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Abstract: In this paper, we will introduce a new and simple approach of (a, B)- admissible Geraghty type
contractive mappings in bipolar metric spaces. Further, we will prove some fixed point theorems for above
mentioned contractive mappings in complete bipolar metric spaces. At the end, we shall construct some
comparative examples to show the usability of our main results. As an application we discuss about the Ulam-
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I. Introduction:

In 1922, Banach [1] introduced Banach contraction principle as the first constructive method to get a
fixed point for a self map on a complete metric space. Fixed point theory has a wide range of applications in
various field of sciences and Mathematics. Many authors had generalized the Banach contraction principle. In
continuation of this, in 1973, Geraghty [5] generalized the Banach contraction principle and gave a new direction
to the researchers for getting new fixed point theorems. Some of the authors generalized Geraghty contraction in
various spaces (see [3], [12]).

In 2012, Samet et al. [13] introduced the concepts of a-contractive and a-admissible mappings and
proved various fixed point theorems of @-admissible contractive mappings in complete metric spaces. Recently,
in 2015, Chandok [3] introduced the concept of (a, 8)- admissible Geraghty type contractive mappings and
proved some fixed point theorems of such kind of mappings in complete metric spaces.

To get a new approach for fixed point results in 2016, Mutlu and Giirdal [9] introduced the concept of
bipolar metric space. The major difference between the previously defined spaces and bipolar is of distance
function. In bipolar metric space, the distance function is from the cartesian product of two different sets to non-
negative real numbers.

Since then, many authors have proved several fixed point results in bipolar metric space see [4], [6-8],
[10],[12].

Here, we will also prove some new fixed point results for Geraghty type contractions via newly defined
(a, B)- admissible.

II.  Preliminaries:
We need to recall some basic definitions, introduce some new notations and definitions which is used for the fixed
point theorems for (&, 8)-admissible Geraghty type contractive mappings in bipolar metric spaces.
Definition 2.1. In 2016, Mutlu and Giirdal [9] introduced the concept of bipolar metric space.
Let X and Y are two non-empty sets and d : X X Y — [0, o) be a function satisfying the following conditions:
(BP1) d(x,y) = 0 ifand only if x = y, where (x,y) €X XY;
(BP2) d(x,y) =d(y,x) forallx,y e X NnY,
(BP3) d(xq,y2) < d(xq,y1) +d(xy,y,) + d(xp,y,) forall x;,x, € X and y;,y, €Y.
Then d is called bipolar metric and (X, Y, d) is called bipolar metric space.
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If XNY =@, then space is called disjoint otherwise joint. The set X is called left pole and Y is called right pole
of bipolar metric space (X,Y,d) and any element of left pole (X), right pole (Y) and X N'Y is called left element,
right element and central element respectively.

Definition 2.2. Let (X,Y,d) be a bipolar metric space. Then any sequence (x,) € X is called left sequence and
is said to be convergent to right element say ‘y’ if d(x,,y) = 0 as n — co. Similarly, a right sequence (y,,) €Y
is said to be convergent to a left element say ‘x’ if d(x,y,,) > 0 asn — oo,

Definition 2.3. Let (X4,Y;,d,) and (X,,Y,,d,) be two bipolar metric spaces.

LetT: X;UY; - X,UY, be a function:

@) IfT(X,) € X,and T(Y;) €Y, , then T is called covariant map and is denoted by T : (X;,Y;,d;) =
(XZI YZ' dZ)

(ii) If T(X;) €Y, and T(Y;) € X,, then T is called contravariant map and is denoted by T : (X;,Y;,d;) X
(X2, Y2, dy).

Definition 2.4. Let (X4,Y;,d,) and (X,,Y,,d,) be two bipolar metric spaces.

(1) AmapT : (X1,Y1,dy) 3 (X3, Y, d,) is called left continuous at a point x, € X; if for every € > 0 there

exists § > 0 such that d,(Tx,, Ty) < € whenever d,(xy,y) < 6.
(i1) Amap T : (X1,Y;,dy) 3 (X3, Y5, dy) is called right continuous at a point y, € Y; if for every € > 0
there exists & > 0 such that d,(Tx, Ty,) < € whenever d, (x,y,) < 8.

(ii1) A map T is called continuous, if it is left continuous at each x, € X; and right continuous at each y, €
;.
(iv) A contravariant map T : (X;,Y;,d;) X (X,,Y,,d,) is continuous if and only if it is continuous as a

covariantmap T : (X1,Y;,d1) 3 (X3, Y5, dy).
Definition 2.5. Let (X,Y,d) be a bipolar metric space.
(1) A sequence {(x,,v,)} on the set X X Y is called a bisequence on (X,Y,d).
(ii) If both the sequences (x,) and (y,) converge, then bisequence {(x,, y3,)} is said to be convergent. If
both the sequences (x,) and (y,) converge to same point v and
v € X NY, then this bisequence is said to be biconvergent.
(1ii) A bisequence {(x,,y,)} on (X,Y,d) is said to be Cauchy bisequence, if for each € > 0 there exists a
positive integer N € N such that d(x,,, y,,) < € foralln,m = N.
@iv) A bipolar metric space is said to be complete if every Cauchy bisequence is convergent in this space.
Definition 2.6. [10] Let X and Y be two non-empty sets. Let T : (X,Y) =3 (X,Y) and
a:X XY - [0,+0c0). Then T is called a-admissible(covariant) if
alx,y) =1=a(Tx,Ty) =1
Forallx e Xandy €Y.
Definition 2.7. [10] Let X and Y be two non-empty sets. Let T : (X,Y) X (X,Y) and
a:X XY - [0,+). Then T is called a-admissible(contravariant) if
a(x,y) 21=a(Ty,Tx) 21
Forallx € Xandy €Y.
Let ¥ be the family of functions i : [0,00) — [0, ) which satisfying the following conditions:
(1) 1) is continuous;
(i1) 1 is strictly increasing
(iii) Y(0) = 0.
Let O be the family of functions 8 : [0,00) — [0,1) such that for any bounded sequence
{t,} of positive reals, 8(t,) = 1ast, — 0.

III.  Main Results:
In this section, we will introduce new notations for (@, 8)-admissible Geraghty type contractive mappings and
prove various fixed point theorems for such type of mappings in complete bipolar metric spaces.
Definition 3.1. Let X and Y be two non-empty sets. Let T : (X,Y) 3 (X,Y) be a covariant mapping and a, 8 :
X XY — [0,00). Then T is called (@, B)-admissible(covariant) mapping if @(x,y) = 1 and B(x,y) = 1 implies
a(Tx,Ty) = 1and B(Tx,Ty) = 1
forallx e Xandy €Y.
Definition 3.2. Let X and Y be two non-empty sets. Let T : (X,Y) X (X,Y) be a contravariant mapping and
a,B:X XY - [0,0). Then T is called (a, B)-admissible(contravariant) mapping if a(x,y) = 1 and B(x,y) =
1 implies a(Ty,Tx) = 1and B(Ty,Tx) = 1
forallx e Xandy €Y.
Definition 3.3. Let X and Y be two non-empty sets. Consider (X,Y,d) be a bipolar metric space, T : (X,Y) X
(X,Y) be a contravariant mapping and a,f : X XY = [0, ). A mapping T is called (a, 8)-Geraghty type
contractive mapping if there exista 6 € 0, such that forallx € X andy € Y andy € ¥,
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which satisfying the following condition:
a(x,Tx) B(Ty,y) W(d(Ty, Tx)) < 6((d(x,y)) P(d(x, ). 3.1)
Theorem 3.4. Let (X, Y, d) be a complete bipolar metric space, T : (X,Y) X (X,Y) is a contravariant mapping
and a,f : X XY — [0, ). Suppose that the following condition are satisfied:
(1) T is (a, B)-admissible mapping;
(ii) T is an (@, B)-Geraghty type contractive mapping;
(iii) there exist x, € X such that a(x,,Txy) = 1and f(xy,Tx) = 1;
@iv) T is continuous mapping.
Then T has a fixed point.
Proof: Let x, € X such that a(x,,Txy) = 1 and B(x,,Txy) = 1. Now we construct the bisequence {(x,, v,)}
as Tx, = y, and Ty,, = x,,, foralln € N U {0}.
Since T is (a, f)-admissible mapping,
So, a(xg,vo) = alxy,Txy) =1,
B(xo,¥0) = B(x0,Txo) 2 1,
a(xy,yo) = a(Tyo, Txo) = 1,
B(x1,¥0) = B(Tyo,Txo) = 1,
using mathematical induction, we get
a(Xpy1, V) = 1land B(xpyq,¥,) = 1 foralln € N U {0}. (3.2)
Since T is (a, f)-admissible mapping,
So, a(xy,y,) = alx;,Txy) =1,
B(xr,y1) =P (x1,Tx;) = 1,
hence by induction, we obtain
a(Xn, ) = 1and B(x,,y,) = 1for n € NU{0}. (3.3)
Putting x = x,, and y = y,, in equation (3.1) and using equation (3.3), we have
lp(d(xn ' Yn )) = 1/J(d(TYn—1 ,Txp ))
=< a(xn , Txn ).B(Tyn—l » Yn-1 )¢(d(T}’n-1 , Txn ))
= 9(lp(d(xn'yn—l)))lp(d(xn:yn—l )) (34)
Similarly, putting x = x,,,; and y =y, in equation (3.1) and using equation (3.3), we get 1/)(d(xn+1 ) Yn )) =
(d(Tyn,Txn)) < a(n, T )BT Y0, ¥ JP(d(TYn, T, )
< 0(P(dCen, Y D)PY(d G, y))- (3.5)
From equation (3.4), we get
l/)(d(xn ' Yn )) < 9( lp(d(xn »Yn-1 )))lp(d(xn »Yn-1 ))
< P(d@nr Yn1))- (3.6)
Hence, by using the properties of 1, we conclude that
d(x,, ) <d(x,,Yn_q) foralln € N.
From equation (3.5), we get
lp(d(xn+1 ' Yn )) < 6( ¢(d(xn ' Yn )))lp(d(xn ' Yn ))
< P(d(xn, yn))- (3.7)
Hence, by using the properties of 1, we conclude that
d(pe1,Yn) < d(x,,y,) foralln € N.
From the above, we conclude that the sequences {d(x,, Y,—1 )} and {d(x,,y, )} are monotonically decreasing
and for the non-negative monotonically decreasing sequences {d(x,,,yn—1)} and {d(x,,,y,, )}, there exist some
r; = 0andr, = 0, such that

d(Xn,Yn-1) = 11,d(xn, Y ) > 1, a8N > © (3.8)
Further from equation (3.6), it implies that
d(Xn,yn)
Mo n)) < g (d(xn, Yn-))) < 1. (3.9)

Y(d(xn-1,yn-1))
As n — oo in above inequality, we obtain

lim 6(¢(d(xn,¥n-1))) =1and 8 € O, lim Y(d(x,,¥n_1))) = 0, which gives that
n—-oo n—-oo

lim d(x,,yp_1) =1 =0. (3.10)
n—-oo
Further from equation (3.7), it implies that
Y(dxn+1.¥n)) < H(III(d(xn,yn ))) < 1. (311)

w(d (*n+1.¥n ))
As n — oo in above inequality, we obtain that

lim 6(p(d(n, ¥ ) = 1,
and 6 € O.
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rlll—r};lo 1p(d(xn ’ Yn)) =0,
which gives that
lim d(x,,y,) =1, =0. (3.12)
n—-oo
Now, we shall prove that {(x,,, ¥, )} is a Cauchy bisequence. Let us assume that {(x,,, , )} is not Cauchy
bisequence. Then there exist § > 0 for which we can find subsequence (x g ,ymk) with n;, > m; > k such that
A%y Yimy) = 6. (3.13)
Further, corresponding to m;,, we can choose n,;, such that it is the smallest integer with
n, > m; which satisfying equation (3.13), we get

d(Xy_y» Ymy,) < 6. (3.14)

Using triangle inequality, we obtain
0<8 < d(xnm) € A(Fne Yney) + Ay Iniy) + d(n s Yme)- (3.15)
Letting k — oo and using equations (3.10), (3.12) and (3.14), we obtain

lim d(x s Yimy) = 6. (3.16)
Again, using triangle inequality, we have
d(x mg ’ynk-l) = d(xmk ’ynk,) + d(xnk ’ynk,) + d(xnk, 'ynk—l)' (3'17)
Letting k — oo and using equations (3.10), (3.12) and (3.13), we get

Jim d(Xmy » Y1) = 6. (3.18)

Putting x = x,,, andy = yp,, in equation (3.1), we get
YAy Y ) = (AT Yy T, ) )
< a(xmk yTX )ﬁ(Tynk_l,ynk_l)lp (d(Tynk_l, Tx p, ))
< 00 (A0 Y )) ) (4o Vi) (3.19)

Therefore,

YAy Yme) < 0P (A Vne)) ¥ (@ Vi) )-

On taking limit k — oo, we obtain

$(©®) <0 (A myIny,))) WO,

that is
1 S kll)l;l 0(1!} (d(xmk'Ynk_J))

= lim 6(y (d(mg Yn)) = 1.

Consequently, we get

’11_{1; d(x mp Ynk—i) = 07

which is a contradiction.

Hence, {(x,,,y,)} is a Cauchy bisequence and (X,Y,d) is a complete bipolar metric space. So, {(x,,V,)} is
convergent and in fact biconvergent. So, there exists u € X N Y such that

(Xp) = u, (Yp) > uasn — oo

As T is a continuous mapping, so

nlirg Tx, = rllirg ¥, implies that Tnl_i)rgxn =u.

By combining both, we get

Tu = u.

Hence, T has a fixed point.

Example 3.5. Let X = [0, +c0) and Y = (—o,0] and letd : X X Y — [0, +) be a function such that d(x,y) =
[x —y| forall (x,y) € X XY.

Then, clearly (X,Y, d) be a complete bipolar metric space.

Define T : (X,Y) X (X,Y) such that Tx = —g is a continuous mapping and a, 8 : X X Y — [0, ) such that
a(x,y) = B(x,y) =1 for(x,y) € X XY.

Clearly, T is (a, 8)-admissible mapping and there exist x, € X such that a(x,,Txy) = 1 and B(xy,Tx,) = 1
andXNY = {0} and TO = 0.

Taking (t) = t and 6(t) = % .

Left hand side of equation (3.1) becomes

a(x,Tx) B(Ty,y) Y(d(Ty, Tx)) = >|x =y,
Right hand side becomes
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(e y)) Y(d@y) =5 lx =l

for all (x,y) € X xXY.

which implies equation (3.1) holds.

Hence, T is an (a, B)-Geraghty type contractive mapping.

All the conditions of Theorem 3.4 are satisfied.

So, T has a fixed point and x = 0 is the fixed point of T.

Definition 3.6. Let X and Y be two non-empty sets. Consider (X,Y,d) be a bipolar metric space, T : (X,Y) X
(X,Y) be a contravariant mapping and &, § : X X Y — [0, ). Amapping T is called («, 8)-Generalized Geraghty
type rational contractive mapping if there exist a

6 € 0, such that forallx € Xandy € Y and y € P,

which satisfying the following condition:

a(x, Tx) B(Ty,y) Y(d(Ty, Tx)) < 6(p(M(x,3))) Y(M(x,y)), (3:20)

AGTOATYY)  AGTRATY.Y)
where M(x, y) = max{d(x, ), d(x, Tx), d(Ty,y), =755, S ).

Theorem 3.7. Let (X,Y,d) be a complete bipolar metric space, T : (X,Y) X (X,Y) is a contravariant mapping
and a,f : X XY — [0, ). Suppose that the following condition are satisfied:

(1) T is (@, B)-admissible mapping;

(i1) T is an (@, B)-Generalized Geraghty type rational contractive mapping;
(ii1) there exist x, € X such that a(x,,Txy) = 1and B(xy,Txy) = 1;

(iv) T is continuous mapping.

Then T has a fixed point.

Proof: Let x, € X such that a(x,,Tx,) = 1 and B(x,,Tx,) = 1. Now we construct the bisequence {(x,, y,,)}
as Tx, = y, and Ty,, = x,,4, foralln € Nu {0}.
Since T is (a, f)-admissible mapping,
So, a(xg,¥e) = alxy, Txy) = 1,

B(xo,¥0) =B (x0,Tx0) = 1,

a(xy,yo) = a(Tyo, Txo) = 1,

B(x1,¥0) = B(Tyo,Txo) = 1,
using mathematical induction, we get
aA(Xps1,Vn) = land B(Xpyq, ¥, ) = 1 foralln € N U {0} (3.21)
Since T is (@, B)-admissible mapping,
So, a(xy,y1) = a(x;, Txy) = 1,

Blxy,y1) =Pf(x1, Txy) 2 1,
hence by induction, we obtain
a(xy,Yn) = land B(x,,y,) = 1foralln € N U {0}. (3.22)
Putting x = x,, and y = y,, in equation (3.20) and using equation (3.22), we have

lp(d(xn ' Yn )) = l/)(d(Tyn—l yTxy )) < a(xn , Ty ) .B(Tyn—l »Yn-1 ) l/)(d(Tyn—l ,Txy ))
= 9(lzb(M(xn'yn—l)))w(M(anYn—l )): (3-23)

where M (xp, , yn—1) = max{d(xn, ¥Yn-1),dCxn, Txn ), d(TYn_1,Yn-1),
d(xXn ,Txn ),d(Tyn-1,Yn-1) dxn ,Txn)d(Tyn—1,Yn-1 )}
1+d(xn Yn-1) ’ 1+d(Tyn-1,T%n)

M(xn, Yn—1) = max{d(xn, Yn-1), dCxn, ¥n), d(Xn, Yn—1),
d(xn ,yn)d0n ,yn-1) d0n,yn)dn yn-1 )}
1+d(n yn-1) ' 1+d(xn yn) ’
= max{ d(xy,Yn-1),d(x%n, ¥a )} (3.24)
Now, if M(x,,, Yn—1) = d(x,,¥y ), then equation (3.23) becomes
P(d (e, ¥n)) < 0(P(dCn, 70 )P (d (X, ¥0))
<P(d(n, )
which is a contradiction by using the properties of .
So, M(x,, Vn—-1) = d(x,,yn-1) and equation (3.23) becomes
l/)(d(xn ) yn )) S 9( Ip(d(xn ) yn—l )))w(d(xn ) yn—l))
< Y(d(xn, Yn-1))- (3.25)
By the properties of i, we can say that d(x,,,y,) < d(x,,yY,_,) foralln € N.
Similarly, putting x = x,,,, and y = y,, in equation (3.20) and using equation (3.22), we get l/J(d (Xnt1)Yn )) =
lp(d(TYn Txy )) < aC, Tx )B(TYn, Y0 )lp(d(TYn Ty ))
< O(P(M(xn, yu )Y (M (X, ), (3.26)
where M (x, , ¥ ) = max{d(xn, ¥n), d(xn, Txn ), d(TYn, Yn ),
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d(xn ,Txn ),d(Tyn ,Yn) dxn,Txn),d(TyYn ,Yn)
1+d(xn ,yn) ’ 1+d(Tyn ,Txn )

M(xn ' Yn ) = max{ d(xn »Yn )v d(xn ' Yn )' d(xn+1 'yn)v
d(xn ,yn ) dXn+1,Yn) dxn,yn)d(n+1,9n)

1+d(xn yn) ’ 1+d(xn+1,Yn)
= max{ d(xp, Yn+1), d(Xn, ¥ )} (3.27)
Now, if M(x,,, ¥, ) = d(xp41,Yn ), then equation (3.26) becomes
¢(d(xn+1' Yn )) < 9( lp(d(xn+1 ) yn )))w(d(xrwl ) yn))
< 1p(d(xn+1 »Yn ))
which is a contradiction by using the properties of 1.
So, M(x,,V,) = d(x,,¥,) and equation (3.26) becomes
w(d(xn+1 ) yn )) < 9( w(d(xn ) yn)))lp(d(xn ) yn))
< P(dxn, ). (3.28)
By the properties of i, we can say that d(x, 41, ¥, ) < d(x,, ¥, ) foralln € N.
From the above, we conclude that the sequences {d(x,, ¥,-1 )} and {d(x,,y,)} are monotonically decreasing
and for the non-negative monotonically decreasing sequences {d (x,, ¥,—1 )} and {d(x,,y,)}, there exist some
r; = 0and r, = 0 such that

>

d(xnﬂyn—l) - T, d(xnryn) = T aSn > © (329)
Further from equation (3.25), it implies that
d(xn,yn)
SO 2n)) < (A, Y1) < 1 (3.30)

w(d (Xn-1.Yn-1 )) -
As n — oo in above inequality, we obtain

lim 6(¢(d(xn,¥n-1))) =1and @ € O, lim Y(d(x,,¥n_1))) = 0, which gives that
n—-oo n—-oo

lim d(x,,yp-1) =1 =0. (3.31)
n—oo
Further from equation (3.28), it implies that
Y(dxn+1.9n)) <0 d 1 330
SRS < 9 (P(d (o, vn))) < 1. (3.32)

P(d(xne1.9n)) —
As n — oo in above inequality, we obtain

lim 6(¢(d(x,,y,))) =1and 6 €0,
n—-oo
So,lim (d(x,,y,))) = 0, which gives that
n—oo
lim d(x,,y,)=r, =0. (3.33)
n—oo
Now, we shall prove that {(x,,, ¥, )} is a Cauchy bisequence. Let us assume that {(x,,, », )} is not Cauchy
bisequence. Then there exist § > 0 for which we can find subsequence (x g ymk) with n, > m; > k such that
A%y Yimy) = 6. (3.34)
Further, corresponding to m;,, we can choose n, such that it is the smallest integer with
ng, > m; which satisfying equation (3.34), we get

d(X ey Ymy,) < 6. (3.35)

Using triangle inequality, we obtain
0<8 < d(rn,Ym) <A,y ) + A0, Vne ) + d(Xn o Ymy)- (3.36)
Letting k — oo and using equations (3.31), (3.33) and (3.34), we obtain

lim A(% ny » Yy ) = . (3.37)
Again, using triangle inequality, we have
(% e Y1) < A(Fme s Tie) + A% e Yng)) + A Vg ) (3.38)
Letting k — oo and using equations (3.31), (3.33) and (3.34), we get

Jim d(X iy » Yng-1) = . (3.39)

Putting x = x,,, and y = yp, in equation (3.20), we get
l/)(d(xnk lymk ) = l/) (d(Tynk_l' Txmk ))
S a(xmk 4 Tx mg ) .B(TYnk_iv ynk_l) ll} (d(Tynk_l’ Tx mg ))
<O (M(% e Yie-))) ¥ (M o i ,) ) (3.40)
where M(xmk ’ ynk—1) = max{d(xmk ’ ynk—l)’ d(x my» Txmk)' d(Tynk—l ’ ynk—l)'
d(x my 'Txmk) d(Ty"k—l 'y"k—l) d(x my 'Txmk)d(Tynk—l ‘ynk—l)
1+d(xmk ,ynk_l) ’ 1+d(Tynk_1,Txmk)

= max{d (X my» Yoy, ) A(Xmme s Yimg ) A(X e Vg ),

2
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d(" my ’ymk) d(" ng ’y"k—l) d(" my 'ymk)d(x ng 'y"k—1) }
1+d(x my ‘ynk—1) ’ 1+d(Tynk_1,Tx mk) ’
Therefore,

YA@ g V) <O (Mg Y)W (M Vi) )- (3.41)

On taking limit k — oo, we obtain

P(©) <OY (M(X e, Y, )) WO,
that is,

1< 1lim 00 (M(xmy ¥,)))
which implies that lim 6( (M(x - ,ynk_l))) =1.
Consequently, we obtain
kl_l,r;} M(xmwymc—l) =0,
this implies that
’11_{130 d('x mp Ynk—i) =0.

which is a contradiction.
Hence, {(x,,y,)} is a Cauchy bisequence and (X,Y,d) is a complete bipolar metric space. So, {(x,,V,)} is
convergent and in fact biconvergent. So, there exists u € X N'Y such that
(xp) > u, () 2 uasn > oo,
As T is a continuous mapping, so

limTx,, = limy, implies that T limx, = u,

n—oo n—-oo n—-oo
By combining both, we get
Tu = u.
Hence, T has a fixed point.

Example 3.8. Let X = {0,1,2} and Y = {2,3} and let d : X X Y — [0, +0) be a function such that d(x,y) =
[x —y| forall (x,y) € X XY.

Then, clearly (X,Y, d) is a complete bipolar metric space.

Define T: (X,Y) X (X,Y) such that TO = 2,T1 = 2,T2 =2 and T3 = 1 is a continuous mapping and «, 8 :
X XY - [0, ) such that a(x,y) = B(x,y) =1 for all (x,y) € X X Y. Clearly, T is (a, 8)-admissible mapping
and there exist x, € X such that a(x,,Txy) = 1and B(xy,Txp) =1land X NY = {2}and T2 = 2.

Taking 1(t) = t and (t) = =

) d(Ty,Tx) dx,y) d(x,Tx) d(Ty,y) d(x, Tx)d(Ty,y) d(x, Tx)d(Ty,y) M(x,y)
1+d(x,y) 1+4+d(Ty, Tx)
0,2) 0 2 2 0 0 0 2
0,3) 1 3 2 2 1 2 3
(1,2) 0 1 1 0 0 0 1
(1,3) 1 2 1 2 2 1 2
3
(2,2) 0 0 0 0 0 0
(2,3) 1 1 0 2 0 0 2

From the above data, the condition of (a, 8)-Generalized Geraghty rational contractive mapping is satisfied.
Hence, all the condition of above Theorem are satisfied.

So, T has a fixed point and 2 is fixed point under T.

Theorem 3.9. Let (X,Y,d) be a complete bipolar metric space, T : (X,Y) X (X,Y) is a contravariant mapping
and @, 8 : X XY - [0, ). Suppose that the following condition are satisfied:

(1) T is (@, B)-admissible mapping;

(ii) T isan (a, B)-Geraghty type contractive mapping;

(iii) there exist x, € X such that a(x,,Txy) = 1and B(xy,Tx) = 1;

(iv) T is continuous mapping;

V) If for all x,y € F(T), F(T) denotes the set fixed point of T, with x # y and
x,y€XNYsuchthata(x,Tx)=>1,a(y,Ty)=1and f(x,Tx) =2 1,8y, Ty) = 1.

Then, T has a unique fixed point.

Proof: Following the proof of Theorem 3.4., T has fixed point. To prove the uniqueness of fixed point of
contravariant mapping T in complete bipolar metric space, let us assume, if possible, u and v are two distinct
fixed point of T such that a(u,Tu) = 1, a(v,Tv) = 1and B(u,Tu) = 1, B(v,Tv) = landu,v € X NY.
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Now applying, equation (3.1), we obtain
Y(dw,w) = P(d(Tv,Tw)) < alu, TwW)B(Tv, v)P(d(Tv, Tw)),
< 0(Yd@wv) P(dw ),
< w(d(u, v)).
which is a contradiction. So, d(v,u) = 0= u = v.
Hence, T has a unique fixed point.
Example 3.10. In the Example 3.5, we can easily say that T satisfies all the conditions of Theorem 3.9. So, T has
a unique fixed point.
Clearly, ‘0’ is unique fixed point of T'.
Theorem 3.11. Let (X,Y,d) be a complete bipolar metric space, T : (X,Y) X (X,Y) is a contravariant
mapping and &, § : X X Y — [0, o0). Suppose that the following condition are satisfied:
(1) T is (a, f)-admissible mapping;

(i1) T is an (@, B)-Generalized Geraghty type rational contractive mapping;
(iii) there exist x, € X such that a(xy,Txy) = 1and f(xy,Tx) = 1;
@iv) T is continuous mapping;

) If forall x,y € F(T), F(T) denotes the set fixed point of T, with x # y and
x,y EXNYsuchthata(x,Tx) =1, a(y,Ty) = 1land f(x,Tx) = 1, f(y,Ty) = 1.
Then, T has a unique fixed point.
Proof: Following the proof of Theorem 3.7., T has fixed point. To prove the uniqueness of fixed point of
contravariant mapping T in complete bipolar metric space, let us assume, if possible, u and v are two distinct
fixed point of T such that a(u,Tu) = 1, a(v,Tv) = 1and f(u,Tu) = 1, f(v,Tv) = 1landu, v EX NY.
Now applying, equation (3.20), we have
Y(dw,u) = Y(d(Tv, Tw)) < alu, TwB(Tv, v)P(d(Tv, Tw)),

< 0(PpM (1)) P(M(u, v)).

d(u,Tw)d(Tv,w) du,Tu)d(Tv,v)
where M (u,v) = max.{d(u,v),d(u,Tu),d(Tv,v), G LrdieTn

Hencep(d(v,u)) < 0(p(M(u,v)) P(dw,v)) < ¥(d(u,v)),

which is a contradiction. So, d(v,u) =0 => u = v.

Hence, T has a unique fixed point.

Example 3.12. In the Example 3.8., we can easily say that T satisfies all the conditions of Theorem 3.11. So, T
has a unique fixed point.

Clearly, ‘2’ is unique fixed point of T'.

}.

IV.  Application to Ulam-Hyers Stability
Let (X,Y,d) be a bipolar metric space and T : (X,Y) X (X,Y) is a contravariant mapping. Let us consider the
fixed point equation

T¢ =¢, 4.1
and

for some € > 0

d(¢,Té) <eforé € Xord(Tn,n) <eforney. 4.2)

Any point £ € X U Y which satisfies the above equation (4.2) is called an &-solution of the mapping T. We say
that the fixed point problem (4.1) is Ulam-Hyers stable in a bipolar metric space if there exists a function y :
[0, 00) — [0, 00) with y(t) > O for all t > 0 such that for each € > 0 and an &-solution ¢ € X U Y, there exists a
solution 1 of the fixed point equation (4.1) such that
a,m < x(e) ord(,§) < x(e). (4.3)
Theorem 4.1. Let (X, Y, d) be a complete bipolar metric space, T : (X,Y) X (X,Y)isa contravariant mapping
anda,f : X XY — [0, o) and all the conditions of Theorem 3.4 are  holds with ¥(t) = t,a, f = 1. In addition
to this if [¢(I — 8(t))]™1: [0, ) — [0, ) exists.
Then, fixed point equation (4.1) is Ulam-Hyers stable.
Proof: By the proof of Theorem 3.4, T has a fixed point say . For arbitrary € > 0 and 1 be a -solution of the
mapping T withn € Y that is
d(Tn,n) < eforn €Y.
Now,
d(§,n) <d(,TE) +d(Tn, TS) +d(Tn,n),

< d(Tn,n) +6(d m)dE,n),

d&m (1-6(d@Em)) <dTnm <e.
Therefore, d(&,1) < x(&),
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Where y(¢) = [t(I — 6(t)] .
Similarly, we can prove for a e-solution of the mapping T with £ € X.
Hence, the fixed point equation (4.1) is Ulam-Hyers stable.
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[2].
[3].
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