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Abstract

Following the statements of the pioneers authors in [42], applying an application, who provide necessary and
sufficient conditions for the orthogonality of two Bessel families when such families have the form of
generalized translation invariant (GTI) systems over a second countable locally compact abelian (LCA)
groupsG,.A recent raise notion given by Jakobsen and Lemvig on GTI systems in L?(G,), and the concept of the
orthogonality of a pair of frames studied by Balan, Han, and Larson are considered.

Furthermore, [42] deduce similar results for several function systems including the case of TI systems, GTI
systems on compact abelian groups,and results to the Bessel families having wave-packet structure (asort of
combination of wavelet, Gabor structure), and hence obtained a characterization for pairwise orthogonal wave-
packet frame systems over LCA groups. Hence, they relate the well-established theory from known literature
with their results by observing several deductions of wavelet and Gabor systems over LCA groups with G, equal
to more respective spaces.
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I.  Introduction

The frame theory on locally compact abelian (LCA) groups has become the focus, both in theory and in
applications, due to its potential to unify the continuous and discrete theories. Several researchers establishing
the theory required to analyse frame properties on LCA groups (see [5], [6], [8], [11],[15], [17], [18], [28], [29],
[31], [32], [41]). Among these properties, the "orthogonality or strongly disjointness" of a pair of frames in
Hilbert spaces, and in multiple access communications, hiding data, and in synthesizing superframes and
frames, etc. (see [19,20,22,23,36,41]). Moreover, [21] have used this property of frame and Bessel sequences
as the essential ingredient to examine the density and connectedness results of the wavelet frames.

The orthogonality of frames was initially introduced and investigated by [22], and [3,4]. The property
of a pair of frames says that the associated mixed dual Gramian operator is zero. The corresponding frames are
termed as pairwise orthogonal (simply, orthogonal). Inspired by the wide applications of pairwise orthogonal
frames, a lot of mathematicians and engineering specialists have contributed in developing different aspects of
such frames over various function spaces (see [18 — 20,22,23,31,36,41]).

We study pairwise orthogonal frames for Hilbert spaces associated with LCA groups. Note that in the
Euclidean case, [41] studied orthogonalframes of translates with various applications, and later, [31] discussed
such frames in a shift-invariant (SI) space for L2(R%), while [36] described the orthogonality of a pair of
discrete Gabor frames in £2(Z%).[42] give a characterization of pairwise orthogonal frames which arise from
translations of generating functions by a countable family of closed, cocompact subgroups of a second countable
LCA group G,. They call such frames as pairwise orthogonal GTI frame systems. As an application of their
characterization result, they get characterizations of the orthogonality of various structured frame systems such
as wave-packet, wavelet, and Gabor frame systems over LCA-group setting.

We consider orthogonality of GTI frame systems, which is a class of systems introduced recently by
[29]. The notion of GTI systems connects the well-established discrete frame theory of generalized shift-
invariant (GSI) systems and its continuous version. Therefore, the characterization result on pairwise orthogonal
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GTI frame systems represents a unified way to deduce similar results for several other function systems
including the case of GSI systems studied by [32], and the translation invariant (TI) systems considered by [5].
In association with this, [32] presented a combined theory for many of the known function systems (e.g., Gabor
systems and GSI systems on R ) by introducing the notion of GSI systems in the LCA-group setting. This
approach is an extension of the theory of [24], and [39] on GSI systems in L?(R%).

Another significant fact which we wish to remark here is that among all function systems mentioned
above, SI and GSI systems are based on translation along uniform lattices while TI and GTI systems,
respectively, generalize the concept of SI and GSI systems for the continuous case by considering translation
along co-compact subgroups of an LCA group. The motivation behind the consideration of co-compact
subgroups for TI systems in [5] and GTI systems in [29] is related to the necessity of overcoming the limitation
on the existence of uniform lattices for an LCA group, which says there exist LCA groups that do not contain
any uniform lattices, for example, the (1 + €)-adic numbers Q, .., whose only discrete subgroup is the neutral
element which is not a uniform lattice. Another example is the (1 + €)-adic integers which have only trivial
examples of uniform lattices but have a lot of non-trivial cocompact subgroups. Hence, the concept of co-
compact subgroups in [5] and [29] generalizes the work on function systems with translation along uniform
lattices considered in [6] and [32], respectively. On the study of above discussed general function systems, the
investigation of frame properties for structured function systems (e.g., Gabor, wavelet. and shearlet systems) in
different settings have got special attention due to their interesting theory and enormous applications in pure
mathematics as well as in engineering areas such as signal processing, image processing, etc. (see
[2,8,11,12,15,36]).[42] apply the characterization result on Bessel families with wave-packet, Gabor, and
wavelet structure to deduce necessary and sufficient conditions for pairwise orthogonal wave-packet frames,
Gabor frames, and wavelet frames over LCA groups.

We discussing basic properties about continuous frames for Hilbert spaces. Such frames were
introduced independently by [1] and [30]. For a brief and self-sufficient introduction to continuous frames, see
[14,38]

Definition 1.1 (see [42]). Let I be a complex Hilbert space, and let (M, Y, uy) be a measure space, where
Y.u denotes the o -algebra and u,, the non-negative measure. Then, a family of functions {f}; men in I, is
called a continuous frame for H with respect to (M, Y.y, thyy) if

(1) m » f;I is weakly measurable; that is, for all h,. € H, the mapping M — C,m + (h,, f;) is measurable, and
(2) there exist constants € > 0 (called continuous frame bounds) such that

(1 +6) Il h, I2< j [(hy, £ 2d gy (m) < (1 + 2€) | by I, forall b, € H (1.1)
M

A continuous frame {f;};}, menm is called tight if we can choose € = 0, and Parseval if € = 0. The family
{fm}rmem is called Bessel with constant (1 + 2¢) as its Bessel constant if the right side of inequality in (1.1)
holds. 1In this case, we say that the family {f;}, men satisfies the Bessel condition.
Since we deal with only separable Hilbert spaces, we can use Petti's theorem to replace weak measurability of
m - f7 with (strong) measurability with respect to the Borel algebra in H. If ), is a counting measure and
M = N, then {f;7};menm reduces to a discrete frame. So continuous frames can be realized as the generalization
of discrete frames. Now, we call continuous frames as just frames.

Given the family of functions F,: = {f;}; mem, Which is Bessel with respect to a measure space (M, Yy, ihy),
define the synthesis operator if O, : L>(M, ) = H by

(06,0, ) = [ {Ftohy Y0 (1), 0" = (9 drmens € L2(M ),y € 9
M

which is a well-defined, linear and bounded operator [38, Theorem 2.6]. Further, the adjoint of the synthesis
operator, known as the analysis operator of F,., is defined by O : 3 — L*(M, uy) with

(G)E'Thr)(m) = (hrﬂfrrl% rmeM
Given two Bessel families F, and G,:= {g},}, men With respect to the measure space (M, Yy, uy) for 7,
define the mixed dual Gramian operator corresponding to F, and G, as

00,03 < H — 73 hy j (hy, £l itag () (12)
M

We define the orthogonality of a pair of Bessel families (frames):

Definition 1.2 (see [42]). Let F, and G, be Bessel families (frames) with respect to (M, Y., i) for H . Then. if
the mixed dual Gramian operator of F, and G, (as defined in (1.2)) is zero, that is, O O = 0, the Bessel
families (frames) are said to be pairwise orthogonal (simply, orthogonal). In other words, we say that [F,. and G,
satisfy the orthogonality property in this case.
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We state some basic, notation and definitions on LCA groups. We characterize pairwise orthogonal GTI frame
systems in L?(G,.) and deduce similar results for several function systems including the case of TI systems, GSI
systems and GTI systems on compact abelian groups. We discuss applications of our characterization result on
the Bessel families with wave-packet, Gabor, and wavelet structure over LCA groups.

We review some basic results from Fourier analysis on locally compact abelian (LCA) groups.

Here and throughout, let G, denote a second countable locally compact abelian (LCA) group, with the additive
group composition, denoted by the symbol " + ", and the neutral element 0 . Note that the second countable
property of G, is equivalent to saying that G, is metrizable and o -compact. It is wellknown that on every LCA
group G, there exists a Haar measure, that is, a non-negative, regular Borel measure, denoted as ug. (not
identically zero) which is translation invariant, i.e., yg, (E + x) = pg, (E) for every element x € G, and every
Borel set E € G,. This measure on any LCA group is unique up to a positive constant.

Denote by @T, the set of all continuous characters, that is, all continuous homomorphisms from G, into the torus
T = {z € C:|z| = 1}. Then, under the pointwise multiplication G, forms an LCA group with unit element 1, that
is called the dual group associated to G,, when equipped with the compact convergence topology and the
composition G +y)@):=y@)y' x),v.v' € G, x € G,, and
thus possesses a Haar measure that we denote by ug. - It turns out that there exists a topological group
isomorphism mapping the groupG,., that is, the dual group of G,, onto G,. More precisely, G, = G,.[13,
Pontryagin duality theorem]. Note that if an LCA group G, is discrete then G, is compact, and vice yersa.

Given an LCA group G, with Haar measure i, , the integral over G, is translation invariant in the sense that,

frx+y)due, (x) = | fT(x)dug, (x)
Gr Gr

for each element y € G, and for each Borel-measurable function f™ on G,.. For 0 < € < o, we define the space
L**¢(G,, ug,) (simply, L'*€(G,)) as follows:

LYE(G): = {fr: G, — Cis a measurable function and f If7 o) edpg, (x) < 00}.
Gr
Since G, is a second countable LCA group, L'*¢(G,) is separable, for all 0 < € < co. In this article, we will

focus only on € = 1 case. Here, note that L?(G,) is a Hilbert space with inner product given by
(fr.g" = J fr(x)g” (x)dug, (x), for all f7, g™ € L*(G,).
Gr
Let the Fourier transform  : L* (G) = Co(G), f™ — fT, be defined by the operator
where Cy(G,) denotes the functions on G, vanishing at infinity. If f™ € L'(G,), f* € L*(G,), and the measures
on G, and G, are normalized appropriately so that the Plancherel theorem holds, then the inverse Fourier
transform can be defined by

fre) =F1fr@) = | frENE ®)dug, (€)% € G,
Gr

Note that the Fourier transform F can be extended from L!(G,) N L?(G,) to a surjective isometry between
L?(G,) and L?(G,)[13, Plancherel theorem]. Thus, the Parseval formula holds and is given by

(fr.g") =f fregr@due,(x) = | frENg"ENdus, (§7) =(f7,g7), forall f7, g" € L*(G,)
Gy Gr

The following definitions will be used in the sequel: Given G, an LCA group, we call a subgroup I in G, as co-
compact if the quotient group G, /T is compact, whereas I in G, is said to be a uniform lattice if in addition, I is
discrete. Let ' € G, be a closed subgroup of an LCA group G,. Then, the quotient G, /T is a regular topological
group. Further, we note that it is a second countable LCA group under the quotient topology by using the fact
that G, is second countable. For a subgroup I' of an LCA group G,, the annihilator I't of T is defined by
M:={"€G:&(x)=1,forall x €T}

It follows from the definition of the topology on G, that the annihilator I'* is a closed subgroup in G,. Moreover,
if T is closed, then (I'*)* =T and the following hold: there exists a topological group isomorphism mapping
G,/T onto I't, that is, G, /T = I'*; there exists a topological group isomorphism mapping G,/I'* onto T, that is,
G./T* = T. For more information on harmonic analysis over locally compact abelian groups, we refer the reader
to the classical books [13,26,27].

We study and characterize pairwise orthogonal generalized translation invariant (GTI) frame systems over
locally compact abelian (LCA) groups and deduce similar results for the function systems related to GTI
systems. The statement of our first main characterization result, that is, Theorem 3.5 (along with several
deductions in Remark 3.6) is stated, while the proof for the characterization is discussed. Theorem 4.1 provides
a characterization for pairwise orthogonal wave-packet frame systems over LCA groups. We shall discuss the
definition of wave-packet systems over LCA groups along with the characterization result. We begin by
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considering GTI systems introduced by [29] along with the following definition and the standing hypotheses on
it. Note that such systems model various discrete and continuous systems, e.g., the wavelet, shearlet and Gabor
systems, etc.

Definition 3.1 (see [42]). Let | € Z be a countable index set. For each j € ], let P; be a countable or an
uncountable index set, let gj 1, € L*(G,) for (1 +¢€) € P;, and let I be a closed, co-compact subgroup in G,..

Then, the generalized translation invariant (GTI) system generated by {g£1+5} with translation along

(1+e)eP,je]

closed, co-compact subgroups {Ff}je] is the family of functions given by U ¢, {Tyglr'1+€}yer-(1+e)ep-’ where for
J J

Y € G, the operator T, called the translation by y, is defined as

Ty:LZ(Gr) i LZ(GT)' (Tyfr)(x) = fr(x —¥),X € G,.
Note that the GTI system in Definition 3.1 reduces to the translation invariant (T1) system discussed in [5], if
[ =T for each j € J. However, if each P; is countable and each [} is a uniform lattice in Definition 3.1, we
arrive at the generalized shift-invariant (GSI) system considered in [24,32].
Standing Hypotheses:
For GTI systems considered in Definition 3.1, we assume that these systems satisfy the following criterion.

Before proceeding, we introduce some notation. Let (Pj,ij, ,upj) be a measure space for each j € J, where ] C
Z is a countable index set. For a topological space X, by By, we denote the Borel algebra of X. By the symbol
P; X G,, we represent the product measure space formed by the Cartesian product of G, with the measure space
P,y P ® Bg, denotes the tensor-product o -algebra on P; X G, which is formed by the tensor-product of B,
with the o -algebra ij on P;, and the notation Hp; ® ug, specifies the product measure on P; X G,. By
assuming above notation, we state the conditions as follows. For each j € J :

(1) (P], ij, ,upj) is a o -finite measure space,

(2) the mapping (1 +€) » g 14e (Pj,Z(He)j) - (L2 (G), BLZ(Gr)) is measurable,
(3) the mapping (1 + €,x) = gj14¢(x), that s, (P] X Gy, Xp; ® Bcr) — (C, B¢) is measurable.

Further, it is relevant to note that in order to investigate frame properties for GTI systems considered in

Definition 3.1, we need to view the family of functions U ¢, {Ty g ]’1+6}yEFj,(1+e)er in the set-up of continuous

g-frames. Recall that these frames are a generalized version of continuous frames, more precisely, for a

countable index set /]  Z, a family of functions U ¢, { fjfm}r em is a continuous generalized frame (continuous
’ j

g-frame) for a complex Hilbert space H with respect to a collection of measure spaces {(M]-,ZM]., uj) jEJ }
if(Com » fiip, M; > H is measurable for each j€E]J, and
(C,) there exist constants 0 < 1 + € < 1 + 2¢ such that

2
1+e) Il h 1I2< Z f [(hr, £ )| ditj(m) < (1 + 2€)| |, I, forall h, € H
je1 Mj
Note that all the definitions and operators associated to Definition 1.1 can be easily visualized for the case of
continuous g-frames. For more details, see[20,40].
GTI System as a Continuous g-frame: In order to study pairwise orthogonal GTI frame systems, first we need to
define GTI frame systems. The GTI system as a continuous g-frame is well-explained in [29], but we include
the details here for the sake of completion. Hence, our next motive is to compare the GTI system
Ujes {Ty g£1+€}yerj’(1+€)epj with the family of functions U, {}j-fm}r’mEMj considered in the above definition of

continuous g-frame. Then, it follows that we can view the GTI system as a family of functions in L?(G,) with
respect to the collection of measure spaces {(Mj, ZM]-’H]') 1= (P] x Tj, ZP]. ® Bl—]_,upj ® /Jl-j) 1jE ]}.

Next, to realize GTI system as a continuous g-frame, we first verify the condition (C;). Let j € J. Consider a
function F: P; X I; — L*(G);(1+ey) T, gj 1+¢- The function F is continuous in y and measurable in (1 +
€), and hence represents a Carathéodory function F which is defined on P; by F(1 + €)(y) = F(1 + €,¥). Since
[; © G, is second countable and locally compact, and L?(G,) is separable, it follows that F, and hence the
function F, is jointly measurable on (Mj,ZMj) = (P] X T;, ZP]. X® Bl—]_) (for more details, see [37]). Thus, the
condition (C,) holds, and the GTI system U ¢, {Ty glr'r1+5}yerj,(1+e)epj is automatically weakly measurable.

In addition, if the GTI system satisfies the condition (C,) with respect to the set of measure spaces {(P] X
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L, ZP]. ® Brj,,up]. &® ﬂp}.) 1 E]}, we call Ujg {Tyglr'1+f}yerj,(1+e)epj as the genemlized translation

invariant frame system (GTI frame system) for L?(G,). But, in case only the right side of inequality in the

condition (C;) holds, the system U fef{TYglr:“f}yerj arerer; is termed as a GTI Bessel system in L2(G,).

Similarly, we can define TI and GSI Bessel (frame) systems in L2(G,) by replacing GTI system in the definition
of GTI Bessel (frame) system with T and GSI sytems, respectively.

It is known that pairwise orthogonal frames for a Hilbert space play a key role in constructing superframes and
frames [18 — 20,22,36,41], and also in developing the theory of frames and its applications (e.g., see
[18,21,22,31]). We define such frames as GTI systems satisfying a special case of Definition 1.2 as follows:

Definition 3.2 (see [42]).Orthogonal GTI Bessel (frame) systems:
Let the systems Uje/{Tyglr-”f}yerj,(ne)epj and Uje]{Ty(hr)j,HE}

in L?(G,). Then, we term these systems as pairwise orthogonal GTI Bessel (frame) systems, or simply,
orthogonal GTI Bessel (frame) systems in L?(G,) if they satisfy the orthogonality property in the sense of
Definition 1.2. In particular, by replacing GTI systems with TI systems and GSI systems, this definition
corresponds to orthogonal TI Bessel (frame) systems and orthogonal GSI Bessel (frame) systems, respectively.

yer, (1+erer, be GTI Bessel (frame) systems

3.1. Statement of the characterization result.
We state the first main result, which provides a characterization for orthogonal GTI Bessel (frame) systems
defined in Definition 3.2 over LCA group set-up.

We mention that for stating our main characterization result, we require some technical assumption in the form
of a local integrability condition as follows. For the case of GSI systems, such condition was originally
introduced by [24] for L2(R™), and later generalized by [32] for L?(G,). This condition was further proposed in
a more generalized form by [29] for GTI systems in L?(G,). We state these conditions as follows:
Definition 33 (see [42]). Consider two GTI systems Uje; {Ty 9ia+ E}

andU ¢, {T, (h,) ,-,1+6}yerj’ (rerer; in L2(G,).
(i) We say that U je;{T;, g7 14}

yEFj,(1+E)EPj

satisfies the local integrability condition (LIC) if
YEFj,(1+€)EPj

A . 2
Z f Z J 7@ + @) Ghree ()| ditg, (€ dptp, (1 +€) < oo, forall [T €D (3.1)
j€l "Fi apery “SUPPFT
where for a Borel set B in G, with U, (B) = 0, we define the subset D in L?(G,) as follows:
D:= {f" € L*(G,): fT € L°(G,) and supp f" is compact in G, \ B} .
(i) Ujes{Ty 9 1ee) and Uje{T, (hr)1+c)
condition
(dual @, — LIC) if
S Y I E + @I are 6 + )|, (€N, (14 ) < 0, for € D (32
i Pj + YGr
jej arel;j
In case g} 14e = (Ny)j14e for each j and (1 + €), we refer to (3.2) as the a,-local integrability condition (a, —
LIC) for the GTI system U j¢; {Ty9;1+e}

satisfy the dual «,-local integmbility

'yEFj,(1+€)EPj }IEF]',(1+E)EP]'

YElj,(1+€)€EP;

Note that the integrands in (3.1) and (3.2) are measurable on P; X G,, therefore, we are allowed to reorder sums
and integrals in the local integrability conditions.

Further, note that the subset D used in Definition 3.3 is dense in L?(G,), and since it is sufficient to prove the
various frame properties on a dense subset of the Hilbert space, we may verify our results for D and then extend
on L?(G,) by a density argument.

Remark 3.4 [42]. In view of [29, Lemma 3.9], it is clear that

(i) LIC implies the a,-LIC while the converse need not be true (e.g., see [29, Example 1]).

(i1) if two GTI systems satisfy the LIC, then they satisfy the dual a,.-LIC.

Next, we provide the statement of our first main characterization result on orthogonal frames. Here, we would
like to add that the characterization results for orthogonal frames with the form of GTI systems, TI systems, and
GSI systems discussed here are new. The results obtained here are also helpful in studying the orthogonality of
special structured systems which lead to our second main result on orthogonal wave-packet Bessel (frame)
systems, and hence for the case of wavelet and Gabor systems over LCA groups. Moreover, we can easily
deduce the orthogonality conditions for a pair of frames in case of LCA group G, = R%,Z%, etc. That means,
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our orthogonality results on GTI systems generalize the existing similar work done for the classical case (e.g.,
see [31,36,41]) as well.

Theorem 3.5 (see [42]). Let Uje]{Tyg]T-‘HE} and Uje]{Ty(hr)j‘1+5} be GTI Bessel

yEFj,(1+E)EPj yEFj,(1+E)EP]'
(frame) systems
in IL2(G,) which satisfy the dual a,-LIC. Then, the following assertions are equivalent:

() Ujey {Ty glr"1+€}yerj,(1+e)ep, and Uj¢, {Ty (h,) j‘1+6} are orthogonal GTI Bessel (frame) systems in

L?(G,) in the sense of Definition 1.2,
(ii) for each a, € Uj¢; FjJ' \ {0}, we have
(hr)ja+e@M ~
Gi1+e@ + ar)dupj(l +¢) =0, forae. & € G, 3.3)

yEFj,(1+E)€Pj

jerapert i
and

D | T e @a5ase e, (1 ) = 0, forac. §7 €,

jel P
We point out that Theorem 3.5 can be used to deduce similar results for several function systems since in these
cases some of the assumptions trivially hold. We have the following observation:
Remark 3.6 [42]. We remark that Theorem 3.5 leads to the characterization results on the orthogonality of TI
Bessel (frame) systems, GSI Bessel (frame) systems, and GTI Bessel (frame) systems (over a compact abelian
group). For this, observe that
(i) in the case for TI Bessel systems, and for GTI Bessel systems over compact abelian groups, the dual a,. -LIC
will be satisfied automatically in view of [29] and Remark 3.4.
(ii) for each j in J if we take P; as countable and [} as a uniform lattice in Theorem 3.5, then the orthogonality
result for the case of GSI Bessel (frame) systems is obtained.

3.2. Proof of the characterization result.
We obtain a proof for Theorem 3.5, that gives necessary and sufficient conditions for two GTI systems to form
orthogonal frames for L?(G,) by following the Definition 1.2. For this, we have the next result.

Proposition 3.7 (see [42]). Suppose Uje/{Ty g} 1+¢} and Uje;{T, (h)j14c} are GTI

YET,(1+€)€EP; V€l ;,(1+€)€EP;

Bessel systems
in L?(G,) satisfying the dual a,. — LIC. Then, the following statements are equivalent:
(i) the mixed dual Gramian operator corresponding to the systems U, {Ty g]r-‘lﬂ} and

]/Erj,(1+E)EPj

Ujes {Ty (hy) j,1+e}yerj, (1+e)ep; commutes with the family of translations {Te}xea,»

(ii) for each a, € Uj¢, FjL \ {03},
€= D [ B @€ + @), (4 ) =0, forac T €G34

. Pj
]E]:ael"}' J
Moreover, if (i) or (ii) holds, then the mixed dual Gramian operator is a Fourier multiplier whose symbol is
€= Y | e E)Gare )i+ ), Porac. 7 € G, (35)
- pP;
J€J J
We first remark that the equations (3.4) and (3.5) are well-defined which can be easily verified by using
Cauchy-Schwartz inequality in the following computation:

D L G NGRS L RO B S I oo Y SR S  C)

je]:a,el‘}’ Pj je;

1/2
s Z (L/ |®j,1+6(§r)|2dﬂpj(1 + 6)) <Ll |g;y1+€(§r + ar)lzdﬂpj(l + 6))

j€J

12 1/2
S <Z J;j |®j.1+e(€r)|2dﬂpj(1 + 6)) (Z J;‘ |gA;,1+e(€T + Olr)lzd/ipj(l 4 E))

Jj€J jer

1/2

and hence we can write

Z f |mﬁj,1+e(5r +a,)

Pj

dupj(l +€) < B, forae & € G, (3.6)

jeﬁarerf

DOI: 10.35629/0743-1111113124 www.questjournals.org 118 | Page



On Orthogonality overLocally Compact Abelian Groups via Pair of Frames

and Uje;{T, (1) 14¢) satisfy the

assumptions ofProposition 3.7, and assume that the symbol © is their corresponding mixed dual Gramian
operator. For f7 € D, define the function wyr:G,. - C,x = (OT,f7, T, f7). Then, the following hold true:
(i) The operator ® commutes with all translations T, for x € G,, if, and only if, wyr is constant for all " € D,
that means, wyr(x) = wyr(0) = (0f7, f) for all x € G,., where 0 denotes the neutral element of the LCA group
G.

(i) Let f7 € D. Then, w;r is a continuous function that coincides pointwise with its absolutely convergent
(almost periodic) Fourier series

Lemma 3.8 (see [42]). Suppose Uje]{Tyg;He}

yEFj,(1+€)€Pj yEF]"(1+E)EP]'

wyr(x) = Z a, (O (ay) (3.7)
IZrEU]'E]F}'
where
Wer(a):= | frENfTE + a)ty, (ENdpg, (E) (38)
Gr

and the last integral converges absolutely.
(iii) wyr is constant for all f" €D if, and only if, for all a, € Uje; T}l \{0},t,,(§") =0 ae. " € G,.
Proof. (i) Let OT, = T, 0, for all x € G,.. Then, the direct part of (i) can be concluded by observing that
wer(x) = (0T f", Tof") = (T,O0f ", T, f)
=(Of ", TyTof) = (Of ", f7),
for all x € G, and f" € D, since for each x, T, is an unitary operator. Conversely, let wyr be constant for all
f" € D. Then, for all x € G,,
Wfr(x) = (OT fT, T fT) = (T_xOTf7, fT) = (Of ", f7),
which by using unitary nature of T, for each x and polarization identity, leads to T_, 0T, = 0, and hence we get
0T, = T,0.
(ii) For each f™ € D and x € G,, we can write the function

wyr(x) = (OT f7, T f) Zf j Tof ™, Ty (hy) 14 e)Ty Gt (P dip (1 + €, Tof
(1+e)eP; (*)

[ e NG T Nt (it 1+ €,
e (1+€)ePT;
Now, by proceeding in the same way as in the proof of [29, Theorem 3.4], the result follows.
(iii) Given that dual &, -LIC holds for all f™ € D. From (3.7) and ( *), it follows that

wpr () = Z [ Tty e NIy G e Tef "N, ()i, (1 4 €
(1+€)€P; /T
- Z a, ()W (). (3.9)
aTEUjE]Fﬁ.
Consider now the function zgr(x):= wyr(x) — (Of7, f7) which is continuous in view of continuity of the
function wgr
Now, for the direct part, assume that the function wyr is constant for all f™ € D. We claim that ¢, (§") = 0, for
all a, € UI‘]-l \ {0} and a.e.&" € G,. Here, note that by the construction, Zgr is identical to the zero function.
Additionally, sincew,r equals an absolute convergent generalized Fourier series, also
zgr can be expressed as an absolute convergent generalized Fourier series zr(x) = ) arevest ar(x)Zfr (ar),
with
ZAfT(ar) = {M:lfT(O) . (G)fr’fr>’ lf = 0'
wer(ay), ifa, # 0.
By the uniqueness theorem for generalized Fourier series [10, Theorem 7.12], the function z¢r(x) is identical to
zero if, and only, if Z¢r(a,) = 0 forall a,. € Uj¢; I}l. Thus, for @, € Ujg, Fjl and f" € D, we have

Wer(ay) = 8q,,0(0f ", f7). (3.10)
Let a, # 0. Then, for all f" € D, (3.10) reduces to Wsr(a,) = 0, and hence we get
[ FrEnfrer + @t 6D 1) = 0, forac. 7 € 6, (311)
o
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Now, define the multiplication operator M; :1*(G,) = L*(G,) by M f"(§") = t,, (§)f" (") which is a
bounded linear operator in view of the fact that t, (§") € L® (G,) (for details, see (3.6) ). For all f7 € D and
a.e. £ € G,., we can now rewrite the term in left hand side of (3.11) as

S fT Ve, GV, f7 (€ Aug:67) = [ fTE WMz, (Ta, /7)€ g (€7
= J o [T (MeTe, ) (€ dpie, (§7)
= (7. Mg, 10, F7)

L2(Gy)

which is equal to zero in view of (3.11). From the above equality and the fact that D is dense in the complex
Hilbert space L?(G, ), it follows that MZ—aT,Zr]/’7 = 0, which is if, and only if, M3T, = 0 means, M; T, (§") =0
for all g" € L?(G,), and hence M, To,§°G7) = to, (ENT,, g" (") =0 for all g"€lL?(G) and
a.e. § € G,. Thus, (3.11) holds if, and only if, for a.e. ™ € G,., we have tq, (") =0, forall @, € Uje; T\ {0}
Conversely, for each a, € Uj¢; l"jl \ {0}, let t, (§") = 0 forae. " € G,, which implies that wer(a,) =0, and
by using this in (3.9) along with the fact from (3.10) that for a,. = 0, we have w;r(a,) = (0f", f7), and hence

W)= Y @@pr@) + ) a@ipr(a) =0+ @ (0) = (Of, 7,
areuft ){o} are{0}
for a.e. x € G,. Therefore, wr is constant for all /7 € D.
Proof of Proposition 3.7 (see [42]). Clearly, part (i) is true if, and only if, (3.4) holds in view of Lemma 3.8.
Further, it is well-known that if the mixed dual Gramian operator, say ©, commutes with T, for all x € G,., then
it is a Fourier multiplier (see [33, Theorem 4.1.1]), and hence there exists a unique s € L*(G,) such that
OfT (&) = s(§N)fT (), where s(&7) represents the symbol corresponding to ©. Now, for a.e. ™ € G,, we are
interested in finding the expression for s(¢7). For this, observe that
(OF£7) = 6F sy = | OF @@ 67 = | s@fr @& 6. (312)

Moreover, for @, = 0, it follows from (3.8) and (3.10) that for all f" € D,
Of N =0 = | frENfEN ). f (h)1+e GG 14eE)ptp, (1 + €)pag, (§7) (3.13)
Gr

- P;

J€EJ J
Since (3.12) and (3.13) are valid for all f™ € D and s is unique, it is clear that the symbol of ©; that is, s(¢") =
P jeIp; f (hr)],1+e(Scr)gj,ue(fr)dﬂpj(l + ).
Now, we prove our first main result, Theorem 3.5:
Proof of Theorem 3.5. By Definition 1.2, the part (i) is equivalent to saying that the mixed dual Gramian
operator corresponding to the GTI systems U ¢, {Ty g]r-‘lﬂ} andU ¢ {Ty (h,) j.1+e} say

0, is equal to zero. Next, we claim that © = 0 if, and only if, ® commutes with the translations T, for all x € G,.,
and, act as a Fourier multiplier with symbol

s6N =Y [ Toee @) ase €t (1 +€) = 0, orac. ¢ € G,
je1 P

For proving the above claim, let ® = 0. Then, OT,(f") = 0, for all x € G, and f" € L?(G,). Since for each x,
the translation T, is a linear operator, therefore T, (0) = zero function in L?(G,) = 0, and hence T, 0f" =
T,(0) = 0, which implies that ©T, = T,.0 for all x € G,.. Thus by [33, Theorem 4.1.1], © is a Fourier multiplier.
So for all f7 € L2(G,) we have 0 = OfT(§") = s(E")f7(¢7),¢" € G, a.e., where s(¢7), the symbol of © as a
Fourier multiplier, is given by (3.5). Conversely, if © is a Fourier multiplier with symbol s({") = 0, then
OfT(£7) = 0, which implies that ©f" = 0 for all f” € L?(G,), and hence © = 0. Now, the result follows by
considering the above claim along with Proposition 3.7.
We discuss applications of our first main result to the Bessel families having wave-packet structure, which are
obtained by applying certain collections of dilations, modulations, and translations to a countable family of
functions in L?(G,). As a consequence, we obtain results for wavelet and Gabor systems. Along with this, we
connect the already existing results with the theory discussed by providing various examples in case of G, =
R4, Z2, etc.
4.1. Wave-Packet Systems.
For a given second countable LCA group G,, let Epi (G,), Epick (G,), and Aut (G,) denote respectively, the
semigroup of continuous group homomorphisms «, from G, onto G,, the semigroup of a, € Epi (G,) having
compact kernel ker a,, and the group of topological automorphismsa,. of G, onto itself. Note that Aut (G,) €

V€T, (1+€)€EP; YET;(1+€)eP;’
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Epick (G,) € Epi (G,). For a, €Epick(G,), we define the isometric dilation operator
Dg, by

De,: L2(G,) = L*(G,); Do f7(x) = (B(et)) ™2 f 7 (ar (x)), for all x € G,
where the modular function A: Epick (G,) = (0, ) is a semigroup homomorphism such that

(9" e ay)()dug, (x) = Aa,) | 9" ()dpug, (x)
Gr Gr
for all integrable functions g" on G, with respect to the Haar measure ug_ (see [5, Theorem 6.2]). For a
character y in G,, we define the modulation opemtor My on L%(G,) as
M, (f")(x) = x(x)f" (x), for all x € G,

and observe that for each y € G,, it is associated with the translation operator on L?(G,) by the relation

()€ = [ 2 T )

Gr

- f FreE = D@ due, () = &€ — 1) = T E, 4.1
G

r

for all f™ € L?(G,) and a.e. ™ € G,. Further, note that for each a, € Epick (G,), the dilation operator on L(G,)
satisfies the following relation (see [5, Lemma 6.6]) :

E £ ~
(Do fT)00) = {(A(ar))ifr(ﬁ—lo()) for y € B(G.) = (ker a,)* 42
0 otherwise
for all f" € L%(G,), where by B:= a;, we denote the adjoint of a, € Epick (G,) which is a topological

isomorphism B: G, — (ker a,)*; ¥ & ¥ o @, in view of [5, Proposition 6.5].
Let A be a subset of Epick (G,), let T and A be co-compact subgroups of G, and G,, respectively, and for some
index set | C Z, let ¥: = {1,[) i j €] } be a subset of L?(G,). Then, we define the wave-packet system generated
by W as:

W, A,T,A):={D, T,Mpj:a, €A,y €ET, x €A jEJ} (4.3)
In the case of L?(R) and L?(R%), the systems of the above form have been studied by several authors,
see[7,25,34]. The wave-packet systems were originally introduced by [9], and the collection defined in (4.3)
generalizes the notion of such systems of LCA groups. In particular, the wavelet and Gabor systems can be seen
as special cases of (4.3) which we shall discuss.
The following commutator relation helps in representing the collection (4.3) in the form of a GTI system. Now
foreacha, € A,y €T,y € A,and j € J, we have:

DarTnylpj(x) = (A(ar))_l/zTnyll)j(ar(x)) = (A(ar))_l/zMx¢j(ar(x) —-7)
= (A(ar))_l/zMxll)j(ar(x - yl)) = DarM)(lpj(x -y = TlearM)(l/)j (%)
for all x € G,, and for some y; € a; T such that a,(y;) = y. Let A be a countable subset of Epick (G,). Then,
by using the above commutator relation, the wave-packet system W (W, A, T, A) will represent a GTI system of

the form U {Tyg‘f,ﬂl+€}yera’1+e(1+e)epa for Tp:=a;'T with a, € A, gy 14e = Ga,(jx) = Da,Mx; for

(ar, 1+ €)= (ar, (J, x))in A X (J X A). In this case, for each a, € A, the measure space P, :={(j,x):] €
J, x € A} isequipped with the measure pip,: = fjxp = (A(ar))_l(u] ® ,uA), where the quantity (A(a,))™! helps
inavoiding the scaling factor in the calculations and u; represents the counting measure on J. Clearly, the
measure [ip, is o -finite. Here, note that [, = a, 1T is a closed co-compact subgroup of G, for each a, € A, in
view of [5, Proposition 6.4] and the fact that @, is a continuous group homomorphism from G, onto G, along
with I as a closed subgroup of G,.

Next, we apply Theorem 3.5 to the wave-packet systems W (W, A,I',A) and W(P,A, T, A), where for any
index set ] Cc Z,¥: = {l,b j}jE] and ®: = {(p;}je] are subsets in L?(G,). Further, we simplify (3.3) by considering
W(W,A,T,N) and W(P,A,T,NA) as GTI systems U{T, 95 1+c}

and Ug, a{T, (") e, 14e)

(hr)o,(j,x) = DarMX(P;
for (ay,1+€)=(ar,(,x)) EAXPF, =AX(J XA). Hence, for each @, € Usey Fjr and for a.e. &7 €
Ugen (ker a,)?*, the expression (3.3) takes the following form in view of (4.1) and (4.2) along with = a;:

YETq,(1+€)EP,

: r _ T _ —
el o (1+€)ePy’ respectively, where Yari+e = Ga,(jx) = Daerll}j and (hr)ar,1+e =
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T, 6 = Tareadyera,d p, M)aa+reE)Ghyae € + A)dptp, (1+€)
= ZaTEA;drerﬂz‘T f]XAmar:(J:X) (M, €™ + @) dpa (UG, 0)

—_ 1
= Zarecﬂ:dre(ar‘lr‘)ZjE]fA (DaergD}r)(fr)(Daerwj)(fr + d‘r)m
T

= Yo enareprt Lies | \My 9] (B~1NM P, (B~ (" + @) dua (1)

= Yo enareprt Lies S Ty @ B8N (B (7 + @&))dua(x)

= Ya,eA:a,epri Lje) fA(lA’Jr(ﬁ_l'fr - X)lp’\j(ﬁ_l(fr + @) — x)dup(x) =: Tdr(fr) (say),
whereas for the case of ™ € G, \ Ug,en(ker a, )t ace., we get T; (§7) = 0 by proceeding in the similar way as
above. Hence, we can write

dur(x)

T: (") forae. TEU ker a,)*
T (1) = & §") § 9] ( ) 44

0 otherwise.
Now, to apply Theorem 3.5 on the wave-packet systems, we require that for a.e. " € G,., T, (¢7) in (4.4) should
be equal to 0 for all @ € Uy, exTly,.
The above discussion leads to our second main result, that is, Theorem 4.1 which provides the conditions on ¥
and @ such that the wave-packet systems generated by W and & form pairwise orthogonal Bessel families
(frames) which we call as pairwise orthogonal (simply, orthogonal) wavepacket Bessel (frame) systems in
L%(G,). Note that the general LCA group approach applies to all groups of the form G, = RS x Z!*€ x T4 x
Z,. Therefore, the following characterization result on wavepacket systems can be easily used to verify the
concrete conditions for any choice of G, specified as above, while the direct derivation would be rather
complex.
Theorem 4.1 (see [42]). Let the wave-packet systems W (W, A, T, A) and W(P, A, T, A) be Bessel families (
frames ) in L2(G,) satisfying the corresponding dual a, — LIC, where A is a countable subset of Epick (G,.).
Then, the following assertions are equivalent:
(i) W, A,T,A) and W(P,A,T,A) form orthogonal wave-packet Bessel (frame) systems in L?(G,),
(ii) for a.e. §” € G, and & € Ug e 4Tz, the following holds:

> FEE G + a) - 0duaGo =0
aredayert j€ A
where for B = a;, Ty, is given by ST+,
Proof. The proof can be concluded by observing that if we consider W (W, A, T, A) and W (P, A, T, A) as Bessel
families (frames) satisfying the corresponding dual «, -LIC, then, the wave-packet systems generated by ¥ and
® form pairwise orthogonal Bessel families (frames) in L?(G,) if, and only if, in view of (4.4), T%,(&") is equal
to 0 for all @ € Uy, eqla, and a.c. & € G,.
In the following, by applying Theorem 4.1 to the case G, = R%, we get a characterization result for the
orthogonality of a pair of wave-packet systems in L2(R%). Hence, the wave-packet systems within L2(R%) are
easily covered within our framework.
Example 4.2 (see [42]). Let G, = R? (equipped with Lebesgue measure), I' = Z¢ and A = R. Then, G, = R%,
with Euclidean metric, we have I't = Z% and A* = {0}. Further, by assuming the matrix 4 in GL(d, R), set A =
{x » A¥x: k € Z}. Under these assumptions, from (4.3), the wave-packet system generated by ¥ = {y,}}_, c
L?(R%) can be written as
WW,A,Z,RY) = {D T, M ():l=1,.., Lk€Zy€eL y € R}
= {|det A|¥/2y(A* - =)y, (A% - —y):l=1,.., Lk €Ly € Z% x € RY}
By letting W (W, A, Z¢ R%) as a wave-packet system in L?(R%) which satisfies the Bessel condition (frame
inequality), we conclude from Theorem 4.1 that the wave-packet systems generated by W and @ form pairwise
orthogonal Bessel families (frames) in L? (R%) if, and only if, the following holds:
L

> | TEE 0B + @) - 0d = 0
R4

keZ:areBkzd 1=1

for a.e. §" € R and for each a, along with B = A*.
In the next, by applying Theorem 4.1 we deduce the orthogonality conditions for the case of Gabor and wavelet
systems over LCA groups. First we discuss the case of Gabor systems over LCA-group setting:
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4.2. Special cases of Wave-Packet Systems.

4.2.1. Gabor Systems. In (4.3), by assuming A = {Icr}, where I;_ denotes the identity group homo-morphism
on G,, we consider the following system as a special case of wave-packet system defined in (4.3) which we call
the Gabor system generated by W :

GW,T,A):={T,Mpj:y €T, x €A j €]}

At this juncture, it is relevant to note that the system G(W¥,T,A) is a frame for L?(G,) if, and only if,
{MXT,,zpj: yel,yeAje ]} is a frame for L?(G,) (see [29, Lemma 2.4]), where the later system is termed as a
co-compact Gabor system in [28]. Further, observe that G(W,I',A) is a TI system of the form

Ufe/{Tyglr-”f}yerj,(ue)epj with [ =T for j€JcZ and gji4c =gj, =M, where

U,1+¢€)=(,x) €] XA In this case, for each j € J,P; = {y: x € A} is equipped with the measure Hpj:=
(A(a,)) 1u, that satisfies the standing hypothesis. Since for TI systems the dual a, -LIC is automatically
satisfied, Theorem 4.1 leads to the following result on the orthogonality of Gabor systems. Here, note that the
Bessel families (frames) with co-compact Gabor structure which satisfy the orthogonality property are termed as
pairwise orthogonal (simply, orthogonal) co-compact Gabor Bessel ( frame) systems in L?(G,.) :

Proposition 4.3 (see [42]). Let the Gabor systems G(W,[,A) and G(P,T,A) be Bessel families (frames) in
L*(G,). Then, they form orthogonal co-compact Gabor Bessel (frame) systems in L?(G,) if, and only
if, for each &, € I'* and for a.e. ™ € G, the following assertion holds:

> | FE = + a0~ 0dunto = 0
jer A
Using above result, we can deduce a characterization for the orthogonality of Gabor Bessel families (frames) in
£%(Z%) given by [36]. This property of Gabor frames has found its significance in developing frame theory and
its applications including the construction of Gabor superframes in various set-ups. For more details, see
[2,16,19,20,22,35,36]. In the next part, we provide a characterization for pairwise orthogonal Bessel families
(frames) with wavelet structure which we call as pairwise orthogonal (simply, orthogonal) wavelet Bessel (
frame) systems in L*(G,).
4.2.2. Wavelet Systems. By letting A = {),} G, in (4.3), where x, being the neutral element of G,.. we define
the collection U (W, A, T') as the wavelet system generated by ¥ :

U, A,T):={Dy, Ty pj:a, €A,y €T,j €]}
as a special case of wave-packet system defined in (4.3). For a countable subset A in Epick(G, ), the system

(4.5) is a GTI system of the form Ua"'e"q{Tyg(;’”‘1+E}y€l"u.’.,(1+6)EPar for Far=“r_1r with a, € A,

9api+e = 9a,j = Do, ¥ for (ar, 1+ €) = (a;,j) in A X . In this case, for each a, € A, the measure space
Py.:={j:J €]} is equipped with a counting measure Hpy i = (A(ar))'l(u ,) which is clearly o -finite.
Thus, Theorem 4.1 for the case of wave-packet systems now reduces to the following result on wavelet systems
which generalizes similar results discussed in [31,41] along with various applications:
Proposition 4.4 (see [42]). Let U(W, A,T) and U(D, A,T) be Bessel families (frames) in L2(G,) which satisfy
the corresponding dual a, - LIC, where A is a countable subset of Epick (G,). Then, they form orthogonal
wavelet Bessel ( frame systems in L?(G,.) if, and only if, for a.e. £ € G, and @, € Ug,ena F(jr, we have

Y FEOWETE +a) =0

ar€A:dy€ly, JEJ
where for B = a;, Ty, is given by ST+,
Example 4.5 (see [42]). By assuming A = {y,} c G, in Example 4.2, where ¥, being the neutral element of G,,
we obtain a wavelet system generated by W :
UW, ALY ={DuTh():l=1,..LkeZyeZ
= {|det A|*/?y,(A* - —y):l=1,..,Lk € Z,y € 7%}

which is a special case of wave-packet system W (¥, A, Z4, RY). Tt follows that two Bessel families (frames)
U, A, Z%) and U(D, A, Z%) are pairwise orthogonal Bessel families (frames) if, and only if, we have

L

Z Ar(B~*ENY,(B7K(E™ + &) =0, fora.e. ™ € RY
keZ:a, eBkzd 1=1

and for all & € UyezB¥Z%. Note that the above result coincides with the characterization of two wavelet
systems to be pairwise orthogonal frames in L?(R%) which is given by [41].
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