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Abstract 
Following the statements of the pioneers authors in [42], applying an application, who provide necessary and 

sufficient conditions for the orthogonality of two Bessel families when such families have the form of 

generalized translation invariant (GTI) systems over a second countable locally compact abelian (LCA) 

groups𝐺𝑟 .A recent raise notion given by Jakobsen and Lemvig on GTI systems in 𝐿2(𝐺𝑟), and the concept of the 

orthogonality of a pair of frames studied by Balan, Han, and Larson are considered. 

Furthermore, [42] deduce similar results for several function systems including the case of TI systems, GTI 

systems on compact abelian groups,and results to the Bessel families having wave-packet structure (asort of 

combination of wavelet, Gabor structure), and hence obtained a characterization for pairwise orthogonal wave-

packet frame systems over LCA groups. Hence, they relate the well-established theory from known literature 

with their results by observing several deductions of wavelet and Gabor systems over LCA groups with 𝐺𝑟  equal 

to more respective spaces. 
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I. Introduction 

The frame theory on locally compact abelian (LCA) groups has become the focus, both in theory and in 

applications, due to its potential to unify the continuous and discrete theories. Several researchers establishing 

the theory required to analyse frame properties on LCA groups (see [5], [6], [8], [11],[15], [17], [18], [28], [29], 

[31], [32], [41]). Among these properties, the "orthogonality or strongly disjointness" of a pair of frames in 

Hilbert spaces, and in multiple access communications, hiding data, and in synthesizing superframes and 

frames, etc. (see [19,20,22,23,36,41]). Moreover, [21] have used this property of frame and Bessel sequences 

as the essential ingredient to examine the density and connectedness results of the wavelet frames. 

The orthogonality of frames was initially introduced and investigated by [22], and [3,4]. The property 

of a pair of frames says that the associated mixed dual Gramian operator is zero. The corresponding frames are 

termed as pairwise orthogonal (simply, orthogonal). Inspired by the wide applications of pairwise orthogonal 

frames, a lot of mathematicians and engineering specialists have contributed in developing different aspects of 

such frames over various function spaces (see [18 − 20,22,23,31,36,41]). 

We study pairwise orthogonal frames for Hilbert spaces associated with LCA groups. Note that in the 

Euclidean case, [41] studied orthogonalframes of translates with various applications, and later, [31] discussed 

such frames in a shift-invariant (SI) space for 𝐿2(ℝ𝑑), while [36] described the orthogonality of a pair of 

discrete Gabor frames in ℓ2(ℤ𝑑).[42] give a characterization of pairwise orthogonal frames which arise from 

translations of generating functions by a countable family of closed, cocompact subgroups of a second countable 

LCA group 𝐺𝑟 . They call such frames as pairwise orthogonal GTI frame systems. As an application of their 

characterization result, they get characterizations of the orthogonality of various structured frame systems such 

as wave-packet, wavelet, and Gabor frame systems over LCA-group setting. 

We consider orthogonality of GTI frame systems, which is a class of systems introduced recently by 

[29]. The notion of GTI systems connects the well-established discrete frame theory of generalized shift-

invariant (GSI) systems and its continuous version. Therefore, the characterization result on pairwise orthogonal 

http://www.questjournals.org/
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GTI frame systems represents a unified way to deduce similar results for several other function systems 

including the case of GSI systems studied by [32], and the translation invariant (TI) systems considered by [5]. 

In association with this, [32] presented a combined theory for many of the known function systems (e.g., Gabor 

systems and GSI systems on ℝ𝑑 ) by introducing the notion of GSI systems in the LCA-group setting. This 

approach is an extension of the theory of [24], and [39] on GSI systems in 𝐿2(ℝ𝑑). 

Another significant fact which we wish to remark here is that among all function systems mentioned 

above, SI and GSI systems are based on translation along uniform lattices while TI and GTI systems, 

respectively, generalize the concept of SI and GSI systems for the continuous case by considering translation 

along co-compact subgroups of an LCA group. The motivation behind the consideration of co-compact 

subgroups for TI systems in [5] and GTI systems in [29] is related to the necessity of overcoming the limitation 

on the existence of uniform lattices for an LCA group, which says there exist LCA groups that do not contain 

any uniform lattices, for example, the (1 + 𝜖)-adic numbers ℚ1+𝜖, whose only discrete subgroup is the neutral 

element which is not a uniform lattice. Another example is the (1 + 𝜖)-adic integers which have only trivial 

examples of uniform lattices but have a lot of non-trivial cocompact subgroups. Hence, the concept of co-

compact subgroups in [5] and [29] generalizes the work on function systems with translation along uniform 

lattices considered in [6] and [32], respectively. On the study of above discussed general function systems, the 

investigation of frame properties for structured function systems (e.g., Gabor, wavelet. and shearlet systems) in 

different settings have got special attention due to their interesting theory and enormous applications in pure 

mathematics as well as in engineering areas such as signal processing, image processing, etc. (see 

[2,8,11,12,15,36]).[42] apply the characterization result on Bessel families with wave-packet, Gabor, and 

wavelet structure to deduce necessary and sufficient conditions for pairwise orthogonal wave-packet frames, 

Gabor frames, and wavelet frames over LCA groups. 

We discussing basic properties about continuous frames for Hilbert spaces. Such frames were 

introduced independently by [1] and [30]. For a brief and self-sufficient introduction to continuous frames, see 

[14,38] 
 

Definition 1.1 (see [42]). Let ℋ be a complex Hilbert space, and let (𝑀, ∑𝑀  , 𝜇𝑀) be a measure space, where 

∑𝑀   denotes the 𝜎 -algebra and 𝜇𝑀 the non-negative measure. Then, a family of functions {𝑓𝑚
𝑟}𝑟,𝑚∈𝑀 in ℋ, is 

called a continuous frame for ℋ with respect to (𝑀, ∑𝑀  , 𝜇𝑀) if 

(1) 𝑚 ↦ 𝑓𝑚
𝑟  is weakly measurable; that is, for all ℎ𝑟 ∈ ℋ, the mapping 𝑀 → ℂ, 𝑚 ↦ ⟨ℎ𝑟 , 𝑓𝑚

𝑟⟩ is measurable, and 

(2) there exist constants 𝜖 ≥ 0 (called continuous frame bounds) such that 

(1 + 𝜖) ∥ ℎ𝑟 ∥2≤ ∫  
𝑀

|⟨ℎ𝑟 , 𝑓𝑚
𝑟⟩|2𝑑𝜇𝑀(𝑚) ≤ (1 + 2𝜖) ∥ ℎ𝑟 ∥2 , for all ℎ𝑟 ∈ ℋ                       (1.1) 

A continuous frame {𝑓𝑚
𝑟}𝑟,𝑚∈𝑀 is called tight if we can choose 𝜖 = 0, and Parseval if 𝜖 = 0. The family 

{𝑓𝑚
𝑟}𝑟,𝑚∈𝑀 is called Bessel with constant (1 + 2𝜖) as its Bessel constant if the right side of inequality in (1.1) 

holds. In this case, we say that the family {𝑓𝑚
𝑟}𝑟,𝑚∈𝑀 satisfies the Bessel condition. 

Since we deal with only separable Hilbert spaces, we can use Petti's theorem to replace weak measurability of 

𝑚 ↦ 𝑓𝑚
𝑟  with (strong) measurability with respect to the Borel algebra in ℋ. If 𝜇𝑀 is a counting measure and 

𝑀 = ℕ, then {𝑓𝑚
𝑟}𝑟,𝑚∈𝑀 reduces to a discrete frame. So continuous frames can be realized as the generalization 

of discrete frames. Now, we call continuous frames as just frames. 

Given the family of functions 𝔽𝑟: = {𝑓𝑚
𝑟}𝑟,𝑚∈𝑀, which is Bessel with respect to a measure space (𝑀, ∑𝑀  , 𝜇𝑀), 

define the synthesis operator if Θ𝔽𝑟
: 𝐿2(𝑀, 𝜇𝑀) → ℋ by 

⟨Θ𝔽𝑟
𝜑𝑟 , ℎ𝑟⟩ = ∫  

𝑀

⟨𝑓𝑚
𝑟 , ℎ𝑟⟩𝜑𝑚

𝑟 𝑑𝜇𝑀(𝑚), 𝜑𝑟 = {𝜑𝑚
𝑟 }𝑟,𝑚∈𝑀 ∈ 𝐿2(𝑀, 𝜇𝑀), ℎ𝑟 ∈ ℋ 

which is a well-defined, linear and bounded operator [38, Theorem 2.6]. Further, the adjoint of the synthesis 

operator, known as the analysis operator of 𝔽𝑟, is defined by Θ𝔽𝑟

∗ : ℋ → 𝐿2(𝑀, 𝜇𝑀) with 

(Θ𝔽𝑟

∗ ℎ𝑟)(𝑚) = ⟨ℎ𝑟 , 𝑓𝑚
𝑟⟩, 𝑟, 𝑚 ∈ 𝑀 

Given two Bessel families 𝔽𝑟 and 𝔾𝑟: = {𝑔𝑚
𝑟 }𝑟,𝑚∈𝑀 with respect to the measure space (𝑀, ∑𝑀  , 𝜇𝑀) for ℋ, 

define the mixed dual Gramian operator corresponding to 𝔽𝑟 and 𝔾𝑟 as 

Θ𝐺𝑟
Θ𝐹𝑟

∗ : ℋ → ℋ; ℎ𝑟 ↦ ∫  
𝑀

⟨ℎ𝑟 , 𝑓𝑚
𝑟⟩𝑔𝑚

𝑟 𝑑𝜇𝑀(𝑚)                                      (1.2) 

We define the orthogonality of a pair of Bessel families (frames): 

Definition 1.2 (see [42]). Let 𝔽𝑟 and 𝔾𝑟 be Bessel families (frames) with respect to (𝑀, ∑𝑀  , 𝜇𝑀) for ℋ. Then. if 

the mixed dual Gramian operator of 𝔽𝑟 and 𝔾𝑟 (as defined in (1.2)) is zero, that is, Θ𝐺𝑟
Θ𝔽𝑟

∗ = 0, the Bessel 

families (frames) are said to be pairwise orthogonal (simply, orthogonal). In other words, we say that 𝔽𝑟 and 𝔾𝑟 

satisfy the orthogonality property in this case. 
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We state some basic, notation and definitions on LCA groups. We characterize pairwise orthogonal GTI frame 

systems in 𝐿2(𝐺𝑟) and deduce similar results for several function systems including the case of TI systems, GSI 

systems and GTI systems on compact abelian groups. We discuss applications of our characterization result on 

the Bessel families with wave-packet, Gabor, and wavelet structure over LCA groups. 

We review some basic results from Fourier analysis on locally compact abelian (LCA) groups.  

Here and throughout, let 𝐺𝑟  denote a second countable locally compact abelian (LCA) group, with the additive 

group composition, denoted by the symbol " + ", and the neutral element 0 . Note that the second countable 

property of 𝐺𝑟  is equivalent to saying that 𝐺𝑟  is metrizable and 𝜎 -compact. It is wellknown that on every LCA 

group 𝐺𝑟 , there exists a Haar measure, that is, a non-negative, regular Borel measure, denoted as 𝜇𝐺𝑟
 (not 

identically zero) which is translation invariant, i.e., 𝜇𝐺𝑟
(𝐸 + 𝑥) = 𝜇𝐺𝑟

(𝐸) for every element 𝑥 ∈ 𝐺𝑟  and every 

Borel set 𝐸 ⊆ 𝐺𝑟 . This measure on any LCA group is unique up to a positive constant. 

Denote by 𝐺̂𝑟 , the set of all continuous characters, that is, all continuous homomorphisms from 𝐺𝑟  into the torus 

𝕋 ≅ {𝑧 ∈ ℂ: |𝑧| = 1}. Then, under the pointwise multiplication 𝐺̂𝑟  forms an LCA group with unit element 1, that 

is called the dual group associated to 𝐺𝑟 , when equipped with the compact convergence topology and the 

composition (𝛾 + 𝛾′)(𝑥): = 𝛾(𝑥)𝛾′(𝑥), 𝛾, 𝛾′ ∈ 𝐺̂𝑟 , 𝑥 ∈ 𝐺𝑟 , and 

thus possesses a Haar measure that we denote by 𝜇𝐺𝑟‾ ⋅ It turns out that there exists a topological group 

isomorphism mapping the group𝐺̂𝑟 , that is, the dual group of 𝐺̂𝑟 , onto 𝐺𝑟 . More precisely, 𝐺̂r ≅ 𝐺𝑟[13, 

Pontryagin duality theorem]. Note that if an LCA group 𝐺𝑟  is discrete then 𝐺̂𝑟  is compact, and vice yersa. 

Given an LCA group 𝐺𝑟  with Haar measure 𝜇𝐺𝑟
, the integral over 𝐺𝑟  is translation invariant in the sense that, 

∫  
𝐺𝑟

𝑓𝑟(𝑥 + 𝑦)𝑑𝜇𝐺𝑟
(𝑥) = ∫  

𝐺𝑟

𝑓𝑟(𝑥)𝑑𝜇𝐺𝑟
(𝑥) 

for each element 𝑦 ∈ 𝐺𝑟  and for each Borel-measurable function 𝑓𝑟 on 𝐺𝑟 . For 0 ≤ 𝜖 < ∞, we define the space 

𝐿1+𝜖(𝐺𝑟 , 𝜇𝐺𝑟
) (simply, 𝐿1+𝜖(𝐺𝑟)) as follows: 

𝐿1+𝜖(𝐺𝑟): = {𝑓𝑟: 𝐺𝑟 → ℂ is a measurable function and ∫  
𝐺𝑟

  |𝑓𝑟(𝑥)|1+𝜖𝑑𝜇𝐺𝑟
(𝑥) < ∞}. 

Since 𝐺𝑟  is a second countable LCA group, 𝐿1+𝜖(𝐺𝑟) is separable, for all 0 ≤ 𝜖 < ∞. In this article, we will 

focus only on 𝜖 = 1 case. Here, note that 𝐿2(𝐺𝑟) is a Hilbert space with inner product given by 

⟨𝑓𝑟 , 𝑔𝑟⟩ = ∫  
𝐺𝑟

𝑓𝑟(𝑥)𝑔𝑟(𝑥)̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝜇𝐺𝑟
(𝑥), for all 𝑓𝑟 , 𝑔𝑟 ∈ 𝐿2(𝐺𝑟). 

Let the Fourier transform ̂ : 𝐿1(𝐺𝑟) → 𝐶0(𝐺̂r), 𝑓𝑟 ↦ 𝑓𝑟, be defined by the operator 

where 𝐶0(𝐺̂r) denotes the functions on 𝐺̂𝑟  vanishing at infinity. If 𝑓𝑟 ∈ 𝐿1(𝐺𝑟), 𝑓r ∈ 𝐿1(𝐺̂r), and the measures 

on 𝐺𝑟  and 𝐺̂𝑟  are normalized appropriately so that the Plancherel theorem holds, then the inverse Fourier 

transform can be defined by 

𝑓𝑟(𝑥) = ℱ−1𝑓r(𝑥) = ∫  
𝐺̂𝑟

𝑓r(𝜉𝑟)𝜉𝑟(𝑥)𝑑𝜇𝐺𝑟̂
(𝜉𝑟), 𝑥 ∈ 𝐺𝑟 

Note that the Fourier transform ℱ can be extended from 𝐿1(𝐺𝑟) ∩ 𝐿2(𝐺𝑟) to a surjective isometry between 

𝐿2(𝐺𝑟) and 𝐿2(𝐺̂r)[13, Plancherel theorem]. Thus, the Parseval formula holds and is given by 

⟨𝑓𝑟 , 𝑔𝑟⟩ = ∫  
𝐺𝑟

𝑓𝑟(𝑥)𝑔𝑟(𝑥)̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝜇𝐺𝑟
(𝑥) = ∫  

𝐺̂𝑟

𝑓r(𝜉𝑟)𝑔𝑟(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜇𝐺‾𝑟
(𝜉𝑟) = ⟨𝑓𝑟 , 𝑔𝑟̂⟩, for all 𝑓𝑟, 𝑔𝑟 ∈ 𝐿2(𝐺𝑟) 

The following definitions will be used in the sequel: Given 𝐺𝑟  an LCA group, we call a subgroup Γ in 𝐺𝑟  as co-

compact if the quotient group 𝐺𝑟/Γ is compact, whereas Γ in 𝐺𝑟  is said to be a uniform lattice if in addition, Γ is 

discrete. Let Γ ⊆ 𝐺𝑟  be a closed subgroup of an LCA group 𝐺𝑟 . Then, the quotient 𝐺𝑟/Γ is a regular topological 

group. Further, we note that it is a second countable LCA group under the quotient topology by using the fact 

that 𝐺𝑟  is second countable. For a subgroup Γ of an LCA group 𝐺𝑟 , the annihilator Γ⊥ of Γ is defined by 

Γ⊥: = {𝜉𝑟 ∈ 𝐺̂r: 𝜉𝑟(𝑥) = 1, for all 𝑥 ∈ Γ} 

It follows from the definition of the topology on 𝐺̂𝑟  that the annihilator Γ⊥ is a closed subgroup in 𝐺̂𝑟 . Moreover, 

if Γ is closed, then (Γ⊥)⊥ = Γ and the following hold: there exists a topological group isomorphism mapping 

𝐺𝑟/Γ̂ onto Γ⊥, that is, 𝐺𝑟/Γ̂ ≅ Γ⊥; there exists a topological group isomorphism mapping 𝐺̂r/Γ⊥ onto Γ, that is, 

𝐺̂r/Γ⊥ ≅ Γ. For more information on harmonic analysis over locally compact abelian groups, we refer the reader 

to the classical books [13,26,27]. 
We study and characterize pairwise orthogonal generalized translation invariant (GTI) frame systems over 

locally compact abelian (LCA) groups and deduce similar results for the function systems related to GTI 

systems. The statement of our first main characterization result, that is, Theorem 3.5 (along with several 

deductions in Remark 3.6) is stated, while the proof for the characterization is discussed. Theorem 4.1 provides 

a characterization for pairwise orthogonal wave-packet frame systems over LCA groups. We shall discuss the 

definition of wave-packet systems over LCA groups along with the characterization result. We begin by 
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considering GTI systems introduced by [29] along with the following definition and the standing hypotheses on 

it. Note that such systems model various discrete and continuous systems, e.g., the wavelet, shearlet and Gabor 

systems, etc. 

Definition 3.1 (see [42]). Let 𝐽 ⊂ ℤ be a countable index set. For each 𝑗 ∈ 𝐽, let 𝑃𝑗 be a countable or an 

uncountable index set, let 𝑔𝑗,1+𝜖
r ∈ 𝐿2(𝐺𝑟) for (1 + 𝜖) ∈ 𝑃𝑗, and let Γ𝑗 be a closed, co-compact subgroup in 𝐺𝑟 . 

Then, the generalized translation invariant (𝐺𝑇𝐼) system generated by {𝑔𝑗,1+𝜖
𝑟 }

(1+𝜖)∈𝑃𝑗,𝑗∈𝐽
 with translation along 

closed, co-compact subgroups {Γ𝑗}
𝑗∈𝐽

 is the family of functions given by ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
, where for 

𝑦 ∈ 𝐺𝑟 , the operator 𝑇𝑦, called the translation by 𝑦, is defined as 

𝑇𝑦: 𝐿2(𝐺𝑟) → 𝐿2(𝐺𝑟), (𝑇𝑦𝑓𝑟)(𝑥) = 𝑓𝑟(𝑥 − 𝑦), 𝑥 ∈ 𝐺𝑟 . 

Note that the GTI system in Definition 3.1 reduces to the translation invariant (𝑇𝐼) system discussed in [5], if 
Γ𝑗 = Γ for each 𝑗 ∈ 𝐽. However, if each 𝑃𝑗 is countable and each Γ𝑗 is a uniform lattice in Definition 3.1, we 

arrive at the generalized shift-invariant (GSI) system considered in [24,32].  

Standing Hypotheses:  

For GTI systems considered in Definition 3.1, we assume that these systems satisfy the following criterion. 

Before proceeding, we introduce some notation. Let (𝑃𝑗 , ∑𝑃𝑗
 , 𝜇𝑃𝑗

) be a measure space for each 𝑗 ∈ 𝐽, where 𝐽 ⊂

ℤ is a countable index set. For a topological space 𝑋, by 𝐵𝑋, we denote the Borel algebra of 𝑋. By the symbol 

𝑃𝑗 × 𝐺𝑟 , we represent the product measure space formed by the Cartesian product of 𝐺𝑟  with the measure space 

𝑃𝑗 , ∑𝑃𝑗
  ⊗ 𝐵𝐺𝑟

 denotes the tensor-product 𝜎 -algebra on 𝑃𝑗 × 𝐺𝑟  which is formed by the tensor-product of 𝐵𝐺𝑟
 

with the 𝜎 -algebra ∑𝑃𝑗
  on 𝑃𝑗, and the notation 𝜇𝑃𝑗

⊗ 𝜇𝐺𝑟
 specifies the product measure on 𝑃𝑗 × 𝐺𝑟 . By 

assuming above notation, we state the conditions as follows. For each 𝑗 ∈ 𝐽 : 

(1) (𝑃𝑗 , ∑𝑃𝑗
 , 𝜇𝑃𝑗

) is a 𝜎 -finite measure space, 

(2) the mapping (1 + 𝜖) ↦ 𝑔𝑗,1+𝜖
𝑟 , (𝑃𝑗 , ∑(1+𝜖)𝑗

 ) → (𝐿2(𝐺𝑟), 𝐵𝐿2(𝐺𝑟)) is measurable, 

(3) the mapping (1 + 𝜖, 𝑥) ↦ 𝑔𝑗,1+𝜖
𝑟 (𝑥), that is, (𝑃𝑗 × 𝐺𝑟 , ∑𝑃𝑗

  ⊗ 𝐵𝐺𝑟
) → (ℂ, 𝐵C) is measurable. 

Further, it is relevant to note that in order to investigate frame properties for GTI systems considered in 

Definition 3.1, we need to view the family of functions ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 in the set-up of continuous 

g-frames. Recall that these frames are a generalized version of continuous frames, more precisely, for a 

countable index set 𝐽 ⊂ ℤ, a family of functions ⋃𝑗∈𝐽  {𝑓𝑗,𝑚
𝑟 }

𝑟,𝑚∈𝑀𝑗
 is a continuous generalized frame (continuous 

g-frame) for a complex Hilbert space ℋ with respect to a collection of measure spaces {(𝑀𝑗, ∑𝑀𝑗
 , 𝜇𝑗) : 𝑗 ∈ 𝐽} 

if(𝒞1)𝑚 ↦ 𝑓𝑗,𝑚
𝑟 , 𝑀𝑗 → ℋ is measurable for each 𝑗 ∈ 𝐽, and 

(𝒞2) there exist constants 0 < 1 + 𝜖 ≤ 1 + 2𝜖 such that 

(1 + 𝜖) ∥ ℎ𝑟 ∥2≤ ∑  

𝑗∈𝐽

∫  
𝑀𝑗

|⟨ℎ𝑟 , 𝑓𝑗,𝑚
𝑟 ⟩|

2
𝑑𝜇𝑀𝑗(𝑚) ≤ (1 + 2𝜖)||ℎ𝑟 ∥2 , for all ℎ𝑟 ∈ ℋ 

Note that all the definitions and operators associated to Definition 1.1 can be easily visualized for the case of 

continuous g-frames. For more details, see[20,40]. 
GTI System as a Continuous g-frame: In order to study pairwise orthogonal GTI frame systems, first we need to 

define GTI frame systems. The GTI system as a continuous g-frame is well-explained in [29], but we include 

the details here for the sake of completion. Hence, our next motive is to compare the GTI system 

⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 with the family of functions ⋃𝑗∈𝐽  {𝑓𝑗,𝑚

𝑟 }
𝑟,𝑚∈𝑀𝑗

 considered in the above definition of 

continuous g-frame. Then, it follows that we can view the GTI system as a family of functions in 𝐿2(𝐺𝑟) with 

respect to the collection of measure spaces {(𝑀𝑗, ∑𝑀𝑗
 , 𝜇𝑗) : = (𝑃𝑗 × Γ𝑗 , ∑𝑃𝑗

  ⊗ 𝐵Γ𝑗
, 𝜇𝑃𝑗

⊗ 𝜇Γ𝑗
) : 𝑗 ∈ 𝐽}. 

Next, to realize GTI system as a continuous g-frame, we first verify the condition (𝒞1). Let 𝑗 ∈ 𝐽. Consider a 

function 𝐹: 𝑃𝑗 × Γ𝑗 → 𝐿2(𝐺𝑟); (1 + 𝜖, 𝛾) ↦ 𝑇𝛾𝑔𝑗,1+𝜖
𝑟 . The function 𝐹 is continuous in 𝛾 and measurable in (1 +

𝜖), and hence represents a Carathéodory function 𝐹̃ which is defined on 𝑃𝑗 by 𝐹̃(1 + 𝜖)(𝛾) = 𝐹(1 + 𝜖, 𝛾). Since 

Γ𝑗 ⊂ 𝐺𝑟  is second countable and locally compact, and 𝐿2(𝐺𝑟) is separable, it follows that 𝐹̃, and hence the 

function 𝐹, is jointly measurable on (𝑀𝑗, ∑𝑀𝑗
 ) = (𝑃𝑗 × Γ𝑗 , ∑𝑃𝑗

  ⊗ 𝐵Γ𝑗
) (for more details, see [37]). Thus, the 

condition (𝒞1) holds, and the GTI system ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 is automatically weakly measurable. 

 

In addition, if the GTI system satisfies the condition (𝒞2) with respect to the set of measure spaces {(𝑃𝑗 ×
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Γ𝑗 , ∑𝑃𝑗
 ⊗ 𝐵Γ𝑗

, 𝜇𝑃𝑗
⊗ 𝜇Γ𝑗

) : 𝑗 ∈ 𝐽}, we call ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 as the genemlized translation 

invariant frame system (GTI frame system) for 𝐿2(𝐺𝑟). But, in case only the right side of inequality in the 

condition (𝒞2) holds, the system ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 is termed as a GTI Bessel system in 𝐿2(𝐺𝑟). 

Similarly, we can define TI and GSI Bessel (frame) systems in 𝐿2(𝐺𝑟) by replacing GTI system in the definition 

of GTI Bessel (frame) system with TI and GSI sytems, respectively. 

It is known that pairwise orthogonal frames for a Hilbert space play a key role in constructing superframes and 

frames [18 − 20,22,36,41], and also in developing the theory of frames and its applications (e.g., see 

[18,21,22,31]). We define such frames as GTI systems satisfying a special case of Definition 1.2 as follows: 

 

Definition 3.2 (see [42]).Orthogonal GTI Bessel (frame) systems: 

Let the systems ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 and ⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 be GTI Bessel (frame) systems 

in 𝐿2(𝐺𝑟). Then, we term these systems as pairwise orthogonal GTI Bessel (frame) systems, or simply, 

orthogonal GTI Bessel (frame) systems in 𝐿2(𝐺𝑟) if they satisfy the orthogonality property in the sense of 

Definition 1.2. In particular, by replacing GTI systems with TI systems and GSI systems, this definition 

corresponds to orthogonal TI Bessel (frame) systems and orthogonal GSI Bessel (frame) systems, respectively. 

 

3.1. Statement of the characterization result. 

We state the first main result, which provides a characterization for orthogonal GTI Bessel (frame) systems 

defined in Definition 3.2 over LCA group set-up. 

We mention that for stating our main characterization result, we require some technical assumption in the form 

of a local integrability condition as follows. For the case of GSI systems, such condition was originally 

introduced by [24] for 𝐿2(ℝ𝑛), and later generalized by [32] for 𝐿2(𝐺𝑟). This condition was further proposed in 

a more generalized form by [29] for GTI systems in 𝐿2(𝐺𝑟). We state these conditions as follows: 

Definition 3.3 (see [42]). Consider two GTI systems ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 

and⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}
𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗

 in 𝐿2(𝐺𝑟). 

(i) We say that ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 satisfies the local integrability condition (LIC) if 

∑  

𝑗∈𝐽

∫  
𝑃𝑗

∑  

𝛼𝑟∈Γ𝑗
+

∫  
supp𝑓̂𝑟

|𝑓𝑟(𝜉𝑟 + 𝛼𝑟)𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟)|

2
𝑑𝜇𝐺̂𝑟

(𝜉𝑟)𝑑𝜇𝑃𝑗
(1 + 𝜖) < ∞, for all 𝑓𝑟 ∈ 𝔇     (3.1) 

where for a Borel set 𝐵 in 𝐺̂𝑟  with 𝜇𝐺̂𝑟
(𝐵‾ ) = 0, we define the subset 𝔇 in 𝐿2(𝐺𝑟) as follows: 

𝔇: = {𝑓𝑟 ∈ 𝐿2(𝐺𝑟): 𝑓r ∈ 𝐿∞(𝐺̂r) and supp 𝑓𝑟ˆ  is compact in 𝐺̂r ∖ 𝐵} .  

(ii) ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 and ⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 satisfy the dual 𝛼𝑟-local integmbility 

condition 

( dual 𝛼𝑟 − 𝐿𝐼𝐶) if 

∑  

𝑗∈𝐽

∫  
𝑃𝑗

∑  

𝛼𝑟∈Γ𝑗
+

∫  
𝐺‾𝑟

|𝑓𝑟(𝜉𝑟)𝑓𝑟(𝜉𝑟 + 𝛼𝑟)𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟)(ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟 + 𝛼𝑟)|𝑑𝜇𝐺̂𝑟

(𝜉𝑟)𝑑𝜇𝑃𝑗
(1 + 𝜖) < ∞, for ∈ 𝔇 (3.2) 

In case 𝑔𝑗,1+𝜖
𝑟 = (ℎ𝑟)𝑗,1+𝜖 for each 𝑗 and (1 + 𝜖), we refer to (3.2) as the 𝛼𝑟-local integrability condition (𝛼𝑟 −

𝐿𝐼𝐶) for the GTI system ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
. 

Note that the integrands in (3.1) and (3.2) are measurable on 𝑃𝑗 × 𝐺̂𝑟 , therefore, we are allowed to reorder sums 

and integrals in the local integrability conditions. 

Further, note that the subset 𝔇 used in Definition 3.3 is dense in 𝐿2(𝐺𝑟), and since it is sufficient to prove the 

various frame properties on a dense subset of the Hilbert space, we may verify our results for 𝔇 and then extend 

on 𝐿2(𝐺𝑟) by a density argument. 

Remark 3.4 [42]. In view of [29, Lemma 3.9], it is clear that 

(i) LIC implies the 𝛼𝑟-LIC while the converse need not be true (e.g., see [29, Example 1]). 

(ii) if two GTI systems satisfy the LIC, then they satisfy the dual 𝛼𝑟-LIC. 

Next, we provide the statement of our first main characterization result on orthogonal frames. Here, we would 

like to add that the characterization results for orthogonal frames with the form of GTI systems, TI systems, and 

GSI systems discussed here are new. The results obtained here are also helpful in studying the orthogonality of 

special structured systems which lead to our second main result on orthogonal wave-packet Bessel (frame) 

systems, and hence for the case of wavelet and Gabor systems over LCA groups. Moreover, we can easily 

deduce the orthogonality conditions for a pair of frames in case of LCA group 𝐺𝑟 = ℝ𝑑, ℤ𝑑, etc. That means, 
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our orthogonality results on GTI systems generalize the existing similar work done for the classical case (e.g., 

see [31,36,41]) as well. 

Theorem 3.5 (see [42]). Let ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 and ⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 be GTI Bessel 

(frame) systems 

in 𝐿2(𝐺𝑟) which satisfy the dual 𝛼𝑟-LIC. Then, the following assertions are equivalent: 

(i) ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃,
 and ⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 are orthogonal GTI Bessel (frame) systems in 

𝐿2(𝐺𝑟) in the sense of Definition 1.2, 

(ii) for each 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗
⊥ ∖ {0}, we have 

∑  

𝑗∈𝐽:𝛼𝑟∈Γ𝑗
+

∫  
(ℎ𝑟)‾

𝑗,1+𝜖(𝜉𝑟)

𝑃𝑗

𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟 + 𝛼𝑟)𝑑𝜇𝑃𝑗

(1 + 𝜖) = 0, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟                                       (3.3) 

and 

∑  

𝑗∈𝐽

∫  
𝑃𝑗

(ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔̂𝑗,1+𝜖
r (𝜉𝑟)𝑑𝜇𝑃𝑗

(1 + 𝜖) = 0, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟  

We point out that Theorem 3.5 can be used to deduce similar results for several function systems since in these 

cases some of the assumptions trivially hold. We have the following observation: 

Remark 3.6 [42]. We remark that Theorem 3.5 leads to the characterization results on the orthogonality of TI 

Bessel (frame) systems, GSI Bessel (frame) systems, and GTI Bessel (frame) systems (over a compact abelian 

group). For this, observe that 

(i) in the case for TI Bessel systems, and for GTI Bessel systems over compact abelian groups, the dual 𝛼𝑟 -LIC 

will be satisfied automatically in view of [29] and Remark 3.4. 

(ii) for each 𝑗 in 𝐽 if we take 𝑃𝑗 as countable and Γ𝑗 as a uniform lattice in Theorem 3.5, then the orthogonality 

result for the case of GSI Bessel (frame) systems is obtained. 

 

3.2. Proof of the characterization result. 

We obtain a proof for Theorem 3.5, that gives necessary and sufficient conditions for two GTI systems to form 

orthogonal frames for 𝐿2(𝐺𝑟) by following the Definition 1.2. For this, we have the next result.  

Proposition 3.7 (see [42]). Suppose ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 and ⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 are GTI 

Bessel systems 

in 𝐿2(𝐺𝑟) satisfying the dual 𝛼𝑟 − 𝐿𝐼𝐶. Then, the following statements are equivalent: 

(i) the mixed dual Gramian operator corresponding to the systems ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 and 

⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}
𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗

 commutes with the family of translations {𝑇𝑥}𝑥∈𝐺𝑟
, 

(ii) for each 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗
⊥ ∖ {0}, 

𝑡𝛼𝑟
(𝜉𝑟): = ∑  

𝑗∈𝐽:𝑎∈Γ𝑗
+

∫  
𝑃𝑗

(ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟)̂ 𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟 + 𝛼𝑟)𝑑𝜇𝑃𝑗

(1 + 𝜖) = 0, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟             (3.4) 

Moreover, if (𝑖) or (ii) holds, then the mixed dual Gramian operator is a Fourier multiplier whose symbol is  

𝑡𝛼𝑟
(𝜉𝑟) = ∑  

𝑗∈𝐽

∫  
𝑃𝑗

(ℎ𝑟)ˆ
𝑗,1+𝜖(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔̂𝑗,1+𝜖

𝑟 (𝜉𝑟)𝑑𝜇𝑃(1 + 𝜖), for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟                  (3.5) 

We first remark that the equations (3.4) and (3.5) are well-defined which can be easily verified by using 

Cauchy-Schwartz inequality in the following computation: 

∑  

𝑗∈𝐽:𝛼𝑟∈Γ𝑗
+

 ∫  
𝑃𝑗

  |(ℎ𝑟)𝑗,1+𝜖(𝜉𝑟)̂ 𝑔̂𝑗,1+𝜖
r (𝜉𝑟 + 𝛼𝑟)|𝑑𝜇𝑃𝑗

(1 + 𝜖) ≤ ∑  

𝑗∈𝐽

 ∫  
𝑃𝑗

  |(ℎ𝑟)̂𝑗,1+𝜖(𝜉𝑟) ∥ 𝑔̂𝑗,1+𝜖
r (𝜉𝑟 + 𝛼𝑟)|𝑑𝜇𝑃𝑗

(1 + 𝜖)

≤ ∑  

𝑗∈𝐽

 (∫  
𝑃𝑗

  |(ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟)|
2
𝑑𝜇𝑃𝑗

(1 + 𝜖))

1/2

(∫  
𝑃𝑗

  |𝑔̂𝑗,1+𝜖
r (𝜉𝑟 + 𝛼𝑟)|

2
𝑑𝜇𝑃𝑗

(1 + 𝜖))

1/2

≤ (∑  

𝑗∈𝐽

 ∫  
𝑃𝑗

  |(ℎ𝑟)̂𝑗,1+𝜖(𝜉𝑟)|
2

𝑑𝜇𝑃𝑗
(1 + 𝜖))

1/2

(∑  

𝑗∈𝐽

 ∫  
𝑃𝑗

  |𝑔̂𝑗,1+𝜖
r (𝜉𝑟 + 𝛼𝑟)|

2
𝑑𝜇𝑃𝑗

(1 + 𝜖))

1/2

 

and hence we can write 

∑  

𝑗∈𝐽:𝛼𝑟∈Γ𝑗
+

∫  
𝑃𝑗

|(ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔̂𝑗,1+𝜖
r (𝜉𝑟 + 𝛼𝑟)| 𝑑𝜇𝑃𝑗

(1 + 𝜖) ≤ 𝛽, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟                (3.6) 
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Lemma 3.8 (see [42]). Suppose ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 and ⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 satisfy the 

assumptions ofProposition 3.7, and assume that the symbol Θ is their corresponding mixed dual Gramian 

operator. For 𝑓𝑟 ∈ 𝔇, define the function 𝑤𝑓𝑟: 𝐺𝑟 → ℂ, 𝑥 ↦ ⟨Θ𝑇𝑥𝑓𝑟 , 𝑇𝑥𝑓𝑟⟩. Then, the following hold true: 

(i) The operator Θ commutes with all translations 𝑇𝑥 for 𝑥 ∈ 𝐺𝑟 , if, and only if, 𝑤𝑓𝑟 is constant for all 𝑓𝑟 ∈ 𝔇, 

that means, 𝑤𝑓𝑟(𝑥) = 𝑤𝑓𝑟(0) = ⟨Θ𝑓𝑟 , 𝑓𝑟⟩ for all 𝑥 ∈ 𝐺𝑟, where 0 denotes the neutral element of the LCA group 

G. 

(ii) Let 𝑓𝑟 ∈ 𝔇. Then, 𝑤𝑓𝑟 is a continuous function that coincides pointwise with its absolutely convergent 

(almost periodic) Fourier series 

𝑤𝑓𝑟(𝑥) = ∑  

𝛼𝑟∈𝑈𝑗∈𝐽Γ𝑗
⊥

𝛼𝑟(𝑥)𝑤̂𝑓𝑟(𝛼𝑟)                                         (3.7) 

where 

𝑤̂𝑓𝑟(𝛼𝑟): = ∫  
𝐺𝑟

𝑓𝑟ˆ (𝜉𝑟)𝑓𝑟‾ (𝜉𝑟 + 𝛼𝑟)𝑡𝛼𝑟
(𝜉𝑟)𝑑𝜇𝐺‾𝑟

(𝜉𝑟)                              (3.8) 

and the last integral converges absolutely. 

(iii) 𝑤𝑓𝑟 is constant for all 𝑓𝑟 ∈ 𝔇 if, and only if, for all 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗
⊥ ∖ {0}, 𝑡𝛼𝑟

(𝜉𝑟) = 0 a.e. 𝜉𝑟 ∈ 𝐺̂𝑟. 

Proof. (i) Let Θ𝑇𝑥 = 𝑇𝑥Θ, for all 𝑥 ∈ 𝐺𝑟 . Then, the direct part of (i) can be concluded by observing that 
𝑤𝑓𝑟(𝑥) = ⟨Θ𝑇𝑥𝑓𝑟 , 𝑇𝑥𝑓𝑟⟩ = ⟨𝑇𝑥Θ𝑓𝑟 , 𝑇𝑥𝑓𝑟⟩

= ⟨Θ𝑓𝑟 , 𝑇𝑥
∗𝑇𝑥𝑓𝑟⟩ = ⟨Θ𝑓𝑟 , 𝑓𝑟⟩,

 

for all 𝑥 ∈ 𝐺𝑟  and 𝑓𝑟 ∈ 𝔇, since for each 𝑥, 𝑇𝑥 is an unitary operator. Conversely, let 𝑤𝑓𝑟  be constant for all 

𝑓𝑟 ∈ 𝔇. Then, for all 𝑥 ∈ 𝐺𝑟, 

𝑤𝑓𝑟(𝑥) = ⟨Θ𝑇𝑥𝑓𝑟 , 𝑇𝑥𝑓𝑟⟩ = ⟨𝑇−𝑥Θ𝑇𝑥𝑓𝑟 , 𝑓𝑟⟩ = ⟨Θ𝑓𝑟 , 𝑓𝑟⟩, 

which by using unitary nature of 𝑇𝑥 for each 𝑥 and polarization identity, leads to 𝑇−𝑥Θ𝑇𝑥 = Θ, and hence we get 

Θ𝑇𝑥 = 𝑇𝑥Θ. 

(ii) For each 𝑓𝑟 ∈ 𝔇 and 𝑥 ∈ 𝐺𝑟, we can write the function 

𝑤𝑓𝑟(𝑥) = ⟨Θ𝑇𝑥𝑓𝑟 , 𝑇𝑥𝑓𝑟⟩ = ⟨∑  

𝑗∈𝐽

 ∫  
(1+𝜖)∈𝑃𝑗

 ∫  
Γ𝑗

  ⟨𝑇𝑥𝑓𝑟 , 𝑇𝛾(ℎ𝑟)𝑗,1+𝜖⟩𝑇𝛾𝑔𝑗,1+𝜖
𝑟 𝑑𝜇Γ𝑗

(𝛾)𝑑𝜇𝑃𝑗
(1 + 𝜖), 𝑇𝑥𝑓𝑟⟩

= ∑  

𝑗∈𝐽

 ∫  
(1+𝜖)∈𝑃,Γ𝑗

 ∫ ⟨𝑇𝑥𝑓𝑟 , 𝑇𝛾(ℎ𝑟)𝑗,1+𝜖⟩⟨𝑇𝛾𝑔𝑗,1+𝜖
𝑟 , 𝑇𝑥𝑓𝑟⟩𝑑𝜇Γ𝑗

(𝛾)𝑑𝜇𝑃𝑗
(1 + 𝜖).

 (∗) 

Now, by proceeding in the same way as in the proof of [29, Theorem 3.4], the result follows. 

(iii) Given that dual 𝛼𝑟 -LIC holds for all 𝑓𝑟 ∈ 𝔇. From (3.7) and ( ∗), it follows that 

𝑤𝑓𝑟(𝑥) = ∑  

𝑗∈𝐽

∫  
(1+𝜖)∈𝑃𝑗

∫  
Γ𝑗

⟨𝑇𝑥𝑓𝑟 , 𝑇𝛾(ℎ𝑟)𝑗,1+𝜖⟩⟨𝑇𝛾𝑔𝑗,1+𝜖
𝑟 , 𝑇𝑥𝑓𝑟⟩𝑑𝜇Γ𝑗

(𝛾)𝑑𝜇𝑃𝑗
(1 + 𝜖) 

= ∑  

𝛼𝑟∈𝑈𝑗∈𝐽Γ𝑗+

𝛼𝑟(𝑥)𝑤̂𝑓𝑟(𝛼𝑟).                                               (3.9) 

Consider now the function 𝑧𝑓𝑟(𝑥): = 𝑤𝑓𝑟(𝑥) − ⟨Θ𝑓𝑟 , 𝑓𝑟⟩ which is continuous in view of continuity of the 

function 𝑤𝑓𝑟  

Now, for the direct part, assume that the function 𝑤𝑓𝑟 is constant for all 𝑓𝑟 ∈ 𝔇. We claim that 𝑡𝛼𝑟
(𝜉𝑟) = 0, for 

all 𝛼𝑟 ∈ ⋃Γ𝑗
⊥ ∖ {0} and 𝑎. 𝑒. 𝜉𝑟 ∈ 𝐺̂𝑟 . Here, note that by the construction, 𝑧𝑓𝑟 is identical to the zero function. 

Additionally, since𝑤𝑓𝑟 equals an absolute convergent generalized Fourier series, also 

𝑧𝑓𝑟 can be expressed as an absolute convergent generalized Fourier series 𝑧𝑓𝑟(𝑥) = ∑𝛼𝑟∈𝑈∈𝐽𝑗
⊥  𝛼𝑟(𝑥)𝑧̂𝑓𝑟(𝛼𝑟), 

with 

𝑧̂𝑓𝑟(𝛼𝑟) = {
𝑤̂𝑓𝑟(0) − ⟨Θ𝑓𝑟 , 𝑓𝑟⟩,  if 𝛼𝑟 = 0,

𝑤̂𝑓𝑟(𝛼𝑟),  if 𝛼𝑟 ≠ 0.
 

By the uniqueness theorem for generalized Fourier series [10, Theorem 7.12], the function 𝑧𝑓𝑟(𝑥) is identical to 

zero if, and only, if 𝑧̂𝑓𝑟(𝛼𝑟) = 0 for all 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗
⊥. Thus, for 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗

⊥ and 𝑓𝑟 ∈ 𝔇, we have 

𝑤̂𝑓𝑟(𝛼𝑟) = 𝛿𝛼𝑟,0⟨Θ𝑓𝑟 , 𝑓𝑟⟩.                                                          (3.10) 

Let 𝛼𝑟 ≠ 0. Then, for all 𝑓𝑟 ∈ 𝔇, (3.10) reduces to 𝑤̂𝑓𝑟(𝛼𝑟) = 0, and hence we get 

∫  
𝜎

𝑓𝑟ˆ (𝜉𝑟)𝑓𝑟‾ (𝜉𝑟 + 𝛼𝑟)𝑡𝛼𝑟
(𝜉𝑟)𝑑𝜇𝐺̂𝑟

(𝜉𝑟) = 0, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟                                 (3.11) 
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Now, define the multiplication operator 𝑀𝑡a
: 𝐿2(𝐺̂r) → 𝐿2(𝐺̂r) by 𝑀𝜏a

𝑓𝑟ˆ (𝜉𝑟) = 𝑡𝛼𝑟
(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅𝑓𝑟ˆ (𝜉𝑟) which is a 

bounded linear operator in view of the fact that 𝑡𝛼𝑟
(𝜉𝑟) ∈ 𝐿∞(𝐺̂r) (for details, see (3.6) ). For all 𝑓𝑟 ∈ 𝔇 and 

a.e. 𝜉𝑟 ∈ 𝐺̂𝑟, we can now rewrite the term in left hand side of (3.11) as 

∫
𝐺𝑟

 𝑓𝑟ˆ (𝜉𝑟)𝑡𝛼𝑟
(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅𝑇𝛼𝑟

𝑓𝑟ˆ (𝜉𝑟)𝑑𝜇𝐺𝑟⃗⃗ ⃗⃗ ⃗(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = ∫
𝐺̂𝑟

 𝑓𝑟ˆ (𝜉𝑟)𝑀𝑡‾𝛼𝑟
(𝑇𝛼𝑟

𝑓𝑟ˆ )(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜇𝐺𝑟̂
(𝜉𝑟)

= ∫
𝐺̂𝑟

 𝑓𝑟ˆ (𝜉𝑟)(𝑀𝜏𝑜̅̅ ̅𝑇𝛼𝑟
)𝑓𝑟ˆ (𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑𝜇𝐺̂𝑟

(𝜉𝑟)

= ⟨𝑓 𝑟̂ , 𝑀𝑡‾𝛼𝑟
𝑇𝛼𝑟

𝑓 𝑟̂⟩
𝐿2(𝐺𝑟̂)

 

 

which is equal to zero in view of (3.11). From the above equality and the fact that 𝔇 is dense in the complex 

Hilbert space 𝐿2(𝐺𝑟), it follows that 𝑀𝑧‾a
𝑇𝛼𝑟

𝑓 𝑟̂ = 0, which is if, and only if, 𝑀a̅𝑇𝛼𝑟
= 0 means, 𝑀𝜏𝑎

𝑇𝛼𝑟
(𝑔̂r) = 0 

for all 𝑔̂r ∈ 𝐿2(𝐺̂r), and hence 𝑀𝑡‾𝛼𝑟
𝑇𝛼𝑟

𝑔̂r(𝜉𝑟) = 𝑡𝛼𝑟
(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅𝑇𝛼𝑟

𝑔̂r(𝜉𝑟) = 0 for all 𝑔̂r ∈ 𝐿2(𝐺̂r) and 

a.e. 𝜉𝑟 ∈ 𝐺𝑟̂. Thus, (3.11) holds if, and only if, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟, we have 𝑡𝛼𝑟
(𝜉𝑟) = 0, for all 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗

⊥ ∖ {0}. 

Conversely, for each 𝛼𝑟 ∈ ⋃𝑗∈𝐽  Γ𝑗
⊥ ∖ {0}, let 𝑡𝛼𝑟

(𝜉𝑟) = 0 for a.e. 𝜉𝑟 ∈ 𝐺𝑟̂, which implies that 𝑤̂𝑓𝑟(𝛼𝑟) = 0, and 

by using this in (3.9) along with the fact from (3.10) that for 𝛼𝑟 = 0, we have 𝑤̂𝑓𝑟(𝛼𝑟) = ⟨Θ𝑓𝑟 , 𝑓𝑟⟩, and hence 

𝑤𝑓𝑟(𝑥) = ∑  

𝛼𝑟∈𝑈Γ
+⟩{{0}

𝛼𝑟(𝑥)𝑤̂𝑓𝑟(𝛼𝑟) + ∑  

𝛼𝑟∈{0}

𝛼𝑟(𝑥)𝑤̂𝑓𝑟(𝛼𝑟) = 0 + 𝑤̂𝑓𝑟(0) = ⟨Θ𝑓𝑟 , 𝑓𝑟⟩, 

for a.e. 𝑥 ∈ 𝐺𝑟. Therefore, 𝑤𝑓𝑟 is constant for all 𝑓𝑟 ∈ 𝔇. 

Proof of Proposition 3.7 (see [42]). Clearly, part (i) is true if, and only if, (3.4) holds in view of Lemma 3.8. 

Further, it is well-known that if the mixed dual Gramian operator, say Θ, commutes with 𝑇𝑥 for all 𝑥 ∈ 𝐺𝑟 , then 

it is a Fourier multiplier (see [33, Theorem 4.1.1]), and hence there exists a unique 𝑠 ∈ 𝐿∞(𝐺̂r) such that 

Θ𝑓 𝑟̂(𝜉𝑟) = 𝑠(𝜉𝑟)𝑓 𝑟̂(𝜉𝑟), where 𝑠(𝜉𝑟) represents the symbol corresponding to Θ. Now, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟, we are 

interested in finding the expression for 𝑠(𝜉𝑟). For this, observe that 

⟨Θ𝑓𝑟 , 𝑓𝑟⟩ = ⟨Θ𝑓 𝑟̂ , 𝑓𝑟ˆ ⟩𝐿2(𝐺̂𝑟) = ∫  
𝐺̃𝑟

Θ𝑓 𝑟̂(𝜉𝑟)𝑓𝑟(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜇𝐺̂𝑟
(𝜉𝑟) = ∫  

𝐺̃𝑟

𝑠(𝜉𝑟)𝑓 𝑟̂(𝜉𝑟)𝑓𝑟(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜇𝐺̂𝑟
(𝜉𝑟).  (3.12) 

Moreover, for 𝛼𝑟 = 0, it follows from (3.8) and (3.10) that for all 𝑓𝑟 ∈ 𝔇, 

⟨Θ𝑓𝑟 , 𝑓𝑟⟩ = 𝑤̂𝑓𝑟(0) = ∫  
𝐺𝑟

𝑓𝑟ˆ (𝜉𝑟)𝑓𝑟‾ (𝜉𝑟) ∑  

𝑗∈𝐽

∫  
𝑃𝑗

(ℎ𝑟)𝑗,1+𝜖(𝜉𝑟)̂ 𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟)𝑑𝜇𝑃𝑗

(1 + 𝜖)𝑑𝜇𝐺̂𝑟
(𝜉𝑟)    (3.13) 

Since (3.12) and (3.13) are valid for all 𝑓𝑟 ∈ 𝔇 and 𝑠 is unique, it is clear that the symbol of Θ𝑖 that is, 𝑠(𝜉𝑟) =

∑
𝑗∈𝐽𝑃𝑗

 ∫ (ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟)𝑑𝜇𝑃𝑗

(1 + 𝜖). 

Now, we prove our first main result, Theorem 3.5: 

Proof of Theorem 3.5. By Definition 1.2, the part (i) is equivalent to saying that the mixed dual Gramian 

operator corresponding to the GTI systems ⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
  and⋃𝑗∈𝐽  {𝑇𝛾(ℎ𝑟)𝑗,1+𝜖}

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
, say 

Θ, is equal to zero. Next, we claim that Θ = 0 if, and only if, Θ commutes with the translations 𝑇𝑥 for all 𝑥 ∈ 𝐺𝑟 , 

and, act as a Fourier multiplier with symbol 

𝑠(𝜉𝑟) = ∑  

𝑗∈𝐽

∫  
𝑃𝑗

(ℎ𝑟 )̂𝑗,1+𝜖(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔̂𝑗,1+𝜖
𝑟 (𝜉𝑟)𝑑𝜇𝑃𝑗

(1 + 𝜖) = 0, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟 

For proving the above claim, let Θ = 0. Then, Θ𝑇𝑥(𝑓𝑟) = 0, for all 𝑥 ∈ 𝐺𝑟  and 𝑓𝑟 ∈ 𝐿2(𝐺𝑟). Since for each 𝑥, 

the translation 𝑇𝑥 is a linear operator, therefore 𝑇𝑥(0) = zero function in 𝐿2(𝐺𝑟) = 0, and hence 𝑇𝑥Θ𝑓𝑟 =
𝑇𝑥(0) = 0, which implies that Θ𝑇𝑥 = 𝑇𝑥Θ for all 𝑥 ∈ 𝐺𝑟 . Thus by [33, Theorem 4.1.1], Θ is a Fourier multiplier. 

So for all 𝑓𝑟 ∈ 𝐿2(𝐺𝑟) we have 0 = Θ𝑓𝑟̂ (𝜉𝑟) = 𝑠(𝜉𝑟)𝑓𝑟ˆ (𝜉𝑟), 𝜉𝑟 ∈ 𝐺̂𝑟 a.e., where 𝑠(𝜉𝑟), the symbol of Θ as a 

Fourier multiplier, is given by (3.5). Conversely, if Θ is a Fourier multiplier with symbol 𝑠(𝜉𝑟) = 0, then 

Θ̂𝑓𝑟(𝜉𝑟) = 0, which implies that Θ𝑓𝑟 = 0 for all 𝑓𝑟 ∈ 𝐿2(𝐺𝑟), and hence Θ = 0. Now, the result follows by 

considering the above claim along with Proposition 3.7. 

We discuss applications of our first main result to the Bessel families having wave-packet structure, which are 

obtained by applying certain collections of dilations, modulations, and translations to a countable family of 

functions in 𝐿2(𝐺𝑟). As a consequence, we obtain results for wavelet and Gabor systems. Along with this, we 

connect the already existing results with the theory discussed by providing various examples in case of 𝐺𝑟 =
ℝ𝑑 , ℤ𝑑, etc. 

4.1. Wave-Packet Systems.  

For a given second countable LCA group 𝐺𝑟 , let Epi (𝐺𝑟), Epick (𝐺𝑟), and Aut (𝐺𝑟) denote respectively, the 

semigroup of continuous group homomorphisms 𝛼𝑟 from 𝐺𝑟  onto 𝐺𝑟 , the semigroup of 𝛼𝑟 ∈ Epi (𝐺𝑟) having 

compact kernel ker 𝛼𝑟, and the group of topological automorphisms𝛼𝑟 of 𝐺𝑟  onto itself. Note that Aut (𝐺𝑟) ⊂
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Epick (𝐺𝑟) ⊂ Epi (𝐺𝑟). For 𝛼𝑟 ∈ Epick (𝐺𝑟), we define the isometric dilation operator 

𝐷𝛼𝑟
 by 

𝐷𝛼𝑟
: 𝐿2(𝐺𝑟) → 𝐿2(𝐺𝑟); 𝐷𝛼𝑟

𝑓𝑟(𝑥) = (Δ(𝛼𝑟))−1/2𝑓𝑟(𝛼𝑟(𝑥)), for all 𝑥 ∈ 𝐺𝑟 

where the modular function Δ: Epick (𝐺𝑟) → (0, ∞) is a semigroup homomorphism such that 

∫  
𝐺𝑟

(𝑔𝑟 ∘ 𝛼𝑟)(𝑥)𝑑𝜇𝐺𝑟
(𝑥) = Δ(𝛼𝑟) ∫  

𝐺𝑟

𝑔𝑟(𝑥)𝑑𝜇𝐺𝑟
(𝑥) 

for all integrable functions 𝑔𝑟  on 𝐺𝑟  with respect to the Haar measure 𝜇𝐺𝑟
 (see [5, Theorem 6.2]). For a 

character 𝜒 in 𝐺̂𝑟 , we define the modulation opemtor 𝑀𝑋 on 𝐿2(𝐺𝑟) as 

𝑀𝜒(𝑓𝑟)(𝑥) = 𝜒(𝑥)𝑓𝑟(𝑥), for all 𝑥 ∈ 𝐺𝑟  

and observe that for each 𝜒 ∈ 𝐺̂𝑟, it is associated with the translation operator on 𝐿2(𝐺̂r) by the relation 

(𝑀𝜒𝑓 𝑟̂)(𝜉𝑟) = ∫
𝐺𝑟

 𝜒(𝑥)𝑓𝑟(𝑥)𝜉𝑟(𝑥)̅̅ ̅̅ ̅̅ ̅𝑑𝜇𝐺(𝑥) 

= ∫
𝐺𝑟

 𝑓𝑟(𝑥)(𝜉𝑟 − 𝜒)(𝑥)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜇𝐺𝑟
(𝑥) = 𝑓𝑟(𝜉𝑟 − 𝜒) = 𝑇𝜒𝑓𝑟(𝜉𝑟),                        (4.1) 

 

for all 𝑓𝑟 ∈ 𝐿2(𝐺𝑟) and a.e. 𝜉𝑟 ∈ 𝐺̂𝑟 . Further, note that for each 𝛼𝑟 ∈ Epick (𝐺𝑟), the dilation operator on 𝐿2(𝐺𝑟) 

satisfies the following relation (see [5, Lemma 6.6]) : 

(𝐷𝛼𝑟
𝑓𝑟)̂ (𝜒) = {(Δ(𝛼𝑟))

1

2𝑓𝑟(𝛽−1(𝜒))  for 𝜒 ∈ 𝛽(𝐺̂r) = (ker 𝛼𝑟)⊥

0  otherwise 
                              (4.2) 

for all 𝑓𝑟 ∈ 𝐿2(𝐺𝑟), where by 𝛽: = 𝛼𝑟
∗, we denote the adjoint of 𝛼𝑟 ∈ Epick (𝐺𝑟) which is a topological 

isomorphism 𝛽: 𝐺̂r → ( ker 𝛼𝑟)⊥; 𝜒 ↦ 𝜒 ∘ 𝛼𝑟 in view of [5, Proposition 6.5]. 
Let 𝒜 be a subset of Epick (𝐺𝑟), let Γ and Λ be co-compact subgroups of 𝐺𝑟  and 𝐺̂𝑟, respectively, and for some 

index set 𝐽 ⊂ ℤ, let Ψ: = {𝜓𝑗: 𝑗 ∈ 𝐽} be a subset of 𝐿2(𝐺𝑟). Then, we define the wave-packet system generated 

by Ψ as: 

𝒲(Ψ, 𝒜, Γ, Λ): = {𝐷𝛼𝑟
𝑇𝛾𝑀𝜒𝜓𝑗: 𝛼𝑟 ∈ 𝒜, 𝛾 ∈ Γ, 𝜒 ∈ Λ, 𝑗 ∈ 𝐽}.                             (4.3) 

In the case of 𝐿2(ℝ) and 𝐿2(ℝ𝑑), the systems of the above form have been studied by several authors, 

see[7,25,34]. The wave-packet systems were originally introduced by [9], and the collection defined in (4.3) 

generalizes the notion of such systems of LCA groups. In particular, the wavelet and Gabor systems can be seen 

as special cases of (4.3) which we shall discuss. 

The following commutator relation helps in representing the collection (4.3) in the form of a GTI system. Now 

for each 𝛼𝑟 ∈ 𝒜, 𝛾 ∈ Γ, 𝜒 ∈ Λ, and 𝑗 ∈ 𝐽, we have: 

𝐷𝛼𝑟
𝑇𝛾𝑀𝜒𝜓𝑗(𝑥) = (Δ(𝛼𝑟))−1/2𝑇𝛾𝑀𝜒𝜓𝑗(𝛼𝑟(𝑥)) = (Δ(𝛼𝑟))−1/2𝑀𝜒𝜓𝑗(𝛼𝑟(𝑥) − 𝛾)

= (Δ(𝛼𝑟))−1/2𝑀𝜒𝜓𝑗(𝛼𝑟(𝑥 − 𝛾1)) = 𝐷𝛼𝑟
𝑀𝜒𝜓𝑗(𝑥 − 𝛾1) = 𝑇𝛾1

𝐷𝛼𝑟
𝑀𝜒𝜓𝑗(𝑥)

 

for all 𝑥 ∈ 𝐺𝑟 , and for some 𝛾1 ∈ 𝛼r
−1Γ such that 𝛼𝑟(𝛾1) = 𝛾. Let 𝒜 be a countable subset of Epick (𝐺𝑟). Then, 

by using the above commutator relation, the wave-packet system 𝒲(Ψ, 𝒜, Γ, Λ) will represent a GTI system of 

the form ∪ {𝑇𝛾𝑔𝛼𝑟,1+𝜖
𝑟 }

𝛾∈Γ𝑎,1+𝜖(1+𝜖)∈𝑃𝑎
 for Γ𝛼𝑟

: = 𝛼r
−1Γ with 𝛼𝑟 ∈ 𝒜, 𝑔𝛼𝑟,1+𝜖

r = 𝑔𝛼𝑟,(𝑗,𝑥)
r = 𝐷𝛼𝑟

𝑀𝑥𝜓𝑗 for 

(𝛼𝑟 , 1 + 𝜖) = (𝛼𝑟 , (𝑗, 𝜒))in 𝒜 × (𝐽 × Λ). In this case, for each 𝛼𝑟 ∈ 𝒜, the measure space 𝑃𝛼𝑟
: = {(𝑗, 𝜒): 𝑗 ∈

𝐽, 𝜒 ∈ Λ} isequipped with the measure 𝜇𝑃𝑎
: = 𝜇𝐽×Λ = (Δ(𝛼𝑟))−1(𝜇𝐽 ⊗ 𝜇Λ), where the quantity (Δ(𝛼𝑟))−1 helps 

inavoiding the scaling factor in the calculations and 𝜇𝐽 represents the counting measure on 𝐽. Clearly, the 

measure 𝜇𝑃𝑎
 is 𝜎 -finite. Here, note that Γ𝛼𝑟

= 𝛼r
−1Γ is a closed co-compact subgroup of 𝐺𝑟  for each 𝛼𝑟 ∈ 𝒜, in 

view of [5, Proposition 6.4] and the fact that 𝛼𝑟 is a continuous group homomorphism from 𝐺𝑟  onto 𝐺𝑟  along 

with Γ as a closed subgroup of 𝐺𝑟 . 

Next, we apply Theorem 3.5 to the wave-packet systems 𝒲(Ψ, 𝒜, Γ, Λ) and 𝒲(Φ, 𝒜, Γ, Λ), where for any 

index set 𝐽 ⊂ ℤ, Ψ: = {𝜓𝑗}
𝑗∈𝐽

 and Φ: = {𝜑𝑗
𝑟}

𝑗∈𝐽
 are subsets in 𝐿2(𝐺𝑟). Further, we simplify (3.3) by considering 

𝒲(Ψ, 𝒜, Γ, Λ) and 𝒲(Φ, 𝒜, Γ, Λ) as GTI systems ∪ {𝑇𝛾𝑔𝛼𝑟,1+𝜖
𝑟 }

𝛾∈Γ𝑎,(1+𝜖)∈𝑃𝑎
 

and ⋃𝛼𝑟,𝐴  {𝑇𝛾(ℎ𝑟)𝛼𝑟,1+𝜖}
𝛾∈Γ𝑎,(1+𝜖)∈𝑃𝑎

, respectively, where 𝑔𝛼𝑟,1+𝜖
r = 𝑔𝛼𝑟,(𝑗,𝑥)

r = 𝐷𝛼𝑟
𝑀𝑥𝜓𝑗 and (ℎ𝑟)𝛼𝑟,1+𝜖 =

(ℎ𝑟)𝑜,(𝑗,𝑥) = 𝐷𝛼𝑟
𝑀𝜒𝜑𝑗

𝑟  

for (𝛼𝑟 , 1 + 𝜖) = (𝛼𝑟 , (𝑗, 𝜒)) ∈ 𝒜 × 𝑃𝛼𝑟
= 𝒜 × (𝐽 × Λ). Hence, for each 𝛼̃r ∈ ⋃𝑎∈𝒜  Γ𝛼𝑟

⊥  and for a.e. 𝜉𝑟 ∈ 

⋃𝑎∈𝒜  (ker 𝛼𝑟)⊥, the expression (3.3) takes the following form in view of (4.1) and (4.2) along with 𝛽 = 𝛼r
∗: 
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𝒯𝛼̃𝑟
(𝜉𝑟) : = ∑𝛼𝑟∈𝒜:𝛼𝑟̃∈Γ𝛼𝑟

 ∫
𝑃𝛼𝑟

 (ℎ𝑟 )̂𝛼𝑟,1+𝜖(𝜉𝑟)𝑔̂𝛼𝑟,1+𝜖
r (𝜉𝑟 + 𝛼̃r)𝑑𝜇𝑃𝛼𝑟

(1 + 𝜖)

= ∑𝛼𝑟∈𝒜:𝛼𝑟̃∈Γ𝛼𝑟
⊥  ∫

𝐽×Λ
 (ℎ𝑟 )̂𝛼𝑟,(𝑗,𝜒)(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔̂𝛼𝑟,(𝑗,𝜒)

r (𝜉𝑟 + 𝛼̃r)𝑑𝜇𝐽×Λ((𝑗, 𝜒))

= ∑𝛼𝑟∈𝒜:𝛼𝑟̃∈(𝛼r
−1Γ)  ∑𝑗∈𝐽  ∫

Λ
 (𝐷𝛼𝑟

𝑀𝜒
̂ 𝜑𝑗

𝑟)(𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ (𝐷𝛼𝑟
𝑀𝜒

̂ 𝜓𝑗)(𝜉𝑟 + 𝛼̃r)
1

Δ(𝛼𝑟)
𝑑𝜇Λ(𝜒)

= ∑𝛼𝑟∈𝒜:𝛼𝑟̃∈𝛽Γ⊥  ∑𝑗∈𝐽  ∫
Λ

 𝑀𝜒𝜑𝑗
𝑟̂(𝛽−1𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑀𝜒𝜓𝑗̂(𝛽−1(𝜉𝑟 + 𝛼̃r))𝑑𝜇Λ(𝜒)

= ∑𝛼𝑟∈𝒜:𝛼𝑟̃∈𝛽Γ⊥  ∑𝑗∈𝐽  ∫
Λ

 𝑇𝜒𝜑̂𝑗
𝑟(𝛽−1𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑇𝜒𝜓̂𝑗(𝛽−1(𝜉𝑟 + 𝛼̃r))𝑑𝜇Λ(𝜒)

= ∑𝛼𝑟∈𝒜:𝛼𝑟̃∈𝛽Γ⊥  ∑𝑗∈𝐽  ∫
Λ

 𝜑̂𝑗
𝑟(𝛽−1𝜉𝑟 − 𝜒)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝜓̂𝑗(𝛽−1(𝜉𝑟 + 𝛼̃r) − 𝜒)𝑑𝜇Λ(𝜒) =: 𝒯̃𝛼𝑟˜

(𝜉𝑟) (say) ,

 

whereas for the case of 𝜉𝑟 ∈ 𝐺̂r ∖ ⋃𝛼𝑟∈𝒜  (ker 𝛼𝑟)⊥ a.e., we get 𝒯𝛼𝑟˜ (𝜉𝑟) = 0 by proceeding in the similar way as 

above. Hence, we can write 

𝒯𝛼𝑟˜
(𝜉𝑟) = {

𝒯̃𝛼𝑟˜
(𝜉𝑟)  for a.e. 𝜉𝑟 ∈ ⋃  

𝛼𝑟∈𝒜

  (ker 𝛼𝑟)⊥

0  otherwise. 

                   (4.4) 

Now, to apply Theorem 3.5 on the wave-packet systems, we require that for a.e. 𝜉𝑟 ∈ 𝐺𝑟 , 𝒯𝛼𝑟˜
(𝜉𝑟) in (4.4) should 

be equal to 0 for all 𝛼̃r ∈ ⋃𝛼𝑟∈𝒜  Γ𝛼𝑟
⊥ . 

The above discussion leads to our second main result, that is, Theorem 4.1 which provides the conditions on Ψ 

and Φ such that the wave-packet systems generated by Ψ and Φ form pairwise orthogonal Bessel families 

(frames) which we call as pairwise orthogonal (simply, orthogonal) wavepacket Bessel (frame) systems in 

𝐿2(𝐺𝑟). Note that the general LCA group approach applies to all groups of the form 𝐺𝑟 = ℝ𝑠 × ℤ1+𝜖 × 𝕋𝑞 ×
ℤ𝑚. Therefore, the following characterization result on wavepacket systems can be easily used to verify the 

concrete conditions for any choice of 𝐺𝑟  specified as above, while the direct derivation would be rather 

complex. 

Theorem 4.1 (see [42]). Let the wave-packet systems 𝒲(Ψ, 𝒜, Γ, Λ) and 𝒲(Φ, 𝒜, Γ, Λ) be Bessel families ( 

frames ) in 𝐿2(𝐺𝑟) satisfying the corresponding dual 𝛼𝑟 − 𝐿𝐼𝐶, where 𝒜 is a countable subset of Epick (𝐺𝑟). 

Then, the following assertions are equivalent: 

(i) 𝒲(Ψ, 𝒜, Γ, Λ) and 𝒲(Φ, 𝒜, Γ, Λ) form orthogonal wave-packet Bessel (frame) systems in 𝐿2(𝐺𝑟), 

(ii) for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟 and 𝛼̃r ∈ ⋃𝛼𝑟∈𝒜  Γ𝛼𝑟
⊥ , the following holds: 

∑  

𝛼𝑟∈𝒜:𝛼𝑟̃∈Γ⊥
⊥

∑  

𝑗∈𝐽

∫  
Λ

𝜑̂𝑗
𝑟(𝛽−1𝜉𝑟 − 𝜒)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝜓̂𝑗(𝛽−1(𝜉𝑟 + 𝛼̃r) − 𝜒)𝑑𝜇Λ(𝜒) = 0 

where for 𝛽 = 𝛼𝑟
∗, Γ𝛼𝑟

⊥  is given by 𝛽Γ⊥. 

Proof. The proof can be concluded by observing that if we consider 𝒲(Ψ, 𝒜, Γ, Λ) and 𝒲(Φ, 𝒜, Γ, Λ) as Bessel 

families (frames) satisfying the corresponding dual 𝛼𝑟 -LIC, then, the wave-packet systems generated by Ψ and 

Φ form pairwise orthogonal Bessel families (frames) in 𝐿2(𝐺𝑟) if, and only if, in view of (4.4), 𝒯𝛼̃𝑟
(𝜉𝑟) is equal 

to 0 for all 𝛼̃r ∈ ⋃𝛼𝑟∈𝒜  Γ𝛼𝑟
⊥  and a.e. 𝜉𝑟 ∈ 𝐺̂𝑟. 

In the following, by applying Theorem 4.1 to the case 𝐺𝑟 = ℝ𝑑, we get a characterization result for the 

orthogonality of a pair of wave-packet systems in 𝐿2(ℝ𝑑). Hence, the wave-packet systems within 𝐿2(ℝ𝑑) are 

easily covered within our framework. 

Example 4.2 (see [42]). Let 𝐺𝑟 = ℝ𝑑 (equipped with Lebesgue measure), Γ = ℤ𝑑 and Λ = ℝ𝑑. Then, 𝐺̂r = ℝ𝑑, 

with Euclidean metric, we have Γ⊥ = ℤ𝑑 and Λ⊥ = {0}. Further, by assuming the matrix 𝐴 in GL(𝑑, ℝ), set 𝒜 =
{𝑥 ↦ 𝐴𝑘𝑥: 𝑘 ∈ ℤ}. Under these assumptions, from (4.3), the wave-packet system generated by Ψ = {𝜓𝑙}𝑙=1

𝐿 ⊂
𝐿2(ℝ𝑑) can be written as 

𝒲(Ψ, 𝒜, ℤ𝑑 , ℝ𝑑) : = {𝐷𝐴𝑘𝑇𝛾𝑀𝜒𝜓𝑙(⋅): 𝑙 = 1, … , 𝐿, 𝑘 ∈ ℤ, 𝛾 ∈ ℤ𝑑 , 𝜒 ∈ ℝ𝑑}

= {|det 𝐴|−𝑘/2𝜒(𝐴𝑘 ⋅ −𝛾)𝜓𝑙(𝐴𝑘 ⋅ −𝛾): 𝑙 = 1, … , 𝐿, 𝑘 ∈ ℤ, 𝛾 ∈ ℤ𝑑, 𝜒 ∈ ℝ𝑑}
 

By letting 𝒲(Ψ, 𝒜, ℤ𝑑, ℝ𝑑) as a wave-packet system in 𝐿2(ℝ𝑑) which satisfies the Bessel condition (frame 

inequality), we conclude from Theorem 4.1 that the wave-packet systems generated by Ψ and Φ form pairwise 

orthogonal Bessel families (frames) in 𝐿2(ℝ𝑑) if, and only if, the following holds: 

∑  

𝑘∈ℤ:𝛼‾ r∈𝐵𝑘ℤ𝑑

∑  

𝐿

𝑙=1

∫  
ℝ𝑑

𝜑‾ 𝑙
𝑟(𝐵−𝑘𝜉𝑟 − 𝜒)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝜓̂𝑙(𝐵−𝑘(𝜉𝑟 + 𝛼̃r) − 𝜒)𝑑(𝜒) = 0 

 

for a.e. 𝜉𝑟 ∈ ℝ𝑑 and for each 𝛼𝑟 along with 𝐵 = 𝐴∗. 

In the next, by applying Theorem 4.1 we deduce the orthogonality conditions for the case of Gabor and wavelet 

systems over LCA groups. First we discuss the case of Gabor systems over LCA-group setting: 
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4.2. Special cases of Wave-Packet Systems. 

4.2.1. Gabor Systems. In (4.3), by assuming 𝒜 = {𝐼𝐺𝑟
}, where 𝐼𝐺𝑟

 denotes the identity group homo-morphism 

on 𝐺𝑟 , we consider the following system as a special case of wave-packet system defined in (4.3) which we call 

the Gabor system generated by Ψ : 

𝒢(Ψ, Γ, Λ): = {𝑇𝛾𝑀𝜒𝜓𝑗: 𝛾 ∈ Γ, 𝜒 ∈ Λ, 𝑗 ∈ 𝐽} 

At this juncture, it is relevant to note that the system 𝒢(Ψ, Γ, Λ) is a frame for 𝐿2(𝐺𝑟) if, and only if, 

{𝑀𝜒𝑇𝛾𝜓𝑗: 𝛾 ∈ Γ, 𝜒 ∈ Λ, 𝑗 ∈ 𝐽} is a frame for 𝐿2(𝐺𝑟) (see [29, Lemma 2.4]), where the later system is termed as a 

co-compact Gabor system in [28]. Further, observe that 𝒢(Ψ, Γ, Λ) is a TI system of the form 

⋃𝑗∈𝐽  {𝑇𝛾𝑔𝑗,1+𝜖
𝑟 }

𝛾∈Γ𝑗,(1+𝜖)∈𝑃𝑗
 with Γ𝑗 = Γ for 𝑗 ∈ 𝐽 ⊂ ℤ and 𝑔𝑗,1+𝜖

r = 𝑔𝑗,𝜒
r = 𝑀𝜒𝜓𝑗 , where 

(𝑗, 1 + 𝜖) = (𝑗, 𝜒) ∈ 𝐽 × Λ. In this case, for each 𝑗 ∈ 𝐽, 𝑃𝑗 = {𝜒: 𝜒 ∈ Λ} is equipped with the measure 𝜇𝑃𝑗
: =

(Δ(𝛼𝑟))−1𝜇Λ that satisfies the standing hypothesis. Since for TI systems the dual 𝛼𝑟 -LIC is automatically 

satisfied, Theorem 4.1 leads to the following result on the orthogonality of Gabor systems. Here, note that the 

Bessel families (frames) with co-compact Gabor structure which satisfy the orthogonality property are termed as 

pairwise orthogonal (simply, orthogonal) co-compact Gabor Bessel ( frame) systems in 𝐿2(𝐺𝑟) : 

Proposition 4.3 (see [42]). Let the Gabor systems 𝒢(Ψ, Γ, Λ) and 𝒢(Φ, Γ, Λ) be Bessel families (frames) in 

𝐿2(𝐺𝑟). Then, they form orthogonal co-compact Gabor Bessel (frame) systems in 𝐿2(𝐺𝑟) if, and only 

if, for each 𝛼̃r ∈ Γ⊥ and for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟, the following assertion holds: 

∑  

𝑗∈𝐽

∫ 
Λ

𝜑‾𝑗
r(𝜉𝑟 − 𝜒)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝜓̂𝑗((𝜉𝑟 + 𝛼̃r) − 𝜒)𝑑𝜇Λ(𝜒) = 0 

Using above result, we can deduce a characterization for the orthogonality of Gabor Bessel families (frames) in 

ℓ2(ℤ𝑑) given by [36]. This property of Gabor frames has found its significance in developing frame theory and 

its applications including the construction of Gabor superframes in various set-ups. For more details, see 

[2,16,19,20,22,35,36]. In the next part, we provide a characterization for pairwise orthogonal Bessel families 

(frames) with wavelet structure which we call as pairwise orthogonal (simply, orthogonal) wavelet Bessel ( 

frame) systems in 𝐿2(𝐺𝑟). 

4.2.2. Wavelet Systems. By letting Λ = {𝜒0} ⊂ 𝐺̂𝑟  in (4.3), where 𝜒0 being the neutral element of 𝐺̂𝑟 . we define 

the collection 𝒰(Ψ, 𝒜, Γ) as the wavelet system generated by Ψ : 

𝒰(Ψ, 𝒜, Γ): = {𝐷𝛼𝑟
𝑇𝛾𝜓𝑗: 𝛼𝑟 ∈ 𝒜, 𝛾 ∈ Γ, 𝑗 ∈ 𝐽} 

as a special case of wave-packet system defined in (4.3). For a countable subset 𝒜 in 𝐄𝐩𝐢𝐜𝐤(𝐺𝑟), the system 

(4.5) is a GTI system of the form ⋃𝛼𝑟∈𝒜  {𝑇𝛾𝑔𝛼𝑟,1+𝜖
𝑟 }

𝛾∈Γ𝛼𝑟 ,(1+𝜖)∈𝑃𝛼𝑟

 for Γ𝛼𝑟
= 𝛼r

−1Γ with 𝛼𝑟 ∈ 𝒜, 

𝑔𝛼𝑟,1+𝜖
r = 𝑔𝛼𝑟,𝑗

r = 𝐷𝛼𝑟
𝜓𝑗 for (𝛼𝑟 , 1 + 𝜖) = (𝛼𝑟 , 𝑗) in 𝒜 × 𝐽. In this case, for each 𝛼𝑟 ∈ 𝒜, the measure space 

𝑃𝛼𝑟
: = {𝑗: 𝑗 ∈ 𝐽} is equipped with a counting measure 𝜇𝑃𝛼𝑟

: = (Δ(𝛼𝑟))−1(𝜇𝐽) which is clearly 𝜎 -finite. 

Thus, Theorem 4.1 for the case of wave-packet systems now reduces to the following result on wavelet systems 

which generalizes similar results discussed in [31,41] along with various applications: 

Proposition 4.4 (see [42]). Let 𝒰(Ψ, 𝒜, Γ) and 𝒰(Φ, 𝒜, Γ) be Bessel families (frames) in 𝐿2(𝐺𝑟) which satisfy 

the corresponding dual 𝛼𝑟 - 𝐿𝐼𝐶, where 𝒜 is a countable subset of Epick (𝐺𝑟). Then, they form orthogonal 

wavelet Bessel ( frame systems in 𝐿2(𝐺𝑟) if, and only if, for a.e. 𝜉𝑟 ∈ 𝐺̂𝑟 and 𝛼̃r ∈ ⋃𝛼𝑟∈𝒜  Γ𝛼𝑟
⊥ , we have 

∑  

𝛼𝑟∈𝒜:𝛼𝑟‾ ∈Γ𝛼𝑟
⊥

∑  

𝑗∈𝐽

𝜑̅̂𝑗
𝑟(𝛽−1𝜉𝑟)𝜓̂𝑗(𝛽−1(𝜉𝑟 + 𝛼̃r)) = 0 

where for 𝛽 = 𝛼𝑟
∗, Γ𝛼𝑟

⊥  is given by 𝛽Γ⊥. 

Example 4.5 (see [42]). By assuming Λ = {𝜒0} ⊂ 𝐺̂𝑟  in Example 4.2, where 𝜒0 being the neutral element of 𝐺̂𝑟 , 

we obtain a wavelet system generated by Ψ : 

𝒰(Ψ, 𝒜, ℤ𝑑) = {𝐷𝐴𝑘𝑇𝛾𝜓𝑙(⋅): 𝑙 = 1, … , 𝐿, 𝑘 ∈ ℤ, 𝛾 ∈ ℤ𝑑}

= {|det 𝐴|−𝑘/2𝜓𝑙(𝐴𝑘 ⋅ −𝛾): 𝑙 = 1, … , 𝐿, 𝑘 ∈ ℤ, 𝛾 ∈ ℤ𝑑}
 

which is a special case of wave-packet system 𝒲(Ψ, 𝒜, ℤ𝑑 , ℝ𝑑). It follows that two Bessel families (frames) 

𝒰(Ψ, 𝒜, ℤ𝑑) and 𝒰(Φ, 𝒜, ℤ𝑑) are pairwise orthogonal Bessel families (frames) if, and only if, we have 

∑  

𝑘∈ℤ:𝛼𝑟‾ ∈𝐵𝑘ℤ𝑑

∑  

𝐿

𝑙=1

𝜑̂𝑙
𝑟(𝐵−𝑘𝜉𝑟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝜓̂𝑙(𝐵−𝑘(𝜉𝑟 + 𝛼̃r)) = 0, for a.e. 𝜉𝑟 ∈ ℝ𝑑 

 

and for all 𝛼̃r ∈ ⋃𝑘∈ℤ  𝐵𝑘ℤ𝑑. Note that the above result coincides with the characterization of two wavelet 

systems to be pairwise orthogonal frames in 𝐿2(ℝ𝑑) which is given by [41]. 
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