4] is an
analogue of Condition (L) of usual directed graphs. The cofinal condition for (E,, £4, &) used in [4] needs
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to be modified to obtain the simplicity result for C*(E,, £, €) as noted in [15] where a condition called
strongly cofinal was used instead. The definition of a strongly cofinal order labeled space given in [15] 1s
weaker than the one here (see Definition 2.10 or [14]), and throughout i1f we mention strong cofinality. It
then follows from [15] that €*(Eq, Lg, E) is simple whenever (Eg, Lg,£) is disagreeable and strongly
cofinal.

As for the converse of Bates and Pask's simplicity result, the strong cofinality of (Eg, £, £) can be
derived m [15] by slightly modifying the proof there. On the other hand, it 1s not clear whether the order
labeled space (E,, L,, £) has to be disagreeable when its C*-algebra C*(E,, £, £) 1s simple, and this is the
question we will consider here. From a [8],[16] on simplicity of a C*-algebra associated to a Boolean
dynamical system, we know that for an order labeled space (E,, £,, £€) whose Boolean dynamical system
satisfies a sort of domain condition, the C*-algebra C*(E,, £, £) 1s simple if and only if (Eg, £, £) has no
cycles without an exit and there are no nonempty hereditary saturated subsets of £. The first condition of
having no cycles without an exit 1s always satisfied whenever the order labeled space 1s disagreeable while
the converse does not hold in general, and the second condition of having no nonempty saturated hereditary
subsets 1s equivalent to the absence of gauge-invariant proper ideals in C*(E,, L4, £). Thus the question of
whether the converse of Bates and Pask's simplicity result holds true is not answered directly from [8] while
it 1s known [15] that the converse holds if € contains {v,} for every vertex v, i E,.

We figure out whether the converse of Bates and Pask's simplicity result holds and it 1s proved that
the order labeled space (E,, L, €) 1s always disagreeable if C*(E,, £, £) 1s simple. This establishes the
following: the order labeled graph C*-algebra C*(Eq, Lg, £) is simple if and only if (Eg, Lg, €) is strongly
cofinal and disagreeable.

2. Preliminaries

We state notation, review definitions and basic results. See [1] or [14].

A directed graph E, = (EQ, EL, 7, s) consists of the vertex set EC and the edge set E together with
the range, source maps r, s: E; — Eg. We call a vertex v, € EJ a sink (a source, respectively) if s71(v,) =
0] (?"1{vq) = 0, respectively). If every vertex in E, emits only finitely many edges, E, 15 called row-finite.

For each n = 1, EF denotes the set of all paths of length n, and the vertices in Ef?' are regarded as
finite paths of length zero. The maps r,s naturally extend to the set Ej =Up.q E; of all finite paths,
especially with r(v,) = s(v,) = v, for v, € EJ. By E5° we denote the set of all infinite paths x = A;4; ---,
where we define s(x): = s(4,). For 4, B, C Eg and n = 0, we use the following notation

AgER:={A € E}:s(1) € AgLERB,:={A € El:v (1) € B},
and A EFB:= A Ef NnEZB, with Efv,:= Ef{v,}, v El:= {vq}E;_ Also the sets of paths like
EZ¥, A EZF, and A EZ which have their obvious meaning will be used. A loop is a finite path 4 € E;!
such that r(4) = s(A), and an exit of a loop A1sapath & € E‘ffl such that |§] = |4],5(8) = s(A), and & #
Ay -+ Aj5)- A graph E, 1s said to satisfy Condition (L) if every loop has an exit.

For A be a countable alphabet and A" (-A™, respectively) denote the set of all finite words (infinite
words, respectively) in symbols of 4. An order labeled graph (E,, £,,) over A consists of a directed graph
E, and an ordering labeling map £_: Eé — <A which 1s always assumed to be onto. Given a graph E_, one
can define a so-called trivial labeling map (£,);q: = id: Ej — Ej which is the identity map on E; with the
alphabet E&. The labeling map naturally extends to any finite and infinite labeled paths, namely if A =
Ay - Ap € Ex then L (A): = L(A1) -+ L4(A,) € Lo(EF) € A”, and similarly to infinite paths. We often
call these labeled paths just paths for convenience if there 1s no nisk of confusion, and use notation
Li(Eq): = L4(E3'). Foravertex v, € EQ and a vertex subset A, C EJ, we set L, (vg): = v and Lg(Ag): =
Ay, respectively. A subpath a; - a; of @ = @y @, -~ @5 € L(E,) 15 denoted by ap; j;for1 =i = j = |a|,
and each apy ;5,1 < j < |a|, is called an initial path of a. The range and source of a path & € L;(E,) are
defined fo be the following sets of vertices

r(a) ={r(}) €E:A € B3, L (1) = a},

s(a) ={s(A) € ES: 2 € EZ1, L, (A) = a},

and the relative range of @ € L (E,) with respectto A, C Eé’ 1s defined by
r(Ag a) ={r(A):1 € A,EZL, L (1) = a}.
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A collection B of subsets of Eg 1s said to be closed under relative ranges for (E,, £L;) if r(A,,a) €B
whenever A, € B and @ € L (E,) We call B an accommodating set for (E,, £;) if it 15 closed under
relative ranges, finite intersections and umons and contans the ranges r(a) of all paths a € £3(E,). A set
A, € B is called minimal (in B ) if A, N B, s either A, or @ forall B, € B.

If B 1s accommodating for (E,, L), the triple (E,, L, B) is called an order labeled space. We say
that an order labeled space (E,, £, B) is set-finite (recetver set-finite, respectively) if for every A, € B and
k = 1 the set £,(A4EY) (L£4(EXA,), respectively) 1s finite. The order labeled space (E,, £,,B) 1s said to
be weakly left-resolving if

T(Ag, a) N1(Bg, @) = r(4q N By, @)
holds forall 4,,B; € Band a € L;(Eq)_ If B 1s closed under relative complements, we call (Eg, L, B ) a
normal labeled space.
Notation 2.1. For 4; € B, we will use the following notation
A, NB:={B, EB:B, C 4,}.

Assumptions. Throughout, we assume that graphs E, have no sinks and sources, and the order labeled
spaces (Eg, Ly, B) are weakly left-resolving, set-finite, receiver set-finite, and normal.
Definition 2.2 (see [23]). A representation of the order labeled space (Eg, L4, B) is a family of order
projections {pﬂq: A, € B} and order partial isometries {Saq ag € cﬁl} such that for A;, B, € Band ag, b, €
A,

(1) Po = 0,PagnB, = PagPB,. a4 Pajus, = Pag + Ps, — Pagnsg

(1) Pa Sa, = SagPriagag)-

(111) sa“qsaq = Priag) and s;qsbq = Ounlessa, = b,

(v) pa, = ana:q{.qqs,;) Saqpr(aq.aqjséq-
It is known [1].[3] that given the order labeled space (E,, Lj, B), there exists a C*-algebra C*(E,, £, B)
generated by a universal representation {saq, pﬂq} of (E,, L, B), so that if {taq, g Aq} 15 a representation of
(Eq.Lq,B) in a C*-algebra By, there exists a *~homomorphism

@:C"(Eq, Lo, B) = B,
such that ¢ (saq) = tq, and ¢ ('pgq) = a, foralla, € A and A; € B.
Definition 2.3 (see [23]). We call the C*-algebra C*(E,, L, B) generated by a universal representation of
(Eq. Lq, B) the C*-algebra of an order labeled space (E,, L, B).
The C*-algebra C*(E,, L, B) is unique up to isomorphism, and we simply write
C"(Eq LqyB) = C* (Saq P4,

to indicate the generators Sag Dag that are nonzero for all a; € A and A; € B, A, = 0.
Remark 2.4 [23]. Let (E,, £, B) be an order labeled space with C*(E,, £,,B) = C* (saq.pgq). By €, we
denote a symbol (not in L;(Eq)) such that a e = ea,, r(e) = Eg, and r(4, €)= A, forall a; € A and
A, C EJ We write LZ(E,) for the union £;(E,) U {€}. Let s, denote the unit of the multiplier algebra of

C*(E4, Ly, B). Then one can easily check the following

Su’y’pr(ﬂq.y’}nﬁ’qs;’ lf? = ﬁ}r’

* ® 5 p* nSsg’s lfrg = yﬁi
(sapﬂqsﬁ) (s},pﬁqsa) =47 Aqm"(ﬂ'q;ﬁ] LA
SaPagnBySar iff =y
0 otherwise

fora,f,y,6 € LE(E,) and A,, B, € B (see [3, Lem;:na 4.4]). Since sap_qqs_é # 0ifandonlyif A, Nnr(a) N
r(f) #= 0, we have

C*(Eq,Lq, B) = SPan {Sapa,sj: @, f € L&(Eq) and Aq € () N r(B)}
For the order labeled graph (E,, L), there are many accommodating sets to be considered to form an order
labeled space, and the C*-algebras C*(E,, L, B) are not necessanly 1somorphic to each other, m general.
By &€ we denote the smallest accommodating set for which (E, £, €) 1s an order normal labeled space.
We are mostly interested in the C*-algebras of these order labeled spaces (E, £,, £) throughout.
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For each | = 1, the relation ~; on EJ given by v, ~; w, if and only if £,(ES'v,) = L,(EF'w,) is
an equivalence relation, and the equivalence class [v,]; of v, € Ef 1s called a generalized vertex (or a vertex
simply). If k >1, then [v,], ©[v,]; is obvious and [v,], =UiZ,; [{U'T)"]Iu for some vertices
(Vg1 - (Vg )m € [v4];i ([4. Proposition 2.4]). We have

€ ={Un, [(v)); (ve): € ES1= 1,n = 0}
with the convention UY_, [(v‘?)i]a: =0 by[12]

Recall that a Cuntz-Krieger E -family for a graph E is a representation of the order labeled space

(Eq, (Lq)ia: E) with the trivial labeling, and the Cuntz-Krieger uniqueness theorem for graph C*-algebras
says that if E; satisfies Condition (L), then every Cuntz-Krieger E,-family of nonzero operators generates
the same C*-algebra C*(E,) up to isomorphism (see [5], [10], and [18]). A condition of an order labeled
space corresponding to Condition (L) of a directed graph was suggested in [4] as below, and it is shown
there in [4] that for a graph E,. the order labeled space (Eq, (Lg)iar € ) with the trivial labeling 1s
disagreeable if and only 1f E, satisfies Condition (L).
Definition 2.5. ([4]) A path @ € £3(E,) with s(a) N [v,]; # @ 1s called agreeable for [1,]; if @ = fa’ =
a'y for some a', 8,y € Ly(E,) with || = |y| = [. Otherwise a 1s called disagreeable. We say that [1,];
is disagreeable if there is an N = 1 such that for all n > N there is an a € £,(EZ") which is disagreeable
for [v,];-

The order labeled space (E, £, €) is said to be disagreeable if for every v, € E2, there is an L, =
1 such that every [v,]; is disagreeable forall [ = Ly,-

It 1s then natural to ask whether every loop in a disagreeable order labeled space must have an exit,
which first leads us to try to seek a right definition for a loop 1n the order labeled space and then to work
on whether the important results known for graph C"-algebras C*(E,) which involve the loop structure of
E, can be generalized to the order labeled graph C*-algebras. We take the following definition and will see
that every loop in a disagreeable order labeled space has an exit.

Definition 2.6. ([12]) Let (E,, £, £) be an order labeled space. For a path @ € £3(E,) and a nonempty set
Ay € € wecall (a,Ag) aloopif

Ag Cr(Ag a)
We say that a loop (@, A4) has an exit if one of the following holds:

(@ there exists a path § € £,(A4,E5") such that |f]| = |a|,f # a,

(I) A Cr(dg a).

In [8], the notion of cycle was introduced to define Condition (Lz) for an order labeled space (Ey, £4,B)
(more generally for Boolean dynamieal systems) which can be regarded as another condition analogous to
Condition (L) for usual directed graphs.
Definition 2.7. ([8]) For @ € L{(E;) and a nonempty A, € £, the pair (a, A;) 1s called a cycle 1f

B, =r(Bja)forallB, €A, N E
Clearly every cycle is a loop, and if (a, 44) is a cycle with an exit, then the exit must be of type (I).

If (Eq, Lq.€) 15 an order labeled space satisfying our standing assumptions and if, i addition, for
each path a € L3(E,),

(D, a) = r(a) for some D, € £ (&)
(that 1s, every path has a domain in £ ), then the order labeled graph C*-algebra C*(Eg, £4, &) can be
regarded as a C*-algebra associated to a Boolean dynamical system as discussed in [8]. A Boolean
dynamical system on a Boolean algebra B is said to satisfy Condition (Lg) if it has no cycle without an
exit: if this is the case for the Boolean dynamical system induced from an order labeled space (E,, L4, €),
we will simply say that (E,, £, €) satisfies Condition (L;).

Theorem 2 8 below 1s the Cuntz-Krieger uniqueness theorem for order labeled graph C*-algebras:
if (Eq, Lg, £) 15 disagreeable, it satisfies Condition (Lz) (see Proposition 3.2 or [14]). We need to understand
Condition (Lz) and disagreeability of order labeled spaces not only to answer the simplicity question of
order labeled graph C*-algebras, but also to be able to apply this useful uniqueness theorem for order labeled
graph C*-algebras.
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Theorem 2.8 (see [23]). ([4]. [8]) Let [taq,qdq} be a representation of an order labeled space (Ej, £, £)
such that Ga, #0 for all nonempty A, € €. If (E, Ly, &) satisfies Condition (Lg), in particular if

(Eq L4, €) 1s disagreeable, then the canonical homomorphism ¢: C*(Ey, Ly, €) = C” (saq,pAq) -
c* (taq,ﬁﬂq) such that ¢ (saq) = ta, and ¢ (pﬂq) = Gy, 15 an 1somorphism.

Definition 2.9. ([14]) A subset H of £ 1s hereditary if 1t 1s closed under subsets, finite unions, and relative
ranges. A hereditary set H is saturated if 4, € H whenever 4, € £ and r(4,, @) € H forall @ € L3(E,).

Let £,(EZ) be the set of all infinite sequences x € A" such that every finite words of x occurs as
an order labeled path in (E, £, ), namely

L(EF):={x €AY | xy ) € L, (E}) foralln = 1}.
Clearly £,(EZ) € £,(EZ). and the notation £, (EZ) comes from the fact that £, (EZ) is the closure of
Ly (E;") in the totally disconnected perfect space A™ which is equipped with the topology that has a
countable basis of open-closed cylinder sets Z(a): = {x € AY: Xpyn = a},a € A", n = 1 (see Section 7.2
of [17]).
Definition 2.10. ([14]) We say that the order labeled space (E,, L4, £) is strongly cofinal 1if for each x €
L, (.E"q’"] and [1,]; € £, there existan N = 1 and a finite number of paths 4,, ..., 4, € £3(E,) such that

r(xpny) SV, r([veln ).
The above definition of a strongly cofinal order labeled space is stronger than the one given in [15]: for
example, in the following order labeled space
ag g ag Qg ey (=] 5] =¥}

G () () G0 G, (), o, (), ),

ifx:=ay € L(EE)\ L,(E) and N,n, 1 = 1, then

:r'(x[lm] = r(ag) =r(a,) = {(vq)_k:k =0}eul,r ([{vq)n]r,lf)
for any paths Ay, ..., A,y € L3(E;), namely the order labeled space is not strongly cofinal although it is in
the sense of [15]. The result [15] can be improved as below with a slightly modified proof which we provide
here.
Theorem 2.11 (see [23]). If C*(E,, L, €) is simple, then (E,, £, €) 1s strongly cofinal.

Proof. Suppose to the contrary that there exist [v,]; and x € .Cq(E;“) such that

r(xay) QU r([veli A:) (2)
forall N = 1 and any finite number of labeled paths 4, ..., 4;,. Let I be the ideal generated by the projection
Pivg); and let py 1 = pry,y. Smee C*(Eg, Lg, €) 15 simple, we must have p,, € I and thus there 1s an element

P (s[(_j.p(ﬂq]_j.sﬁj) Plvgl: (s},jpwqj_j.sgj) in I with ¢; € € such that
m
Z 6 (Se;Peag 58, ) ot (51,Piag,55,) = P [ < 1 ®
=1
and the paths §; 's have the same length |8;| = Ny = 1. Then

1= Z Cj (sa;'p(dq)jsﬁ*j) Py, (SP’_:'p(Bq:'j S‘EJ) ~ P
I

1"

Z G (S":’p(‘qq:'j SIE_I) Pvgl: (S]"J'p(Bq:'j ng) Px; = Px,
i

- Z G (s":‘pfﬂqh Sﬂj) Progl (SJ’J'pr([%li-Vf}ﬂ(Bq);'“r(rﬁ:') 551) ~Px
J
We first show that foreachj =1, ..., m,
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r(x16;) cUE; r([vglu i) (4)
If r(x6) €U, r([v,],v) for some j, then r(x,6,) \UZ, r([v,],¥;) @ hence p;:=
Pr(,8,)\UL, r([vglur) * O Thenwith J: = {i 1 6; = &7},

1= (Z Gi {Sﬂfpiéq]fs.éi) Plvgli (sﬂ'pr([l’q]:-Y:']“(Bq)if"f(nﬁﬂ SE:‘} - le) 58;
i

= Z Gi (Sa,-P(Aq),-Sﬁf)‘P[qu:Syfpr([vqla.r,-)n(rrq),.nr(na,-) — Py 55
ic]

- Z G (Sﬂ’ip(‘qq)isﬁi)p[”q]IS]"Epi"([Vq]i-]’i)n(ﬂqjl-nr{xlaf)  58;Pr(x,85)

ie]

= Z Ci (Sﬂ'['ptdq)['séi) p[uq]JSr[-pr[[uq];.}«',-]n(Bq}[_nr(.rlﬁf)p}' - SEJ-prI:xlﬁj}pj
ie]

= s = 1

which 1s a contradiction and (4) follows. Also 8; # x[z y,+q) foreach 1 =i = m.In fact, 1f §; = xp2 v 41
for some i. then by (4),

?‘(x[l,nruﬂj) =r(x;8;) CUZ, r([vgln ;).
which 1s not possible because of (2). Thus sgl_sr = 0 fori = 1, ..., m. Then the partial isometry y: =

[2.Ng+1]

_ . - & _ * —

pxlsi‘[z.moﬂj - S-"[z,ND+L]p?’(X[1,NU+1]:1 15 nonzero  smee Si‘[z.NDH]y - p"l:x[l.NUﬂ]} #0, and 56.Y =
x — x — . . .

85, Px, Sxpp iy = Prx,8)56Sxp ey = 0 for all i. From (3), we have

m
1= Z ci (SaPeagisi, ) Poa (srPgi3,) | vy —peyy’|| = lyy'll = 1
i=1

a contradiction, and we conclude that (Eg, £, €) is strongly cofinal.
3. Disagreeable order labeled spaces of simple order labeled graph C*-algebras

We prove that simplicity of an order labeled graph €*-algebra implies that the order labeled space
1s disagreeable. For this. we will use condition (c) of the followmg lemma which is equivalent to

disagreeability of the order labeled space since the original definition of disagreeability seems a liftle
complicated as recalled in Definition 2.5.

Lemma 3.1 (see [23]). ([14]) For an order labeled space (E,, £,, £), the following are equivalent:
(a) (Eq, Lg,E) 1s disagreeable.
(b) [vg]; 1s disagreeable forall v, € E and [ = 1.
(c) For any nonempty set A, € € and a path § € L3(E,), there is an n = 1 such that £ (AQEEI”) *
{B"}.
If (Eq, Lg, £) is disagreeable, then it satisfies Condition (Lz) as shown in [14] and [8]. But the converse is
not true in general as we see from the following proposition.
Proposition 3.2 (see [23]). Consider the following conditions of an order labeled space ( Eg, Lg, £).
(a) (Eg.Lq,E) 1s disagreeable.
(b) Every loop 1n (Eg, Lg, £) has an exit.
(€) (Eq, Lq, E) satisfies (Lg), that is, every cycle has an exit.
Then (a) = (b) = (c) hold. But the other implications are not true, in general.
Proof. (b) = (c) 1s clear since every cycle is a loop.

(a) = (b) Let (44, a) be aloop so that A; C r(A4g, a). If A; © (A4, a), then the loop has an exit
of type (II). So we may assume that A; = r(Ag a). By Lemma 3.1, there is an n = 1 such that
Lq{Aqu;l“l) # {a"} Choose § € Lq(AqE.:fl“l] with § # a” If B}y o # @, then Lq(AqE,!fl) # {a} and
(Ag, @) has an exit of type (I). If B: = a*§ forsome 1 < k < n — 1 and § € L(E,) with Op1ja)] * @, then
the loop (A4, @) has an exit of type (I) since from 4, = r(4,, a*) we have

a 6[1-|ﬂ|] € Lq{r(’qq’ak)gnlwal) = Lq(Athlwal)
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(b) # (a) The order labeled space (E,, L,, £) of the following order labeled graph is obviously not
disagreeable while (b) 1s trivially satisfied since it has no loops.
4 -3 -2 -1 " a
Vg P2t G2 W) alado = 2 2 2 (e e
(c) # (b) and (c) # (a) Note that the order labeled space (E,, L, £) of the following the order
labeled graph, which is not disagreeable clearly, has loops ((4,); @), i = 0,1, where (4,)p = {(v,)o} and
(Ag)1:=r(a) = {(vg)o, (Vg)1, - }- The loop ((A4)1, @) has no exits while ( (4,)o, @ ) has an exit of type

(ID. Thus (b) 1s not satisfied for (E4, L4, £€). But the order labeled space has no cycles and thus (c) 1s frivially
satisfied.

o @ @

&

—4 -3 —2 —L(> o o o o

CRICE | L ] L ] L ] L ] L ] L] L] L
(vq)-s (""q)_g ('”q)_z (”q)_l (”’q)o (”q)l (U'T)z (vQ)g (T"'qL
Lemma 3.3 ([14]) (see [23]). Let the order labeled space (E,, £,, £) have a loop (3, 4,) without an exit If
Ag is a minimal set in £, then the C*-algebra C*(E,, £, £) has a hereditary subalgebra which 1s isomorphic
to M, (C(T)) for some n = 1, in particular C*(Ey, £, £) 1s not simple.
Lemma 3.4 (see [23]). For a nonempty set 4; € &, let
Hy = (UL, Cik 2 1,C Er(4,,B) N E, B € L3(EY}
Then Hy, is a hereditary subset of £ and
Hy = [Bq € &3n = 1such that r(By, ) € Hy foralla € LQ(EL?":}}

1s a hereditary saturated subset of & with HAq c ﬁﬁq_

Proof. It is easy to check that Hy, 15 a hereditary set. For convenience, we write a number n in the definition
of Hy for B; € £ as np_ although it is not unique. Clearly Hy_is closed under subsets. If (44)1, (4q)2 €
.'?Aq, then r({AQ)l U (Aq)g,a) = r((Aq)l.a) U ?‘((Aq)z,a) € Hy, whenever |a| = max {n(ﬂqh,nmq)z}.
Hence Hy_ 1s closed under finite unions. Let B, € Hy, and |g| = 1. Then
r(r(B,, o), a) =r(B,;, 0a) € Hy,
whenever |a| = ng, because then |oa| = ng,. Thus Hy, is also closed under relative ranges, which shows
that Hy 15 a hereditary subset of £. To see that H,_is saturated, let B, € £ satisfy r(B,, a) € Hy_ for all
paths @ with |a| = 1. We have to show that By € H,,. Since our order labeled space is assumed to be set-
finite, there are only fimtely many order labeled edges, say &, ..., 8. enutting out of B,;. Then T'(Bq, 5;) €
H,, for each i, and thus there is an n; = 1 such that r(r(B,, &;), @) € H,_forall @ € L, (E;™). For n: =
{Iﬂlfsgf({ni}, we then have r(Bq,ﬁfa) = ?'(?'(Bq,ﬁ,-], a] € Hy, whenever |@| 2 nand 1 < i < k. This means
that r(Bg, &) € Hy_ forall @ with |@| = n + 1. Thus By € Hy follows as desired.
Notation 3.5. For a path f: = 8, --- Bg| € Lg(E,), let
. i = BBEB ...
denote the mfinite repetition of §, namely
. EIFZEE'":Bl"'rglﬁlﬁl"'ﬁlﬁl"' . .
Then for each j = 1, we have §; = §; forsome 1 = k = |f| with k = j(mod|f|). The initial path §; --- 5;
of ,j = 1, is denoted by 5[1. 71 as before.

We will call a path § € £;(E,) irreducible if it is not a repetition of its proper initial path. The
following Lemma 3.6 will be used to derive a contradiction in the proof of Theorem 3.7, but then we see
from Theorem 3.7 that there does not exist an order labeled space (E, Ly, &) satisfying the assumptions of
Lemma 3.6.

Lemma 3.6 (see [23]). Let C*(E,, Ly, £) be a simple C-algebra and (4,)y € € be a nonempty set. If there
exists an irreducible path £ such that

L4((Ag)oEs") = {Bumpn = 1} = {B™B':m = 0," is an initial path of 3, (5)
or equivalently £, ((AQ)DE:“EI) = {f"} foralln = 1, then the followmg hold.
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(1) There is an N = 1 such that forall k = 1,

r((Aq)o. Briwery) U7z ((Agdo. Brun)-
(i1) There 1s an Ny = 1 such that forall k = 1,

7((A0)o %) U2, 1((Aa)o B7), (6)
Moreover A, = r(Ag, ) for A : = J.=1 r((Aq)U, 7).
Proof. We will frequently use the following observation,
"{(Aq)orﬁ[m]) n ?'((Aq]o:ﬁ[l.k]) # 0 = j = k(mod|f]). (7
In fact, if D:=7((4g)o B1) N7((Ag)o. Prxy) # @ for some j # k(mod|f|). then without loss of
generality we can write
J:=m|B| +jo and k: = n|f| + jo + 1
for some m,n = 0 and 0 = jy < |B].jo < jo + 7 < |B] (here we set 1 0;: = € ), then from (5) we must
have
Ly (D E:Lm} = {Bug+ 1ot mBis+r+1i8nPrrial} = (Brio+r+ 11801701 Plis+ 1io+r1}-
But then the subpaths
H: = Bypt1,jo+r] a0d V= r8|'J'c1+?""'1|»‘5“|]‘B|:1-.J'on]
of f satisfy uv = v, which contradicts to ureducibility of f (see [14]).
(1) Since ﬁmﬂ , 15 a nonempty hereditary saturated set by Lemma 3.4 and C*(E,, £, £) 1s simple,
it follows from [16] that £ = E(qu .- Suppose
r((A)o. Brimy) \UIST T ((Aq)ﬂx.ré[lﬂ) =0 (8)
for infinitely many n = 1. Then by (7), r ((Aq) B } cu ((Aq] B’ ) for infinitely many n, which
mplies that r(f7) & H(Aq) for all r =1 In fact, J_f r (,8’”) =uk,c € H(Aq} with some C; €
o o
T ({A'i’)o' E[l.m,-]} m &, then each m; must be a multiple of | 8| by (7) and thus for m: = mz_ax{m;-}ﬂm we
have r(f7) cUR, r ((Aq)ﬂ, ﬁf). But then for all sufficiently large number n > m|g|,
r(B™) € r(B") cu™, r ((AQ)D’ 31') cuis! r((Aq)U,E[l_ﬂ),
which is not possible by (8). Hence r(f") € H(, ) forall v = 1, which then easily implies that r(f") &
_ _ 0
H (4g) for all r = 1. But this contradicts to H (a,) = &, and thus the left hand side of (8) must be empty
o o
for all but finitely many n 's. Therefore we see from (5) that there exists an N = 1 such that
r((Aq)o, E[m]) cultr ((Aq)o,f[l_ﬂ) foralln = N.
Then r ((Aq)o-ﬁu.mz]) SV ((Aq)ﬂ- E[l.j]) cULy T ((Aq)o’lg[l.ﬂ) because r ((Aq)or E[1,N+1]) c
Uj‘f";l T ((Aq)o, ,67[1,]]), and actually an induction gives
r ((Aq)ﬂué[mw]) cul,r ((Aq)ﬂué[l.ﬂ)
for all k¥ = 1, which proves (1).

(11) We can take N = |§|N,. a multiple of |§] in (1). Then N, satisfies (6) by (1) and (7) since (7)
mplies that foreach k = 1,

((A [1N+k1) 1y ((4‘1 [1:1)

J=k(mod|B)
Toshow A, =1(A4,, B) for A;: =U?r:"1 'r'((Aq)o,ﬁf], first note from (&) that
Aqg 2 1(Aq,B) 2 1(Aq. %) 2
Suppose By:= A, \ (44, 5) = 0. Thenforl > k = 1,
r(B,.B*) nr(B,.B") c r(B,. B¥) nr(4, B***) = r(B, nr(4,.B). B¥) = 0.
Thus r(Bg, B ) \Uj=; r(By, B7) # O for infinitely many n. But this contradicts to (6) with B, i place of
(Ag)o since L, (BQE:;"SI) = {f"} forall n = 1, and we conclude that B, = 0.

In the following Theorem 3.7, (a) <= (¢) 1s known in [8] for the Boolean dynamical system mduced
from an order labeled space with the domain property (1).
Theorem 3.7 (see [23]). Let (Eg, L4, £) be an order labeled space. Then the following are equivalent:
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(a) C*(Ey Ly, €) 1s a simple C*-algebra.
(b) (Eg Lg. €) 1s strongly cofinal and disagreeable.
Also these conditions imply the following.
(c) (Eq.Lg, €) has no cycles without exits and there is no proper hereditary saturated subsets in £.
If (Eg. Lg, £) satisfies the domain condition (1), then (¢) 1s equivalent to (a) and (b).
Proof. We only need to show that (a) implies that (E,, £, €) is disagreeable.
Suppose (E,, L,, £) 1s not disagreeable. Then by Lemma 3.1, there exists a nonempty set (4,), €
€ and a path § € L{(E;) suchthatforalln = 1,
£4((4g)0ES™) = (g™
where we assume [ o be irreducible. Choose an mnteger Ny = 1 such that
r((4g)o. BY+¥) cU™®, r((44)0. B)
for all k = 1, which exists by Lemima 3 .6(i1). Then for
Ag:=U2 1((4g)0, B).
we have A, = r(A,, B) by the same lemma A simple computation shows that the hereditary subalgebra
pAqC‘(Eq,Lq, E)pﬂq of C*(E,, Lg, €) generated by Da, 1s equal to

Her{pﬁq) := span {snpﬂqs{.‘: BoEr(Agu)Né&uveEPp0=j= |r6’|}
where we use notation
ISELJ']: = {ﬁrﬁlll_,-]:r,j = 0} with ﬁ{l: =€ %:ﬁ[l.ﬂ]'
Let (44); € A; N & be a nonempty subset. Then Ule 'r((Aq)l,,BJ) Cc A, for all N =1 since 4, =
r(Ag. ). but one can actually show that there exists an Ny = 1 such that
W .
Aq =Uj4, r((Aq)1. B7). (9)
In fact, an integer N; = 1 for which
N. j oo j
Uj=y r((Ag)1.B) =uiZ, r((Ag)1. B7)
holds ( N; exists again by Lemma 3.6(11)) satisfies (9) because otherwise one can easily show that
s . -
0 = Az \U;2; 7((A9)1.B7) € Huay,
which 1s a contradiction to simplicity of C*(Eg, Lg, £) (or to H’(A & )

2
Now we claim that Her (Ptdq] ¢) = Her (P};q) for any nonempty subset (Ag); € A M E. The
hereditary subalgebra generated by p(,_,, 1s also equal to

Her (ptdqh) =Span {s“'pgqs,,": B, er((A)up)nEmvE Bhp0=j= |ﬁ|}
and for each positive element of the form s,ps, s € Her(pﬁq) with By € r(Ag, 1) N &, the following
computation
Ny
SuPagSi = SPreaqiSh = P (4] = ), WPr(ags )
i=1
where we apply (9) for the second equality shows that s, pg s, € Her (p(ﬂq) 1)' Then for each 5,pg, s, €
Her (pﬂq), the identity
Su quS; = (sypﬁqs;:) S_uquS': (Svpsqs:r)
proves that s,pp s, € Her (p(Aqh) (for this, see [21]). Thus Her (pfﬂqh) = Her (Pﬂq) follows for any
nonempty subset (4,); € A; N £ However, this 1s not possible if A; has a proper subset (4,;); €A, N E
since Pa, = Pag), T Paj\a,), * Pra,),- Hence Ay must be a minimal set. But then, by Lemma 3.3 the C*-
algebra C*(E,, Ly, £) contains a nonsimple hereditary subalgebra (isomorphic to (T)), and from this
contradiction to simplicity of C*(E,, L, €), we finally conclude that (E,, £, £) 1s disagreeable.
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